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TRISHA KOTHAVALE

Abstract. Representations of groups describe the symmetries of classical systems. In quantum
settings, ordinary groups may not capture all the symmetries. To address this, one studies quantum
groups, which are Hopf algebras whose representation theory encodes quantum symmetries. In this
project, we compute new examples of quantum groups by starting with the Endymion algebras
introduced by Andruskiewitsch, Angiono, and Heckenberger. These algebras are braided Hopf al-
gebras realized over a finite group Γ. We then apply the process of bosonization to construct an
ordinary Hopf algebra, and use the quantum double construction to obtain a generalized quantum
group.
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1. Introduction

Representations of groups encode symmetries of classical systems. For quantum mechanical sys-
tems, ordinary groups are not enough to capture all symmetries. In the 1980s, Drinfeld and Jimbo
first introduced quantum groups as quasitriangular Hopf algebras, whose representation theory en-
coded quantum symmetries. There are many known families of quantum groups, such as those that
arise as deformations of the enveloping algebra of a Lie algebra.

In this paper, we will compute two new examples of quantum groups in positive characteristic. These
generalized quantum groups are constructed from the Endymion algebras B(C±(q)), introduced by
Andruskiewitsch, Angiono, and Heckenberger in [AAH21]. We will do so using bosonization and
the quantum double construction. The Endymion algebras are Nichols algebras over braided vector
spaces called pale blocks, which were defined by Andruskiewitsch, Angiono, and Moya Giusti in
[AAM23].

In this section, we will introduce notation and background about the Endymion algebras B(C±(q))
and their associated braided vector spaces C±(q). In section 2, we will realize the spaces C±(q) as
Yetter-Drinfeld modules over group algebras kΓ±, for Γ± a product of cyclic groups. In section 3,
we will present the Hopf algebras H±, which are the bosonizations of B(C±(q)) with kΓ±.

Sections 4 and 5 will be focused on finding H∗
±. We will do this by first finding the dual Hopf

algebras kΓ∗
± and then bosonizing with B(C±(q)

∗). Lastly, in section 6, we will present the quan-
tum groups by constructing the quantum double of H±.

1.1. Notation and Conventions. We will first introduce notation and conventions that will be
used throughout this paper:

• k is an algebraically closed field of characteristic p > 0, where p is an odd prime. All tensor
products are assumed to be over k (i.e. ⊗ = ⊗k).

• q ∈ k× is a N -th root of unity, where N is coprime to p and odd.
• ⇀ denotes a left action in the appropriate context, and δ denotes a left coaction.
• All vector spaces and algebras are assumed to be finite-dimensional and over k. Hopf
algebras are assumed to have bijective and involutive antipodes.

• µ will denote the multiplication map of a k-algebra, and η the unit.
• For Hopf algebras, denote the comultiplication by ∆ , the counit by ε, and the antipode by
S. Using Sweedler’s notation, ∆(x) =

∑
x(1) ⊗ x(2). For brevity, we will supress the sum

and write ∆(x) = x(1) ⊗ x(2).
• For comodules, we will also adopt Sweedler’s notation. If M is a left H-comodule, δ(m) =
m(−1) ⊗m(0), for m(−1) ∈ H and m(0) ∈M .

• Fix ω ∈ k be such that ω2 = q.
• Define r, s ∈ Z such that pr + Ns = 1 (mod pN) Then r = p−1 (mod N) and s = N−1

(mod p) = Np−2 by Fermat’s little Theorem. We will use the convention that 0 < r < N
and 0 < s < p.

• Define u, v ∈ Z such that up + 2Nv = 1 (mod 2pN). Then u = p−1 (mod 2N) and v =

(2N)−1 (mod p) =

(
p+ 1

2

)
Np−2 by Fermat’s little Theorem. We will use the convention

that 0 < u < 2N and 0 < v < p.
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1.2. Background. We will now introduce the setup of the problem by restating results from
[AAH21] which will serve as a foundation for this paper.

Let V be a braided vector space over k with basis {x1, x2, x3}. The braiding is given by the matrix

c(xi ⊗ xj) =

 ϵx1 ⊗ x1 ϵx2 ⊗ x1 q12x3 ⊗ x1
ϵx1 ⊗ x2 ϵx2 ⊗ x2 q12x3 ⊗ x2
q21x1 ⊗ x3 q21(x2 + x1)⊗ x3 q22x3 ⊗ x3

 (1.1)

where ϵ, q12, q21, q22 ∈ k.

C+(q) is the braided vector space V with braiding c for ϵ = −1, q12 = q−1
21 = q, and q22 = 1.

Similarly, C−(q) is the braided vector space V with braiding c given by ϵ = −1, q12 = q−1
21 = q, and

q22 = −1. Let B(C±(q)) be the Nichols algebras of C±(q). To make notation more concise, these
Nichols algebras will mostly be referred to as B(V±), and the corresponding braided vector spaces
will be denoted by V±. The following theorems present the algebras B(V±).

Definition 1.2.1 ([AAH21], Proposition 7.2). The algebra B(C+(q)) is generated by x1, x2, x3 with
relations

x21 = 0, x22 = 0, x1x2 = −x2x1, (1.2)

(x2x3 − qx3x2)
2 = 0, xp3 = 0, (1.3)

x3(x2x3 − qx3x2) = q−1(x2x3 − qx3x2)x3, (1.4)

x1x3 = qx3x1. (1.5)

Setting z1 = x2x3 − qx3x2, the algebra has a PBW-basis of the form

{xm1
1 xm2

2 xm3
3 zm4

1 : m1,m2,m4 ∈ {0, 1},m3 ∈ {0, 1, 2, · · · , p− 1}}

and dimension 23p.

Definition 1.2.2 ([AAH21], Proposition 7.3). The algebra B(C−(q)) is generated by x1, x2, x3 with
relations (1.2), (1.5), and

x23 = 0, (x2x3 − qx3x2)
p = 0, (1.6)

x3(x2x3 − qx3x2) = −q−1(x2x3 − qx3x2)x3. (1.7)

Setting z1 = x2x3 − qx3x2, the algebra has a PBW-basis of the form

{xm1
1 xm2

2 xm3
3 zm4

1 : m1,m2,m3 ∈ {0, 1},m4 ∈ {0, 1, 2, · · · , p− 1}}

and dimension 23p.

Set Γ = Z2. As an abelian group, Γ = ⟨g1⟩× ⟨g2⟩. The group algebra kΓ can be given the structure
of a Hopf algebra in the usual way: for g ∈ Γ, ∆(g) = g ⊗ g, ε(g) = 1, and S(g) = g−1.

Definition 1.2.3 ([AG98]). Let H be a Hopf algebra, and M be a left H-module and a left H-
comodule. M is a left-left Yetter-Drinfeld module over H if for all h ∈ H and m ∈M ,

(h ⇀ m)(−1) ⊗ (h ⇀ m)(0) = h(1)m(−1)S(h(3))⊗ h(2)m(0). (1.8)

We write M ∈H
H YD, where H

HYD is the category of left-left Yetter-Drinfeld modules over H. This
category is a monoidal category with the usual tensor product.



4 TRISHA KOTHAVALE

For the remainder of the paper, we will only work with left-left Yetter-Drinfeld modules, simply
calling them Yetter-Drinfeld modules. The vector spaces V± can be realized as left-left Yetter-
Drinfeld modules over the group algebra kΓ using the following theorems. To distinguish between
V− and V+, we will take Γ = Z2 = ⟨h1⟩ × ⟨h2⟩ in the negative case.

Theorem 1.2.4 ([AAH21]). V+ is a left-left Yetter-Drinfeld module over kΓ with left action ⇀
given by

g1 ⇀ x1 = ϵx1 = −x1 (1.9)

g1 ⇀ x2 = ϵx2 = −x2 (1.10)

g1 ⇀ x3 = q12x3 = qx3 (1.11)

g2 ⇀ x1 = q21x1 = q−1x1 (1.12)

g2 ⇀ x2 = q21(x2 + x1) = q−1(x1 + x2) (1.13)

g2 ⇀ x3 = q22x3 = x3 (1.14)

and left coaction δ given by
δ(x1) = g1 ⊗ x1 (1.15)

δ(x2) = g1 ⊗ x2 (1.16)

δ(x3) = g2 ⊗ x3 (1.17)

Theorem 1.2.5 ([AAH21]). V− is a left-left Yetter-Drinfeld module over kΓ with left action ⇀
given by

h1 ⇀ x1 = ϵx1 = −x1 (1.18)

h1 ⇀ x2 = ϵx2 = −x2 (1.19)

h1 ⇀ x3 = q12x3 = qx3 (1.20)

h2 ⇀ x1 = q21x1 = q−1x1 (1.21)

h2 ⇀ x2 = q21(x2 + x1) = q−1(x1 + x2) (1.22)

h2 ⇀ x3 = q22x3 = −x3 (1.23)

and left coaction δ given by
δ(x1) = h1 ⊗ x1 (1.24)

δ(x2) = h1 ⊗ x2 (1.25)

δ(x3) = h2 ⊗ x3 (1.26)

Remark 1.2.6. In the two above propositions, we take g1 to be the shorthand for (g1, 1) and g2 to
be shorthand for (1, g2). Similarly, h1 is shorthand for (h1, 1) and h2 is shorthand for (1, h2).
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Definition 1.2.7. Let gi′ = xi(−1) for each xi ∈ V+. Then gi′ is called the graded component of xi
in V+. Similarly, hi′ = xi(−1) for xi ∈ V− is called the graded component of xi in V−.

2. Realizing Braided Vector Spaces

In this section, we will find realizations of the Yetter-Drinfeld modules V± over finite groups. That

is, we will find abelian groups Γ± such that V+ ∈kΓ+

kΓ+
YD and V− ∈kΓ−

kΓ−
YD. In [AAH21], this is

done using the infinite group Γ. Since k has nonzero characteristic, it is possible to find groups Γ±
which are a direct product of cyclic groups. For, V+, it is possible to find such cyclic groups by

finding N+
1 and N+

2 such that g
N+

1
1 and g

N+
2

2 simultaneously act as identity on {x1, x2, x3}.

Proposition 2.0.1. The minimal values of N+
1 and N+

2 are N+
1 = 2N and N+

2 = pN . Thus,
Γ+ = C2N × CpN .

Proof. From (1.9) and (1.10), N+
1 has to be even. g

N+
1

1 x3 = qN
+
1 x3. If this is equal to x3, q

N+
1 = 1,

but since q is a N -th root of unity with (N, 2) = 1, N |N+
1 . So the minimal value of N+

1 for which

g
N+

1
1 acts as identity on all of x1, x2, x3 is N+

1 = 2N .

To find N+
2 , we refer to the following lemma:

Lemma 2.0.2. g
N+

2
2 ⇀ x2 = q−N+

2 x2 +N2q
−N+

2 x1

Proof. By induction on N+
2 . □

From (1.14), N+
2 is not affected by the action of g2 on x3.

If q−N+
2 x2 + N+

2 q
−N+

2 x1 = x2, N
+
2 q

−N+
2 x1 = 0, so p|N+

2 . Also, q−N+
2 x2 must equal 1, so N |N+

2 .
Since N+

2 has to be minimal, N+
2 = lcm(N, p) = pN . □

For V−, we want to find N−
1 and N−

2 such that h
N−

1
1 and h

N−
2

2 act as identity on {x1, x2, x3}.

Proposition 2.0.3. The minimal values of N−
1 and N−

2 are N−
1 = 2N and N−

2 = 2pN . Thus,
Γ+ = C2N × CpN .

Proof. The only difference from V+ is that q22 = −1. This means that N−1
1 = N+

1 = 2N , and the

only additional hypothesis you have for N−1
2 is that it must be even, since h2 ⇀ x3 = −x3. Since

N is coprime to 2 and p is an odd prime, this means that N−
2 = 2N+

2 = 2pN . □

Thus, we can now define the groups Γ± as

Γ+ = C2N × CpN (2.1)

Γ− = C2N × C2pN . (2.2)

To emphasize the fact that these groups are associated to different Nichols algebras, fix the notation
that Γ+ = ⟨g1⟩ × ⟨g2⟩ and Γ− = ⟨h1⟩ × ⟨h2⟩, where g1 and h1 have order 2N , g2 has order pN , and
h2 has order 2pN .
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2.1. The Group Algebras kΓ±. To fully realize V±, we must now present the group algebras kΓ±
as Hopf algebras. By the Chinese Remainder Theorem,

Γ+
∼= C2N × CN × Cp

Γ+
∼= C2N × C2N × Cp.

Thus, there is an isomorphism of Hopf algebras

kΓ+ = kC2N ⊗ kCpN
∼= kC2N ⊗ kCN ⊗ kCp

kΓ− = kC2N ⊗ kC2pN
∼= kC2N ⊗ kC2N ⊗ kCp.

Define α1 = gp2 and α2 = gN2 . Similarly, set β1 = hp2 and β2 = h2N2 . In this way,

Γ+ = ⟨g1⟩ × ⟨α1⟩ × ⟨α2⟩ (2.3)

Γ− = ⟨h1⟩ × ⟨β1⟩ × ⟨β2⟩. (2.4)

Proposition 2.1.1. Let r, s be the unique integers satisfying 0 ≤ r < N, 0 ≤ s < p such that
pr +Ns = 1 (mod pN). Then the map

Φ+ : k⟨g2⟩ → k⟨α1⟩ ⊗ k⟨α2⟩
g2 7→ αr

1 ⊗ αs
2

is a Hopf algebra isomorphism. The inverse is given by

Φ−1
+ : k⟨α1⟩ ⊗ k⟨α2⟩ → k⟨g2⟩

α1 ⊗ 1 7→ gp2

1⊗ α1 7→ gN2 .

Proposition 2.1.2. Let u, v be the unique integers satisfying 0 ≤ u < 2N, 0 ≤ v < p such that
pu+ 2Nv = 1 (mod 2pN). Then the map

Φ− : k⟨h2⟩ → k⟨β1⟩ ⊗ k⟨β2⟩
h2 7→ βu1 ⊗ βv2

is a Hopf algebra isomorphism. The inverse is given by

Φ−1
− : k⟨β1⟩ ⊗ k⟨β2⟩ → k⟨h2⟩

β1 ⊗ 1 7→ hp2

1⊗ β1 7→ h2N2 .

Remark 2.1.3. The above propositions justify the definitions of r = p−1 (mod N), s = N−1

(mod p), u = p−1 (mod 2N), and v = (2N)−1 (mod p) from Section 1.1.

The above propositions give Hopf algebra isomorphisms

kΓ+ = k⟨g1⟩ ⊗ k⟨g2⟩ ∼= k⟨g1⟩ ⊗ k⟨α1⟩ ⊗ k⟨α2⟩ (2.5)

kΓ− = k⟨h1⟩ ⊗ k⟨h2⟩ ∼= k⟨h1⟩ ⊗ k⟨β1⟩ ⊗ k⟨β2⟩. (2.6)

While working in terms of g1 and g2 (resp. h1 and h2) is convenient for calculations involving kΓ+

(resp. kΓ−), we shall see that when working with the dual group algebra kΓ∗
+ (resp. kΓ∗

−), it will
be easier to work in terms of g1, α1, α2 (resp. h1, β1, β2), which is why we present both generating
sets here. For brevity of notation, in the positive case, we will refer to g1⊗1 as simply g1 and 1⊗g2
as g1. In the negative case, we will use a similar convention, replacing g with h.
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3. Generators and Relations of the Bosonization

3.1. Bosonization. Yetter-Drinfeld modules that also carry a Hopf algebra structure are often
called braided Hopf algebras. Given a Hopf algebra H and a braided Hopf algebra A ∈H

H YD, it is
possible to define an ordinary (unbraided) Hopf algebra structure on the vector space A⊗H. This
construction is known as bosonization, the resulting Hopf algebra is denoted A#H.

The process of bosonization was developed independently by Radford in 1985 and Majid in 1994.
In this section, we will present the bosonizations B(V+)#kΓ+ and B(V−)#kΓ−. First, we will fix a
definition of bosonization which appears in [AG98].

Definition 3.1.1 ([HJ20]). Let A,H be Hopf algebras with A ∈H
H YD. Let ⇀ be the left action of

H on A The bosonization A#H is the Hopf algebra structure on the vector space A⊗H. Elements
of A#H are of the form a#h for a ∈ A, h ∈ H with Hopf algebra structure given by

(a#h)(a′#h′) = (a(h(1) ⇀ a′)#h(2)h
′ (3.1)

∆(a#h) = (a(1)#a(2)(−1)h(1))⊗ (a(2)(0)#h(2)) (3.2)

ηA#H(a#h) = ηA(a)ηH(h) (3.3)

εA#H(a#h) = εA(a)εH(h) (3.4)

S(a#h) = (SH(a(−1))⇀ SA(a(0)))#SH(a(−2)). (3.5)

The bosonization A#H contains both A and H as subalgebras. From the bosonization axioms, it
follows that

(a#1H)(1A#h) = a(1H ⇀ 1A)#h = a#h

for all a ∈ A, h ∈ H. Thus, it makes sense to denote a#1 by a and 1#h by h. This notation is also
consistent with the fact that

(a#1)(a′#1) = aa′#1 (3.6)

(1#h)(1#h) = 1#hh′ (3.7)

for a, a′ ∈ A and h, h′ ∈ H, where h, h′ are group-like (i.e. ∆(h) = h⊗ h).

3.2. General Theorems. We now present some propositions that apply to the algebras B(V±)
that will make computing the bosonizations easier.

Proposition 3.2.1. The left action ⇀ of kΓ± on B(V±) is a morphism of algebras.

Proposition 3.2.2. Let G and H be groups that each act on a vector space V such that the actions
of G and H commute for all g ∈ G and h ∈ H. Then there is a unique action of the product G×H
on V that extends the actions of G and H given by

(g, h)⇀ v = g ⇀ (h ⇀ v).

For both Nichols algebras, it can be checked that the actions of g1 and g2 (resp. h1 and h2) on the
generators xi commute with each other. By the above proposition, the action of an element of kΓ±
on B(V±) can then be defined as

(ga1 , g
b
2)⇀ x = ga1 ⇀ (gb2 ⇀ x)

(ha1, h
b
2)⇀ x = ha1 ⇀ (hb2 ⇀ x).

(3.8)

From the above propositions, it also follows that to compute the algebra structure of the bosoniza-
tions B(V±)#kΓ±, it is enough to just look at xi and gi (resp. hi).
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3.3. Presentation of B(C+(q))#kΓ+. Equation (3.6) can be applied to the generators x1, x2, x3
of B(V±). Since C2N = ⟨g1⟩ and CpN = ⟨g2⟩, (3.7) generalizes as well.

Theorem 3.3.1. The algebra H+ = B(C+(q))#kΓ+ is generated by xi for i ∈ {1, 2, 3} and gj for
j ∈ {1, 2} with the following relations:

x21 = 0, x22 = 0, xp3 = 0 (3.9)

g2N1 = 1, gpN2 = 1, g1g2 = g2g1 (3.10)

x1x2 = −x2x1, x1x3 = qx3x1, z21 = 0, x3z1 = q−1z1x3 (3.11)

g1x1 = −x1g1, g1x2 = −x2g1, g1x3 = qx3g1 (3.12)

g2x1 = q−1x1g2, g2x2 = q−1(x2 + x1)g2, g2x3 = x3g2, (3.13)

where z1 = x2x3 − qx3x2.

Proof. Relations (3.9) – (3.11) come from the fact that H+ contains B(V+) and kΓ+ as subalgebras.
The remaining relations can be found using (3.1).

g1x1 = (1#g1)(x1#1) = (g1 ⇀ x1)#g1 = −x1#g1 = −x1g1
g1x2 = (1#g1)(x2#1) = (g1 ⇀ x2)#g1 = −x2#g1 = −x2g1
g1x3 = (1#g1)(x3#1) = (g1 ⇀ x3)#g1 = qx3#g1 = qx3g1

g2x1 = (1#g2)(x1#1) = (g2 ⇀ x1)#g2 = q−1x1#g2 = qx1g2

g2x2 = (1#g2)(x2#1) = (g2 ⇀ x2)#g2 = q−1(x2 + x1)#g2 = q−1(x2 + x1)g2

g2x3 = (1#g2)(x3#1) = (g2 ⇀ x3)#g2 = x3#g2 = x3g2.

Let A be the k−algebra generated by x̃i for i ∈ {1, 2, 3} and g̃j for j ∈ {1, 2} with the relations
above. Let ψ : A → B(C+(q))#kΓ+ be the algebra morphism that sends x̃i 7→ xi#1 for all i,
g̃j 7→ 1#gj for all j, and extends linearly. It follows that

ψ(x̃1
2) = (x1#1)2 = 0

ψ(x̃2
2) = (x2#1)2 = 0

ψ(x̃3
p) = (x3#1)2 = 0

ψ(g̃1
2N − 1) = (1#g1)

2N − 1 = 0

ψ(g̃2
pN − 1) = (1#g2)

pN − 1 = 0

ψ(g̃1g̃2 − g̃2g̃1) = (1#g1)(1#g2)− (1#g2)(1#g1) = 0,

ψ(x̃1x̃2 + x̃2x̃1) = (x1#1)(x2#1) + (x2#1)(x1#1) = 0

ψ(x̃1x̃3 − qx̃3x̃1) = (x1#1)(x3#1)− q(x3#1)(x1#1) = 0

ψ(z̃1
2) = (z1#1)2 = 0

ψ(x̃3z̃1 − q−1z̃1x̃3) = (x3#1)(z1#1)− q−1(z1#1)(x3#1) = 0

ψ(g̃1x̃1 + x̃1g̃1) = (1#g1)(x1#1) + (x1#1)(1#g1) = 0

ψ(g̃1x̃2 + x̃2g̃1) = (1#g1)(x2#1) + (x1#1)(1#g1) = 0

ψ(g̃1x̃3 − qx̃3g̃1) = (1#g1)(x3#1)− q(x3#1)(1#g1) = 0

ψ(g̃2x̃1 − q−1x̃1g̃2) = (1#g2)(x1#1)− q−1(x1#1)(1#g2) = 0

ψ(g̃2x̃2 − q−1(x2 + x1)
:

g̃2) = (1#g2)(x2#1)− q−1((x2 + x1)#1)(1#g2) = 0

ψ(g̃2x̃3 − x̃3g̃2) = (1#g2)(x3#1)− (x3#1)(1#g2) = 0
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where z̃1 = x̃2x̃3 − qx̃3x̃2.

Thus the subalgebra I of A generated by x̃i, g̃i is contained in ker(ψ). By the universal prop-
erty of the quotient, there is a unique ψ : A/I → B(C+(q))#kΓ+ such that ψ factors through ψ.
To complete the proof, it suffices to show ψ is an isomorphism.

From proposition 7.2 in [AAH21], B(C+(q)) has a PBW basis of elements of the form xm1
1 xm2

2 xm3
3 zm4

1
for m1,m2,m4 ∈ {0, 1} and m3 ∈ {0, 1, · · · p1}. It follows from the definition of # and (3.6) that

one can multiply copies of x̃i for any i and z̃1 to get elements of the form xm1
1 xm2

2 xm3
3 zm4

1

:
∈ A.

Furthermore, since 1#g1, 1#g2 ∈ im(ψ) all elements of the form 1#g for g ∈ Γ+ are in im(ψ).

Definition 3.1.1 implies that elements of the form xm1
1 xm2

2 xm3
3 zm4

1 #g ∈ im(ψ). Since the bosoniza-
tion B(C+(q))#kΓ+ is an algebra on the tensor product B(C+(q)) ⊗ kΓ+, we have shown that
a basis of B(C+(q))#kΓ+ is contained in im(ψ), meaning ψ is surjective. Thus, dim(A/I) ≥
dim(B(C+(q))#kΓ+) = 24p2N2.

It remains to show that dim(A/I) ≤ dim(B(C+(q))#kΓ+). However, the set

{xm1
1 xm2

2 xm3
3 zm4

1 #1 : m1,m2,m4 ∈ {0, 1}} ∪ {1#ga1gb2 : 0 ≤ a < 2N, 0 ≤ b < pN}

generate dim(A/I) ≤ dim(B(C+(q))#kΓ+) so this is clear. Thus ψ is an algebra isomorphism. □

3.4. Presentation of B(C−(q))#kΓ+.

Theorem 3.4.1. The algebra H− = B(C−(q))#kΓ− is generated by xi for i ∈ {1, 2, 3} and hj for
j ∈ {1, 2} with the following relations:

x21 = 0, x22 = 0, x23 = 0 (3.14)

h2N1 = 1, h2pN2 = 1, h1h2 = h2h1 (3.15)

x1x2 = −x2x1, x1x3 = qx3x1, zp1 = 0, x3z1 = −q−1z1x3 (3.16)

h1x1 = −x1h1, h1x2 = −x2h1, h1x3 = qx3h1 (3.17)

h2x1 = q−1x1h2, h2x2 = q−1(x2 + x1)h2, h2x3 = −x3h2, (3.18)

where z1 = x2x3 − qx3x2.

Proof. Relations (3.14)–(3.16) come from the fact that H− contains B(V−) and kΓ− as subalgebras.
By applying (3.1) using the actions of Theorem 1.2.5,

h1x1 = (1#h1)(x1#1) = (h1 ⇀ x1)#h1 = −x1#h1 = −x1h1

h1x2 = (1#h1)(x2#1) = (h1 ⇀ x2)#h1 = −x2#h1 = −x2h1

h1x3 = (1#h1)(x3#1) = (h1 ⇀ x3)#h1 = qx3#h1 = qx3h1

h2x1 = (1#h2)(x1#1) = (h2 ⇀ x1)#h2 = q−1x1#h2 = q−1x1h2

h2x2 = (1#h2)(x2#1) = (h2 ⇀ x2)#h2 = q−1(x2 + x1)#h2 = q−1(x2 + x1)h2

h2x3 = (1#h2)(x3#1) = (h2 ⇀ x3)#h2 = −x3#h2 = −x3h2.
□
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3.5. The Hopf Algebra Structure of H+. Recall that B(C±(q))#kΓ± must also carry a Hopf
algebra structure.

We will begin by defining the coalgebra structure using the formulas given in Theorem 3.1.1. Since
the Hopf algebra axioms require the comultiplication ∆ to be an algebra morphism, it is enough to
define ∆ on xi and gi.

Theorem 3.5.1. The elements xi are skew-primitive for i ∈ {1, 2, 3} with

∆(xi) = xi ⊗ 1 + gi′ ⊗ xi.

Proof. Using the definition of ∆,

∆(xi#1) = (xi(1)#xi(2)(−1) · 1(1))⊗ (xi(2)(0)#1(2)).

Since xi is primitive ∆(xi) = xi⊗1+1⊗xi. Any element of Γ+ is group-like in kΓ+, so ∆(1) = 1⊗1.
The from the coaction formula, it follows that xi(−1) ⊗ xi(0) = gi′ ⊗ xi. Substituting this in the
above formula yields ∆(xi#1) = xi#1⊗ 1#1 + 1#gi′ ⊗ xi#1 = xi ⊗ 1 + gi′ ⊗ xi, as desired. □

Theorem 3.5.2. The elements gi are group-like for i ∈ {1, 2} with

∆(gi) = gi ⊗ gi.

Proof. Using the same definition of ∆,

∆(1#gi) = (1(1)#1(2)(−1)gi(1))⊗ (1(2)(0)#gi(2)).

By definition, 1(1) = 1(2)(−1) = 1(2)(0) = 1, and gi is group-like. Thus, ∆(1#gi) = 1#gi ⊗ 1#gi =
gi ⊗ gi. □

It remains to compute the value of the antipode S on xi and gj . For future computations, it will
be more beneficial to present this information using the # symbol (the uncondensed notation).

Theorem 3.5.3. In H+, S(x1#) = x1#g
−1
1 , S(x2#1) = x2#g

−1
1 , and S(x3#1) = −x3#g−1

2 . For

the group-like elements, S(1#gi) = 1#g−1
i

Proof. Using the antipode axiom,

ε(x1#1) = µ ◦ (S ⊗ id) ◦ (∆(x1#1))

0 = µ ◦ (S ⊗ id)(x1#1⊗ 1#1 + 1#g1 ⊗ x1#1)

0 = (S(x1#1)) + µ(1#g−1
1 )(x1#1)

−S(x1#1) = (1#g−1
1 )(x1#1)

−S(x1#1) = −x1#g−1
1

S(x1#1) = x1#g
−1
1 .

The case of S(x2#1) is similar:

ε(x2#1) = µ ◦ (S ⊗ id) ◦ (∆(x2#1))

0 = µ ◦ (S ⊗ id)(x2#1⊗ 1#1 + 1#g1 ⊗ x2#1)

0 = (S(x2#1)) + µ(1#g−1
1 )(x2#1)

−S(x2#1) = (1#g−1
1 )(x2#1)

−S(x2#1) = −x2#g−1
1

S(x2#1) = x2#g
−1
1 .
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For x3#1,

ε(x3#1) = µ ◦ (S ⊗ id) ◦ (∆(x3#1))

0 = µ ◦ (S ⊗ id)(x3#1⊗ 1#1 + 1#g2 ⊗ x3#1)

0 = (S(x3#1)) + µ(1#g−1
2 )(x3#1)

−S(x3#1) = (1#g−1
2 )(x3#1)

−S(x3#1) = x3#g
−1
2

S(x1#1) = −x3#g−1
2 .

For the group-likes,

ε(1#gi) = µ ◦ (S ⊗ id) ◦ (∆(1#gi))

1 = µ ◦ (S ⊗ id)(1#gi ⊗ 1#gi)

1 = (S(1#gi))(1#gi)

S(1#gi) = 1#g−1
i .

□

3.6. The Hopf Algebra Structure of H−. Now, we will specify the Hopf algebra H−.

Theorem 3.6.1. The elements xi are skew-primitive for i ∈ {1, 2, 3} with

∆(xi) = xi ⊗ 1 + hi′ ⊗ xi.

Proof. The same argument as 3.5.1 applies, replacing g by h. □

Theorem 3.6.2. The elements hi are group-like for i ∈ {1, 2} with

∆(hi) = hi ⊗ hi.

Proof. The same argument as 3.5.2 applies, replacing g by h. □

Theorem 3.6.3. In H−, S(x1#1) = x1#h
−1
1 , S(x2#1) = x2#h

−1
1 , and S(x3#1) = x3#h

−1
2 . For

the group-like elements, S(1#hi) = 1#h−1
i

Proof. In the case of S(x1#1) and S(x2#1), the proof is identical to Theorem 3.5.3, up to relabeling
g by h. This is because the actions of g1 and h1 on x1 and x2 are the same. However, the actions
of g2 and h2 on x3 differ. Using the antipode axiom,

ε(x3#1) = µ ◦ (S ⊗ id) ◦ (∆(x3#1))

0 = µ ◦ (S ⊗ id)(x3#1⊗ 1#1 + 1#h2 ⊗ x3#1)

0 = (S(x3#1)) + µ(1#h−1
2 )(x3#1)

−S(x3#1) = (1#h−1
2 )(x3#1)

−S(x3#1) = −x3#h−1
2

S(x1#1) = x3#h
−1
2 .

For the group-likes, the proof is the same as that of Theorem 3.5.3, replacing g by h. □



12 TRISHA KOTHAVALE

4. Computing kΓ∗
±

The desired quantum groups will be the quantum doubles of H±. In order to present the double,
we will compute the dual Hopf algebras H∗

±. The following theorem from [AP20] simplifies the
computation.

Theorem 4.0.1 ([AP20], Proposition 2.2). If H± ∼= B(V±)#kΓ±, H
∗
±
∼= B(V ∗

±)#kΓ
∗
±, where V

∗
± is

a braided vector space with braiding c∗.

The goal of this section is to find kΓ∗
±.

Observe that for kΓ+ = kC2N ⊗ kCN ⊗ kCp,

kΓ∗
+ = (kC2N ⊗ kCN ⊗ kCp)

∗

= kC∗
2N ⊗ kC∗

N ⊗ kC∗
p .

Similarly, for kΓ− = kC2N ⊗ kC2N ⊗ kCp, it follows that

kΓ∗
−
∼= kC∗

2N ⊗ kC∗
2N ⊗ kC∗

p .

This breaks the problem into two cases: computing kC∗
n where p ∤ n and where p | n (here n = p).

It is known that kΓ∗
+ has dual basis Θg = Θga1

⊗ Θαb
1
⊗ Θαc

2
for g ∈ kΓ+, and a, b, c ∈ Z, where

each Θg is a linear functional that evaluates to 1 at g and 0 elsewhere. Similarly, kΓ∗
− has standard

dual basis Θh = Θha
1
⊗Θβb

1
⊗Θβc

2
for h ∈ kΓ−. The dual of a group algebra is deeply connected to

character theory, so we will now construct a generating set of characters for both algebras.

4.1. kC∗
n when p ∤ n. By Maschke’s Theorem, the group algebra kCn is semisimple. Over k,

Cn = ⟨g⟩ has n 1-dimensional irreducible representations. The characters χ form a cyclic group Ĉn

which is isomorphic to Cn.

Without loss of generality, say Ĉn = ⟨χ⟩, where χi(g) = ωi, where ω is a primitive 2N -th root

of unity. Since k is algebraically closed, ωi ∈ k for all i. The identity element of Ĉn is the character
χ0 of the trivial representation.

Proposition 4.1.1. If p ∤ n, kC∗
n
∼= kĈn. Since ⟨χ⟩ = Ĉn

∼= Cn = ⟨g⟩, it follows that kC∗
n
∼= kCn.

4.2. kC∗
n when p | n. The argument from proposition 4.1.1 only works when p ∤ n. If p | n, the

argument breaks because k no longer contains n distinct n-th roots of unity, and they need not
be linearly independent. Therefore the fi may not span all of kC∗

n. Namely, the only irreducible
representation of Cn over k is the trivial representation, so character theory cannot describe the
entire dual.

Proposition 4.2.1. kC∗
p
∼= k[γ]/(γp − γ) as a Hopf algebra, where γ is primitive.

4.3. Presentation of kΓ∗
±. Using Propositions 4.1.1 and 4.2.1, it will be more convenient to present

the dual group algebras in terms of characters, as opposed to the standard dual basis, so to isolate
the tensor factor where Maschke’s theorem does not apply.

Proposition 4.3.1. kΓ∗
+
∼= k⟨χ1⟩ ⊗ k⟨χ2⟩ ⊗ k⟨ξ⟩ as a Hopf algebra, where

χ1 =

2N−1∑
i=0

ωiΘgi1
(4.1)

χ2 =

N−1∑
i=0

qiΘαi
1

(4.2)
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ξ =

p−1∑
i=0

iΘαi
2

(4.3)

The elements χ1 and χ2 are group-like, and ξ is primitive.

Proof. This follows directly from Propositions 4.1.1 and 4.2.1. It is clear that the elements χ1, χ2, ξ

generate the standard dual basis {Θg} of kΓ∗
+. Moreover, χ1 has order 2N in Ĉ2N and χ2 has order

N in ĈN , meaning χ1 is the character of C2N that sends g1 to ω and χ2 is the character of CN that
sends gp2 to q. □

Unsurprisingly, we will denote χ1 ⊗ εCN
⊗ εCp by χ1, εC2N

⊗ χ2 ⊗ εCp by χ2, and εC2N
⊗ εCN

⊗ ξ
by ξ.

Proposition 4.3.2. kΓ∗
−
∼= ⟨σ1⟩ ⊗ ⟨σ2⟩ ⊗ ⟨ζ⟩ as a Hopf algebra, where

σ1 =
2N−1∑
i=0

ωiΘhi
1

(4.4)

σ2 =
2N−1∑
i=0

ωiΘβi
1

(4.5)

ζ =

p−1∑
i=0

iΘβi
2

(4.6)

The elements σ1 and σ2 are group-like, and the element ζ is primitive.

Proof. Again, this follows directly from Propositions 4.1.1 and 4.2.1. σ1, σ2, ζ clearly generate the

dual basis Θh. Also, σ1, σ2 have order 2N in Ĉ2N . It follows that σ1 is the character of C2N that
sends g1 to ω and σ2 is the character of C2N that sends hp2 to ω. □

In an expected turn of events, we will denote σ1 ⊗ εC2N
⊗ εCp by σ1, εC2N

⊗ σ2 ⊗ εCp by σ2, and
εC2N

⊗ εC2N
⊗ ζ by ζ.

5. Computing B(V±)#kΓ∗
±

We have already presented the Hopf algebras H± = B(V±)#kΓ±. In this section, we aim to com-
pute the dual Hopf algebras H∗

±. By Theorem 4.0.1 this dual is isomorphic to B(V ∗
±)#kΓ

∗
±, where

V ∗
± is a braided vector space with braiding c∗.

First, we will state some preliminary results and use them to present V ∗
± as Yetter-Drinfeld modules

over kΓ∗
± by defining the module and comodule structures. We will then prove an isomorphism the-

orem of braided vector spaces, which will allow us to present the Nichols algebras B(V ∗
±). Finally,

we will use all these components to present the desired algebras B(V ∗
±)#kΓ

∗
±. For the remainder

of this paper, fix a dual basis {θ1, θ2, θ3} of V ∗
±. The θi are indicator functionals that are nonzero

when evaluated at xi. In order to parse between V± and V ∗
± as Yetter-Drinfeld modules over kΓ±

and kΓ∗
±, we restate the following theorems from [HJ20] and [AP20] using our notation conventions.

Proposition 5.0.1. ([HJ20], Lemma 4.2.2) V ∗
± is a Yetter-Drinfeld module over kΓ± with action

⇀ and coaction δ given by:

(gi ⇀ θj) = gi ⇀ θj =

3∑
k=1

θk(g
−1
i ⇀ xk)θk. (5.1)
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δ(θi) = (S−1 ⊗ θi) ◦ δ ⇐⇒ θi(−1)(θi(0)(xj)) = g−1
j′ θi(xj) (5.2)

Proposition 5.0.2. ([AP20]) V+ is a Yetter-Drinfeld module over kΓ∗
+ with action ⇀ and coaction

δ given by
Θg ⇀ xi = Θg(g

−1
i′ )xi (5.3)

δ(xi) =
2N−1∑
a=0

N−1∑
b=0

p−1∑
c=0

S−1(Θga1
Θαb

1
Θαc

2
)⊗ ga1 ⇀ (αb

1 ⇀ (αc
2 ⇀ xi))) (5.4)

Proposition 5.0.3. ([AP20]) V ∗
+ is a Yetter-Drinfeld module over kΓ∗

+ with action ⇀ and coaction
δ given by

Θg ⇀ θi =
3∑

j=1

θi(Θg ⇀ xj)θj (5.5)

δ(θi) =

2N−1∑
a=0

N−1∑
b=0

p−1∑
c=0

S−1(Θga1
Θαb

1
Θαc

2
)⊗ ga1 ⇀ (αb

1 ⇀ (αc
2 ⇀ θi))) (5.6)

for g ∈ kΓ+.

Proposition 5.0.4. ([AP20]) V− is a Yetter-Drinfeld module over kΓ∗
+ with action ⇀ and coaction

δ given by
Θh ⇀ xi = Θh(h

−1
i′ )xi (5.7)

δ(xi) =
2N−1∑
a=0

2N−1∑
b=0

p−1∑
c=0

S−1(Θha
1
Θβb

1
Θβc

2
)⊗ ha1 ⇀ (βb1 ⇀ (βc2 ⇀ xi))) (5.8)

for h ∈ kΓ−.

Proposition 5.0.5. ([AP20]) V ∗
− is a Yetter-Drinfeld module over kΓ∗

− with action ⇀ and coaction
δ given by

Θh ⇀ θi =
3∑

j=1

θi(Θh ⇀ xj)θj (5.9)

δ(θi) =

2N−1∑
a=0

2N−1∑
b=0

p−1∑
c=0

S−1(Θha
1
Θβb

1
Θβc

2
)⊗ ha1 ⇀ (βb1 ⇀ (βc2 ⇀ θi))) (5.10)

for h ∈ kΓ−.

5.1. V ∗
+ in

kΓ∗
+

kΓ∗
+
YD. From the previous section, χ1, χ2, and ξ generate kΓ

∗
+, so to define the module

structure on V ∗
+ , it is enough to define the left action of χ1, χ2, and ξ on θ1, θ2, and θ3.

Proposition 5.1.1. The module structure of V ∗
+ ∈kΓ∗

+

kΓ∗
+
YD is given by the actions

χ1 ⇀ θi =

{
ω−1θi i = 1, 2

θi i = 3
(5.11)

χ2 ⇀ θi =

{
θi i = 1, 2

q−rθi i = 3
(5.12)

ξ ⇀ θi =

{
0 i = 1, 2

−sθi i = 3.
(5.13)
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Proof. By definition,

χ1 ⇀ θk =

(
2N−1∑
i=0

ωiΘgi1

)
⇀ θk =

2N−1∑
i=0

ωi(Θgi1
⇀ θk). (5.14)

By Proposition 5.0.3, one can express the action of Θgi1
on θk in terms of the dual basis of V ∗

+ (for

fixed i) as

Θgi1
⇀ θk =

3∑
j=1

θk(Θg1i ⇀ xj)θj . (5.15)

Using this formula requires knowing how kΓ∗
+ acts on V+. This action is given by Proposition 5.0.2

to be

Θgi1
⇀ xj = Θgi1

(g−1
j′ )xj ,

where n ∈ {1, 2}. Applying this to (5.15),

θk(Θgi1
⇀ xj) = θk((Θgi1

⊗ ε⊗ ε)(g−1
1 ⊗ α0

1 ⊗ α0
2)x1θ1 + (Θgi1

⊗ ε⊗ ε)(g−1
1 ⊗ α0

1 ⊗ α0
2)x2θ2

+ (Θgi1
⊗ ε⊗ ε)(g01 ⊗ α−r

1 ⊗ α−s
2 )x3θ3)

= θk(δi,−1x1θ1 + δi,−1x2θ2 + δi,0x3θ3),

where δa,b is the Kronecker delta function that is nonzero if and only if a = b (not to be confused
with a coaction).

If k = 1, only the term containing x1 survives, meaning the only nonzero term in (5.14) is the
one corresponding to i = 2N − 1 (which is congruent to −1 mod 2N). This also happens if k = 2
(here, only the x2 term survives). In both these cases, ωi = ω2N−1 = ω−1. If k = 3, i = 0 is the
only nonzero term, so for χ1, you get

χ1 ⇀ θi =

{
ω−1θi i = 1, 2

θi i = 3

For χ2 ⇀ θk, the setup is similar. Like (5.14), we have

χ2 ⇀ θk =

(
N−1∑
i=0

qiΘαi
1

)
⇀ θk =

N−1∑
i=0

qi(Θαi
1
⇀ θk), (5.16)

where

Θαi
1
⇀ θk =

3∑
j=1

θk(Θα1
i ⇀ xj)θj =

3∑
j=1

θk(Θαi
2
(g−1

j′ ))xjθj . (5.17)

Again, Propositions 5.0.2 and 5.0.3 give

θk(Θαi
1
⇀ xj) = θk((ε⊗Θαi

1
⊗ ε)(g−1

1 ⊗ α0
1 ⊗ α0

2)x1θ1 + (ε⊗Θαi
1
⊗ ε)(g−1

1 ⊗ α0
1 ⊗ α0

2)x2θ2

+ (ε⊗Θαi
1
⊗ ε)(g01 ⊗ α−r

1 ⊗ α−s
2 )x3θ3)

= θk(δi,0x1θ1 + δi,0x2θ2 + δi,−rx3θ3),

(5.18)

Using similar reasoning to the χ1 case, when k = 1 and k = 2, the i = 0 term is the only one that
survives. When k = 3, the only term that survives is the one where i = −r = −p−1 (mod N).
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Thus, for χ2, the action becomes

χ2 ⇀ θi =

{
θi i = 1, 2

q−rθi i = 3

For ξ, we have

ξ ⇀ θk =

(
p−1∑
i=0

iΘαi
2

)
⇀ θk =

p−1∑
i=0

i(Θαi
2
⇀ θk) (5.19)

and

Θαi
2
⇀ θk =

3∑
j=1

θk(Θα2
i ⇀ xj)θj =

3∑
j=1

θk(Θαi
2
(g−1

j′ ))xjθj . (5.20)

Summing over j,

θk(Θαi
2
⇀ xj) = θk((ε⊗ ε⊗Θαi

2
)(g−1

1 ⊗ α0
1 ⊗ α0

2)x1θ1 + (ε⊗ ε⊗Θαi
2
)(g−1

1 ⊗ α0
1 ⊗ α0

2)x2θ2

+ (ε⊗ ε⊗Θαi
2
)(g01 ⊗ α−r

1 ⊗ α−s
2 )x3θ3)

= θk(δi,0x1θ1 + δi,0x2θ2 + δi,−sx3θ3).

When k = 1 and k = 2, all terms in (5.19) are 0. When k = 3, the only term that survives is that
of i = −s = −N−1 (mod p). Thus, we have

ξ ⇀ θi =

{
0 i = 1, 2

−sθi i = 3,

which completes the proof.
□

The following proposition defines the coaction ∗δ :

Proposition 5.1.2. The coaction δ of V ∗
+ as a Yetter-Drinfeld module over kΓ∗

+ is given by

δ(θ1) = χ−N
1 χ−p

2 ⊗ θ1 + χ−N
1 χ−p

2 ξ ⊗Nθ2 (5.21)

δ(θ2) = χ−N
1 χ−p

2 ⊗ θ2 (5.22)

δ(θ3) = χ2
1 ⊗ θ3 (5.23)

Proof. By Proposition 5.0.3, the coaction δ(θi) of V
∗
+ as a kΓ∗

+- comodule is given by

δ(θi) =

2N−1∑
a=0

N−1∑
b=0

p−1∑
c=0

S−1(Θga1
Θαb

1
Θαc

2
)⊗ ga1 ⇀ (αb

1 ⇀ (αc
2 ⇀ θi)). (5.24)

By Proposition 5.0.1 ,

g1 ⇀ θ1 =
3∑

i=1

θ1(g
−1
1 ⇀ xi)θi = −θ1 (5.25)

g2 ⇀ θ1 =

3∑
i=1

θ1(g
−1
2 ⇀ xi)θi = q(θ1 − θ2) (5.26)

g1 ⇀ θ2 =

3∑
i=1

θ2(g
−1
1 ⇀ xi)θi = −θ2 (5.27)
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g2 ⇀ θ2 =
3∑

i=1

θ2(g
−1
2 ⇀ xi)θi = qθ2 (5.28)

g1 ⇀ θ3 =
3∑

i=1

θ3(g
−1
1 ⇀ xi)θi = q−1θ3 (5.29)

g2 ⇀ θ3 =
3∑

i=1

θ3(g
−1
2 ⇀ xi)θi = θ3. (5.30)

Using induction on (5.25) and (5.26), it follows that

ga1 ⇀ θ1 = (−1)aθ1 (5.31)

αb
1 ⇀ θ1 = qbpθ1 (5.32)

αc
2 ⇀ θ1 = θ1 −Ncθ2 (5.33)

Since the actions of g1 and g2 commute, applying (5.24) to θ1 gives you

δ(θ1) =
2N−1∑
a=0

N−1∑
b=0

p−1∑
c=0

S−1(Θga1
Θαb

1
Θαc

2
)⊗ (−1)aqbp(θ1 −Ncθ2)

=

N−1∑
b=0

p−1∑
c=0

S−1

(
2N−1∑
a=0

(−1)aΘga1
Θαb

1
Θαc

2

)
⊗ qbp(θ1 −Ncθ2)

=

p−1∑
c=0

S−1

(
χN
1

N−1∑
b=0

qbpΘαb
1
Θαc

2

)
⊗ (θ1 −Ncθ2)

= S−1

(
χN
1 χ

p
2

p−1∑
c=0

Θαc
2

)
⊗ θ1 − S−1

(
χN
1 χ

p
2

p−1∑
c=0

cΘαc
2

)
⊗Nθ2

= S−1(χN
1 χ

p
2)⊗ θ1 − S−1(χN

1 χ
p
2ξ)⊗Nθ2

= χ−N
1 χ−p

2 ⊗ θ1 + χ−N
1 χ−p

2 ξ ⊗Nθ2

Using induction on (5.27) and (5.28), you get that

ga1 ⇀ θ2 = (−1)aθ2 (5.34)

αb
1 ⇀ θ2 = qbpθ2 (5.35)

αc
2 ⇀ θ2 = θ2. (5.36)
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Thus, the coaction of θ2 in
(kΓ+)∗

(kΓ+)∗YD becomes

δ(θ2) =

2N−1∑
a=0

N−1∑
b=0

p−1∑
c=0

S−1(Θga1
Θαb

1
Θαc

2
)⊗ (−1)aqbpθ2

=

N−1∑
b=0

p−1∑
c=0

S−1

(
2N−1∑
a=0

(−1)aΘga1
Θαb

1
Θαc

2

)
⊗ qbpθ2

= S−1

(
χN
1

N−1∑
b=0

qbpΘαb
1

p−1∑
c=0

Θαc
2

)
⊗ θ2

= S−1
(
χN
1 χ

p
2

)
⊗ θ2

= χ−N
1 χ−p

2 ⊗ θ2.

Inducting on (5.29) and (5.30),

ga1 ⇀ θ3 = q−aθ3 (5.37)

αb
1 ⇀ θ3 = αc

2 ⇀ θ3 = θ3 (5.38)

Thus,

δ(θ3) =
2N−1∑
a=0

N−1∑
b=0

p−1∑
c=0

S−1(Θga1
Θαb

1
Θαc

2
)⊗ q−aθ3

= S−1

(
2N−1∑
a=0

q−aΘga1

N−1∑
b=0

Θαb
1

p−1∑
c=0

Θαc
2

)
⊗ θ3

= S−1
(
χ−2
1

)
⊗ θ3

= χ2
1 ⊗ θ3.

□

5.2. V ∗
− in

kΓ∗
−

kΓ∗
−
YD. Again, we will define the module and comodule structures. We still have a

basis {θ1, θ2, θ3} of V ∗
−, and the generators of kΓ∗

− are χ1, χ
′
2, ξ by proposition 4.3.2. We will modify

propositions 5.1.1 and 5.1.2 to the negative case.

Proposition 5.2.1. The module structure of V ∗
− ∈kΓ∗

−
kΓ∗

−
YD is given by the actions

σ1 ⇀ θi =

{
ω−1θi i = 1, 2

θi i = 3
(5.39)

σ2 ⇀ θi =

{
θi i = 1, 2

ω−uθi i = 3
(5.40)

ζ ⇀ θi =

{
0 i = 1, 2

−vθi i = 3.
(5.41)

Proof. We adapt the proof of Proposition 5.1.1. σ1 is defined identically to χ1, so the argument for
σ1 ⇀ θi is the same as the argument for χ1 ⇀ θi, replacing χ by σ and g by h.
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For σ2 ⇀ θi, we have

σ2 ⇀ θk =

(
2N−1∑
i=0

ωiΘβi
1

)
⇀ θk =

2N−1∑
i=0

ωi(Θβi
1
⇀ θk), (5.42)

where the action

Θβi
1
⇀ θk =

3∑
j=1

θk(Θβi
1
(h−1

j′ )xj)θj (5.43)

is given by Propositions 5.0.4 and 5.0.5. Thus,

θk(Θβi
1
⇀ xj) = θk((ε⊗Θβi

1
⊗ ε)(h−1

1 ⊗ β01 ⊗ β02)x1θ1 + (ε⊗Θβi
1
⊗ ε)(h−1

1 ⊗ β01 ⊗ β02)x2θ2

+ (ε⊗Θαi
1
⊗ ε)(g01 ⊗ α−u

1 ⊗ α−v
2 )x3θ3)

= θk(δi,0x1θ1 + δi,0x2θ2 + δi,−ux3θ3).

When k = 1 and k = 2 , the i = 0 term is the only one that survives. When k = 3, the only term
that survives is the one where i = −u = −p−1 (mod 2N). Thus, for σ2, the action becomes

(σ2 ⇀ θi) =

{
θi i = 1, 2

ω−uθi i = 3

Lastly, for ζ, we have

ζ ⇀ θk =

(
p−1∑
i=0

iΘβi
2

)
⇀ θk =

p−1∑
i=0

i(Θβi
2
⇀ θk), (5.44)

where

Θβi
2
⇀ θk =

3∑
j=1

θk(Θβi
2
(h−1

j′ )xj)θj . (5.45)

Expanding this out yields

θk(Θβi
1
⇀ xj) = θk((ε⊗ ε⊗Θβi

2
)(h−1

1 ⊗ β01 ⊗ β02)x1θ1 + (ε⊗ ε⊗Θβi
2
)(h−1

1 ⊗ β01 ⊗ β02)x2θ2

+ (ε⊗ ε⊗Θβi
2
)(g01 ⊗ α−u

1 ⊗ α−v
2 )x3θ3)

= θk(δi,0x1θ1 + δi,0x2θ2 + δi,−vx3θ3).

It follows that when k = 1 and k = 2, the only nonzero value of i in (5.44) is that of i = 0. When
k = 3, the only nonzero value of i is i = −v = −(2N)−1 (mod p). Therefore,

ζ ⇀ θi =

{
0 i = 1, 2

−vθi i = 3,

as desired. □

Proposition 5.2.2. The coaction ∗δ of V ∗
− as a Yetter-Drinfeld module over kΓ∗

− is given by

δ(θ1) = σ−N
1 σ−2p

2 ⊗ θ1 + 2Nσ−N
1 σ−2p

2 ζ ⊗ θ2 (5.46)

δ(θ2) = σ−N
1 σ−2p

2 ⊗ θ2 (5.47)

δ(θ3) = σ21σ
−N
2 ⊗ θ3 (5.48)



20 TRISHA KOTHAVALE

Proof. Again, we will adapt the proof of Proposition 5.1.2. By Proposition 5.0.3, the coaction δ(θi)
of V ∗

− as a kΓ∗
−- comodule is given by

δ(θi) =
2N−1∑
a=0

2N−1∑
b=0

p−1∑
c=0

S−1(Θha
1
Θβb

1
Θβc

2
)⊗ ha1 ⇀ (βb1 ⇀ (βc2 ⇀ θi)). (5.49)

By Proposition 5.0.1, the action of ha1, β
b
1, β

c
2 on θi can be rewritten in terms of actions on xi. More

precisely, one just needs to define the actions of h1 and h2 on θi for i ∈ {1, 2, 3}. These actions were
defined for g1, g2 in (5.25) – (5.30) of Proposition 5.1.2. Recall that the actions of h1 and h2 on xi
are the same as those of g1 and g2 on xi with the exception that h2 ⇀ x3 = −x3. Thus, we can
modify (5.30) and replace g with h in (5.25) – (5.29) to get

h1 ⇀ θ1 =
3∑

i=1

θ1(h
−1
1 ⇀ xi)θi = −θ1 (5.50)

h2 ⇀ θ1 =
3∑

i=1

θ1(h
−1
2 ⇀ xi)θi = q(θ1 − θ2) (5.51)

h1 ⇀ θ2 =
3∑

i=1

θ2(h
−1
1 ⇀ xi)θi = −θ2 (5.52)

h2 ⇀ θ2 =

3∑
i=1

θ2(h
−1
2 ⇀ xi)θi = qθ2 (5.53)

h1 ⇀ θ3 =
3∑

i=1

θ3(h
−1
1 ⇀ xi)θi = q−1θ3 (5.54)

h2 ⇀ θ3 =
3∑

i=1

θ3(h
−1
2 ⇀ xi)θi = −θ3. (5.55)

Using induction on (5.50) and (5.51), it follows that

ha1 ⇀ θ1 = (−1)aθ1 (5.56)

βb1 ⇀ θ1 = qbpθ1 (5.57)

βc2 ⇀ θ1 = θ1 − 2Ncθ2 (5.58)
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Since the actions of g1 and g2 commute, applying (5.24) to θ1 gives you

δ(θ1) =
2N−1∑
a=0

2N−1∑
b=0

p−1∑
c=0

S−1(Θha
1
Θβb

1
Θβc

2
)⊗ (−1)aqbp(θ1 − 2Ncθ2)

=

2N−1∑
b=0

p−1∑
c=0

S−1

(
2N−1∑
a=0

(−1)aΘha
1
Θβb

1
Θβc

2

)
⊗ qbp(θ1 − 2Ncθ2)

=

p−1∑
c=0

S−1

(
σN1

2N−1∑
b=0

ω2bpΘβb
1
Θβc

2

)
⊗ (θ1 − 2Ncθ2)

= S−1

(
σN1 σ

2p
2

p−1∑
c=0

Θβc
2

)
⊗ θ1 − S−1

(
σN1 σ

2p
2

p−1∑
c=0

cΘβc
2

)
⊗ 2Nθ2

= S−1(σN1 σ
2p
2 )⊗ θ1 − S−1(σN1 σ

2p
2 ζ)⊗ 2Nθ2

= σ−N
1 σ−2p

2 ⊗ θ1 + 2Nσ−N
1 σ−2p

2 ζ ⊗ θ2

Inducting on (5.52) and (5.53),

ha1 ⇀ θ2 = (−1)aθ2 (5.59)

βb1 ⇀ θ2 = qbpθ2 (5.60)

βc2 ⇀ θ2 = θ2. (5.61)

Thus, the coaction of θ2 in
kΓ∗

−
kΓ∗

−
YD becomes

δ(θ2) =
2N−1∑
a=0

2N−1∑
b=0

p−1∑
c=0

S−1(Θha
1
Θβb

1
Θβc

2
)⊗ (−1)aqbpθ2

=
2N−1∑
b=0

p−1∑
c=0

S−1

(
2N−1∑
a=0

(−1)aΘha
1
Θβb

1
Θβc

2

)
⊗ qbpθ2

= S−1

(
σN1

2N−1∑
b=0

ω2bpΘβb
1

p−1∑
c=0

Θβc
2

)
⊗ θ2

= S−1
(
σN1 σ

2p
2

)
⊗ θ2

= σ−N
1 σ−2p

2 ⊗ θ2.

Lastly, by inducting on (5.54) and (5.55),

ha1 ⇀ θ3 = q−aθ3 (5.62)

βb1 ⇀ θ3 = (−1)pbθ3 = (−1)p(−1)bθ3 = (−1)bθ3 (5.63)

βc1 ⇀ θ3 = (−1)2Ncθ3 = θ3 (5.64)
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Thus,

δ(θ3) =
2N−1∑
a=0

2N−1∑
b=0

p−1∑
c=0

S−1(Θha
1
Θβb

1
Θβc

2
)⊗ q−a(−1)bθ3

= S−1

(
2N−1∑
a=0

ω−2aΘha
1

2N−1∑
b=0

(−1)bΘβb
1

p−1∑
c=0

Θβc
2

)
⊗ θ3

= S−1
(
σ−2
1 σN2

)
⊗ θ3

= σ−2
1 σ−N

2 ⊗ θ3,

which completes the proof. □

5.3. Proof of (V ∗, c∗) ∼= (V, c−1
q−1). In this section, we will take a break from Yetter-Drinfeld mod-

ules and prove an isomorphism theorem for braided vector spaces. Recall that for the case of q22 = 1,
C+(q) is a braided vector space with basis {x1, x2, x3} and braiding

c(xi ⊗ xj) =

 −x1 ⊗ x1 −x2 ⊗ x1 qx3 ⊗ x1
−x1 ⊗ x2 −x2 ⊗ x2 qx3 ⊗ x2
q−1x1 ⊗ x3 q−1(x2 + x1)⊗ x3 x3 ⊗ x3

 . (5.65)

Here, i is the indexing variable for the rows of the matrix and j for the columns. Using this braiding,
one can compute the inverse braiding c−1

q , which depends on q.

Proposition 5.3.1. The inverse braiding c−1 = c−1
q on V when q22 = 1 is given by the matrix

c−1(xi ⊗ xj) =

 −x1 ⊗ x1 −x2 ⊗ x1 qx3 ⊗ x1
−x1 ⊗ x2 −x2 ⊗ x2 qx3 ⊗ x2 − x1
q−1x1 ⊗ x3 q−1x2 ⊗ x3 x3 ⊗ x3

 . (5.66)

Proof. It suffices to check that each entry in the matrix gives you the inverse braiding for the tensor
product of the corresponding basis elements:

For i = j = 1,

x1 ⊗ x1 = c−1(c(x1 ⊗ x1))

= c−1(−x1 ⊗ x1)

= −c−1(x1 ⊗ x1)

−x1 ⊗ x1 = c−1(x1 ⊗ x1)

The same argument can be repeated for all the other entries. The only nontrivial entry to check is
i = 2, j = 3 in the c−1

q matrix. This entry follows from the fact that

x3 ⊗ x2 = c−1(c(x3 ⊗ x2))

= c−1(q−1x2 ⊗ x3 + q−1x1 ⊗ x3)

= q−1c−1(x2 ⊗ x3) + q−1c−1(x1 ⊗ x3)

qx3 ⊗ x2 − c−1(x1 ⊗ x3) = c−1(x2 ⊗ x3)

qx3 ⊗ x2 − qx3 ⊗ x1 = c−1(x2 ⊗ x3)

qx3 ⊗ x2 − x1 = c−1(x2 ⊗ x3).

□
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Let c−1
q−1 denote c−1 where all q is replaced by q−1 in the matrix of proposition 5.2.1. c−1

q−1 can be

given by the matrix

c−1
q−1(xi ⊗ xj) =

−x1 ⊗ x1 −x2 ⊗ x1 q−1x3 ⊗ x1
−x1 ⊗ x2 −x2 ⊗ x2 q−1x3 ⊗ x2 − x1
qx1 ⊗ x3 qx2 ⊗ x3 x3 ⊗ x3

 . (5.67)

Use the same notation of {θ1, θ2, θ3} as the dual basis of V ∗. The transpose c∗ is the pullback of
c that defines a braiding on V ∗. one can express c∗(θi ⊗ θj) in terms of the dual basis using the
formula

c∗(θi ⊗ θj) =

3∑
a=1

3∑
b=1

θa ⊗ θb(c(xi ⊗ xj))(θi ⊗ θj). (5.68)

Applying (5.68) to the 9 basis elements of V ∗ ⊗ V ∗, one can express c∗(θi ⊗ θj) in matrix form as
well:

Proposition 5.3.2. The braiding c∗ is given by the matrix

c∗(θi ⊗ θj) =

−θ1 ⊗ θ1 −θ2 ⊗ θ1 q−1θ3 ⊗ θ1 + θ2
−θ1 ⊗ θ2 −θ2 ⊗ θ2 q−1θ3 ⊗ θ2
qθ1 ⊗ θ3 qθ2 ⊗ θ3 θ3 ⊗ θ3

 . (5.69)

The main proposition for this section is :

Proposition 5.3.3. (V ∗, c∗) ∼= (V, c−1
q−1)

Proof. Define the linear isomorphism φ

φ : V ∗ → V

θ1 7→ x2

θ2 7→ −x1
θ3 7→ x3

φ is clearly an isomorphism of vector spaces. To show that it is an isomorphism of braided vector
spaces, it suffices to show that φ commutes with the braiding, (i.e. c−1

q−1 ◦ (φ⊗ φ) = (φ⊗ φ) ◦ c∗).

θ1 ⊗ θ1
φ⊗φ−−−→ x2 ⊗ x2

c−1

q−1

−−−→ −x2 ⊗ x2

θ1 ⊗ θ1
c∗−→ −θ1 ⊗ θ1

φ⊗φ−−−→ −x2 ⊗ x2

(5.70)

θ1 ⊗ θ2
φ⊗φ−−−→ −x2 ⊗ x1

c−1

q−1

−−−→ x1 ⊗ x2

θ1 ⊗ θ2
c∗−→ −θ2 ⊗ θ1

φ⊗φ−−−→ x1 ⊗ x2

(5.71)

θ1 ⊗ θ3
φ⊗φ−−−→ x2 ⊗ x3

c−1

q−1

−−−→ q−1x3 ⊗ x2 − x1

θ1 ⊗ θ3
c∗−→ q−1θ3 ⊗ θ1 + θ2

φ⊗φ−−−→ q−1x3 ⊗ x2 − x1

(5.72)

θ2 ⊗ θ1
φ⊗φ−−−→ −x1 ⊗ x2

c−1

q−1

−−−→ x2 ⊗ x1

θ2 ⊗ θ1
c∗−→ −θ1 ⊗ θ2

φ⊗φ−−−→ x2 ⊗ x1

(5.73)
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θ2 ⊗ θ2
φ⊗φ−−−→ x1 ⊗ x1

c−1

q−1

−−−→ −x1 ⊗ x1

θ2 ⊗ θ2
c∗−→ −θ2 ⊗ θ2

φ⊗φ−−−→ −x1 ⊗ x1

(5.74)

θ2 ⊗ θ3
φ⊗φ−−−→ −x1 ⊗ x3

c−1

q−1

−−−→ −q−1x3 ⊗ x1

θ2 ⊗ θ3
c∗−→ q−1θ3 ⊗ θ2

φ⊗φ−−−→ −q−1x3 ⊗ x1

(5.75)

θ3 ⊗ θ1
φ⊗φ−−−→ x3 ⊗ x2

c−1

q−1

−−−→ qx2 ⊗ x3

θ3 ⊗ θ1
c∗−→ qθ1 ⊗ θ3

φ⊗φ−−−→ qx2 ⊗ x3

(5.76)

θ3 ⊗ θ2
φ⊗φ−−−→ −x3 ⊗ x1

c−1

q−1

−−−→ −qx1 ⊗ x3

θ3 ⊗ θ2
c∗−→ qθ2 ⊗ θ3

φ⊗φ−−−→ −qx1 ⊗ x3

(5.77)

θ3 ⊗ θ3
φ⊗φ−−−→ x3 ⊗ x3

c−1

q−1

−−−→ x3 ⊗ x3

θ3 ⊗ θ3
c∗−→ θ3 ⊗ θ3

φ⊗φ−−−→ x3 ⊗ x3,

(5.78)

so φ is an isomorphism of braided vector spaces. □

The case of q22 = −1 is similar. In this case, the braiding becomes

c(xi ⊗ xj) =

 −x1 ⊗ x1 −x2 ⊗ x1 qx3 ⊗ x1
−x1 ⊗ x2 −x2 ⊗ x2 qx3 ⊗ x2
q−1x1 ⊗ x3 q−1(x2 + x1)⊗ x3 −x3 ⊗ x3

 . (5.79)

.

As a result, it follows that the inverse braiding c−1
q−1 can be expressed by the matrix

c−1
q−1(xi ⊗ xj) =

−x1 ⊗ x1 −x2 ⊗ x1 q−1x3 ⊗ x1
−x1 ⊗ x2 −x2 ⊗ x2 q−1x3 ⊗ x2 − x1
qx1 ⊗ x3 qx2 ⊗ x3 −x3 ⊗ x3

 (5.80)

and the dual braiding c∗ now becomes

c∗(θi ⊗ θj) =

−θ1 ⊗ θ1 −θ2 ⊗ θ1 q−1θ3 ⊗ θ1 + θ2
−θ1 ⊗ θ2 −θ2 ⊗ θ2 q−1θ3 ⊗ θ2
qθ1 ⊗ θ3 qθ2 ⊗ θ3 −θ3 ⊗ θ3

 .

The only change in all three matrices is the entry in the third row and third column. Thus, the
isomorphism of proposition 5.2.3 is still an isomorphism of braided vector spaces since

θ3 ⊗ θ3
φ⊗φ−−−→ x3 ⊗ x3

c−1

q−1

−−−→ −x3 ⊗ x3

θ3 ⊗ θ3
c∗−→ −θ3 ⊗ θ3

φ⊗φ−−−→ −x3 ⊗ x3.

(5.81)
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5.4. Constructing B(V+)#kΓ∗
+. First, we will define the Nichols algebra B(V ∗

+) with respect to
the dual braiding c∗.

Proposition 5.4.1. The algebra B(V ∗
+) is generated by elements y1, y2, y3 with relations

y21 = 0, y22 = 0, y1y2 = −y2y1, (5.82)

(y1y3 − q−1y3y1)
2 = 0, yp3 = 0, (5.83)

y3(y1y3 − q−1y3y1) = q(y1y3 − q−1y3y1)y3, (5.84)

y2y3 = q−1y3y2. (5.85)

Proof. From the previous section, we know (V ∗
+, c

∗) ∼= (V+, c
−1
q−1), so their Nichols algebras are

isomorphic. By corollary 7.1.9 of [HJ20], B(V+, c) ∼= B(V+, c−1), so it follows that B(V ∗
+, c

∗) ∼=
B(V+, c−1

q ). The relations for B(V+, c) are already given in proposition 7.2 [AAH21], so it is enough

to just apply the isomorphism φ of Proposition 5.3 and replace q by q−1 in those relations. □

Remark 5.4.2. In the above proposition, the yi play the role of θi.

Proposition 5.4.3. The algebra B(V ∗
+)

op is generated by elements y1, y2, y3 with relations

y21 = 0, y22 = 0, y1y2 = −y2y1, (5.86)

(y3y1 − q−1y1y3)
2 = 0, yp3 = 0, (5.87)

(y3y1 − q−1y1y3)y3 = qy3(y3y1 − q−1y1y3), (5.88)

y3y2 = q−1y2y3. (5.89)

Proposition 5.4.4. The algebra B(V ∗
+)#kΓ

∗
+ is generated by elements y1, y2, y3 and χ1, χ2, ξ with

relations (5.82)-(5.85) and

χ2N
1 = χN

2 = 1, ξp = ξ, χ1y1 = ω−1y1χ1 (5.90)

χ1y2 = ω−1y2χ1, χ1y3 = y3χ1, χ2y1 = y1χ2 (5.91)

χ2y2 = y2χ2, χ2y3 = q−ry3χ2, ξy1 = y1ξ (5.92)

ξy2 = y2ξ, ξy3 = −sy3 + y3ξ, χ1χ2 = χ2χ1 (5.93)

χ1ξ = ξχ1, χ2ξ = ξχ2 (5.94)

Proof. This follows directly from (3.1). The products can be checked using the actions given in
Proposition 5.1.1, similar to Proposition 3.3.1, using the fact that χ1 and χ2 are group-like in kΓ∗

+

and ξ is primitive. □

5.5. Constructing B(V−)#kΓ∗
−.

Proposition 5.5.1. The algebra B(V ∗
−) is generated by elements y1, y2, y3 with relations

y21 = 0, y22 = 0, y1y2 = −y2y1, (5.95)

(y1y3 − q−1y3y1)
p = 0, y23 = 0, (5.96)

y3(y1y3 − q−1y3y1) = q(y1y3 − q−1y3y1)y3, (5.97)

y2y3 = q−1y3y2. (5.98)

Proof. From the previous section, we know (V ∗
−, c

∗) ∼= (V−, c
−1
q−1), so their Nichols algebras are

isomorphic. By corollary 7.1.9 of [HJ20], B(V−, c) ∼= B(V−, c−1), so it follows that B(V ∗
−, c

∗) ∼=
B(V−, c−1

q ). The relations for B(V−, c) are already given in proposition 7.2 of [AAH21], so it is enough

to just apply the isomorphism φ of Proposition 5.3 and replace q by q−1 in those relations. □
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Remark 5.5.2. In the above proposition, the yi play the role of θi.

Proposition 5.5.3. The algebra B(V ∗
−)

op is generated by elements y1, y2, y3 with relations

y21 = 0, y22 = 0, y1y2 = −y2y1, (5.99)

(y3y1 − q−1y1y3)
p = 0, y23 = 0, (5.100)

(y3y1 − q−1y1y3)y3 = qy3(y3y1 − q−1y1y3), (5.101)

y3y2 = q−1y2y3. (5.102)

Proposition 5.5.4. The algebra B(V ∗
−)#kΓ

∗
− is generated by elements y1, y2, y3 and σ1, σ2, ζ with

relations (5.95) – (5.98) and

σ2N1 = σ2N2 = 1, ζp = ζ, σ1y1 = ω−1y1σ1 (5.103)

σ1y2 = ω−1y2σ1, σ1y3 = y3σ1, σ2y1 = y1σ2 (5.104)

σ2y2 = y2σ2, σ2y3 = ω−uy3σ2, ζy1 = y1ζ (5.105)

ζy2 = y2ζ, ζy3 = −vy3 + y3ζ, σ1σ2 = σ2σ1 (5.106)

σ1ζ = ζσ1, σ2ζ = ζσ2 (5.107)

Proof. This follows directly from (3.1). The products can be checked using the actions given in
Proposition 5.2.1, similar to Proposition 3.4.1, using the fact that σ1 and σ2 are group-like in kΓ∗

−
and ζ is primitive. □

6. Quantum Double

Now we have all the components to compute the quantum double. Applying this construction to the
Hopf algebras H± will give quasitriangular Hopf algebras D(H±), which are the desired quantum
groups. There are many equivalent constructions of the double, but we will use the characterization
given in [AG98] and [AP20]. More details on the construction can be found in [Kas95].

6.1. D(H+).

Proposition 6.1.1. ([AP20], Proposition 2.4) The quantum group D(H+) is generated by x1, x2,
x3, g1, g2, y1, y2, y3, χ1, χ2, ξ and all the relations of H and H∗. The additional relations are
given by the formulas

χixj = χ1(gj′)xjχi (6.1)

ξxj = ξ(gj′)xj + xjξ (6.2)

yigj =
3∑

k=1

yi(gj ⇀ xk)gjyk (6.3)

yixj = yi(xj) +

3∑
k=1

yi(gj′ ⇀ xk)xjyk +

2N−1∑
k1=0

N−1∑
k2=0

p−1∑
k3=0

3∑
l=1

3∑
t=1

(yi(gj′ ⇀ xl))

(yl(g
k1
1 α

k2
1 α

k3
2 ⇀ xt))(yt#ε(S(xj#1)))gj′Θg

k1
1

Θ
α
k2
1

Θ
α
k3
2

.

(6.4)

χigj = gjχi (6.5)

ξgj = gjξ (6.6)
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Theorem 6.1.2. The algebra D(H+) is generated by x1, x2, x3, g1, g2, y1, y2, y3, χ1, χ2, ξ, where the
relations among the xi and the gj are given by (1.2) – (1.5) and (3.9) – (3.13), the relations among
χ1, χ2, ξ and the yi are given by (5.86) –(5.89) and (5.90) – (5.94), and the remaining relations are

χ1x1 = ωx1χ1 (6.7)

χ1x2 = ωx2χ2 (6.8)

χ1x3 = x3χ1 (6.9)

χ2x1 = x1χ2 (6.10)

χ2x2 = x2χ2 (6.11)

χ2x3 = qrx3χ2 (6.12)

ξx1 = x1ξ (6.13)

ξx2 = x2ξ (6.14)

ξx3 = sx3 + x3ξ (6.15)

y1g1 = −g1y1 (6.16)

y1g2 = q−1g2(y1 + y2) (6.17)

y2g1 = −g1y2 (6.18)

y2g2 = q−1g2y2 (6.19)

y3g1 = qg1y3 (6.20)

y3g2 = g2y3 (6.21)

y1x1 + x1y1 = y2x2 + x2y2 = 1− g1χ
N
1 χ

−p
2 (6.22)

y1x2 + x2y1 = −Ng1χN
1 χ

−p
2 ξ (6.23)

y1x3 + x3y1 = q−1x3y2 (6.24)

y2x1 = −x1y2 (6.25)

y2x3 = q−1x3y2 (6.26)

y3x1 = qx1y3 (6.27)

y3x2 = qx2y3 (6.28)

y3x3 − x3y3 = 1− g2χ
2
1 (6.29)

χ1g1 = g1χ1 (6.30)

χ1g2 = g2χ1 (6.31)

χ2g1 = g1χ2 (6.32)

χ2g2 = g2χ2 (6.33)

ξg1 = g1ξ (6.34)

ξg2 = g2ξ (6.35)
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Proof. We apply Proposition 6.1.1. Observe that

χ1(g1) =
2N−1∑
i=0

ωi(Θgi1
⊗ ε⊗ ε)(g1 ⊗ α0

1 ⊗ α0
2) = ω

χ1(g2) =
2N−1∑
i=0

ωi(Θgi1
⊗ ε⊗ ε)(g01 ⊗ αr

1 ⊗ αs
2) = 1

χ2(g1) =
N−1∑
i=0

qi(ε⊗Θαi
1
⊗ ε)(g1 ⊗ α0

1 ⊗ α0
21) = 1

χ2(g2) =
N−1∑
i=0

qi(ε⊗Θαi
1
⊗ ε)(g01 ⊗ αr

1 ⊗ αs
2) = qr.

Substituting the above into (6.1) with the fact that g1′ = g2′ = g1 and g3′ = g2 immediately gives
relations (6.7)-(6.12). Similarly,

ξ(g1) =

p−1∑
i=0

i(ε⊗ ε⊗Θαi
2
)(g1 ⊗ α0

1 ⊗ α0
2) = 0

ξ(g2) =

p−1∑
i=0

i(ε⊗ ε⊗Θαi
2
)(g01 ⊗ αr

1 ⊗ αs
2) = s.

Substituting the above equalities into (6.2) gives relations (6.13)-(6.15).

All possible actions gj ⇀ xk are given in Theorem 1.2.4. Summing over k, applying yi will only
pick out terms containing xi. For instance,

y1g1 =

3∑
k=1

y1(g1 ⇀ xk)g1yk = y1(−x1g1y1 − x2g1y2 + qx3g1x3) = −g1y1.

The other computations are similar. To get relations (6.22)-(6.29), we will substitute into (6.4)
directly, using Proposition 3.5.3. This would give 9 computations. Many of these are similar, so we
will only show a few of them for brevity.
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For y1x1,

y1x1 = y1(x1) +
3∑

k=1

y1(g1 ⇀ xk)x1yk +
2N−1∑
k1=0

N−1∑
k2=0

p−1∑
k3=0

3∑
l,t=1

(y1(g1 ⇀ xl))(yl(g
k1
1 α

k2
1 α

k3
2 ⇀ xt))

(yt#ε(x1#g
−1
1 ))g1Θg

k1
1

Θ
α
k2
1

Θ
α
k3
2

y1x1 + x1y1 = 1 +

2N−1∑
k1=0

N−1∑
k2=0

p−1∑
k3=0

3∑
t=1

−y1(gk11 α
k2
1 α

k3
2 ⇀ xt)(yt#ε(x1#g

−1
1 ))g1Θg

k1
1

Θ
α
k2
1

Θ
α
k3
2

y1x1 + x1y1 = 1−
2N−1∑
k1=0

N−1∑
k2=0

p−1∑
k3=0

y1(g
k1
1 α

k2
1 α

k3
2 ⇀ x1)g1Θg

k1
1

Θ
α
k2
1

Θ
α
k3
2

y1x1 + x1y1 = 1− g1

2N−1∑
k1=0

(−1)k1Θ
g
k1
1

N−1∑
k2=0

q−pk2Θ
α
k2
1

 p−1∑
k3=0

Θ
α
k3
2


y1x1 + x1y1 = 1− g1χ

N
1 χ

−p
2 .

For y1x2,

y1x2 = y1(x2) +

3∑
k=1

y1(g1 ⇀ xk)x2yk +

2N−1∑
k1=0

N−1∑
k2=0

p−1∑
k3=0

3∑
l,t=1

(y1(g1 ⇀ xl(yl(g
k1
1 α

k2
1 α

k3
2 ⇀ xt))

(yt#ε(x2#g
−1
1 ))g1Θg

k1
1

Θ
α
k2
1

Θ
α
k3
2

y1x2 = −x2y1 +
2N−1∑
k1=0

N−1∑
k2=0

p−1∑
k3=0

3∑
t=1

−y1(gk11 α
k2
1 α

k3
2 ⇀ xt)(yt#ε(x2#g

−1
1 ))g1

Θ
g
k1
1

Θ
α
k2
1

Θ
α
k3
2

y1x2 + x2y1 = −
2N−1∑
k1=0

N−1∑
k2=0

p−1∑
k3=0

y1(g
k1
1 α

k2
1 α

k3
2 ⇀ x2)g1Θg

k1
1

Θ
α
k2
1

Θ
α
k3
2

y1x2 + x2y1 = −g1

2N−1∑
k1=0

(−1)k1Θ
g
k1
1

N−1∑
k2=0

q−pk2Θ
α
k2
1

 p−1∑
k3=0

Nk3Θα
k3
2


y1x2 + x2y1 = −Ng1χN

1 χ
−p
2 ξ.
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For y1x3,

y1x3 = y1(x3) +
3∑

k=1

y1(g2 ⇀ xk)x3yk +
2N−1∑
k1=0

N−1∑
k2=0

p−1∑
k3=0

3∑
l,t=1

(y1(g2 ⇀ xl))(yl(g
k1
1 α

k2
1 α

k3
2 ⇀ xt))

(yt#ε(−x3#g−1
2 ))g2Θg

k1
1

Θ
α
k2
1

Θ
α
k3
2

y1x3 = −x3y1 + q−1x3y2 +

2N−1∑
k1=0

N−1∑
k2=0

p−1∑
k3=0

3∑
l=1

−(y1(g2 ⇀ xl))(yl(g
k1
1 α

k2
1 α

k3
2 ⇀ x3))

g2Θg
k1
1

Θ
α
k2
1

Θ
α
k3
2

y1x3 + x3y1 = q−1x3y2 + 0

y1x3 + x3y1 = q−1x3y2.

Note that the last term on the right hand side evaluates to zero since (y1(g2 ⇀ xl)) is nonzero

whenever l = 1 or l = 2 while (yl(g
k1
1 α

k2
1 α

k3
2 ⇀ x3)) is nonzero if and only if l = 3. The other

computations follow similarly. We will include the calculation for y3x3, as it is significantly changed
in the negative case:

y3x3 = y3(x3) +

3∑
k=1

y3(g2 ⇀ xk)x3yk +

2N−1∑
k1=0

N−1∑
k2=0

p−1∑
k3=0

3∑
l,t=1

(y3(g2 ⇀ xl))(yl(g
k1
1 α

k2
1 α

k3
2 ⇀ xt))

(yt#ε(−x3#g−1
2 ))g2Θg

k1
1

Θ
α
k2
1

Θ
α
k3
2

y3x3 = 1 + x3y3 +
2N−1∑
k1=0

N−1∑
k2=0

p−1∑
k3=0

3∑
l=1

−(y3(g2 ⇀ xl))(yl(g
k1
1 α

k2
1 α

k3
2 ⇀ x3))

g2Θg
k1
1

Θ
α
k2
1

Θ
α
k3
2

y3x3 − x3y3 = 1− g2

2N−1∑
k1=0

qk1Θ
g
k1
1

N−1∑
k2=0

Θ
α
k2
1

 p−1∑
k3=0

Θ
α
k3
2


y3x3 − x3y3 = 1− g2

2N−1∑
k1=0

ω2k1Θ
g
k1
1


y3x3 − x3y3 = 1− g2χ

2
1.

The remaining relations follow directly from (6.5) and (6.6). □

6.2. D(H−).

Theorem 6.2.1. ([AP20], Proposition 2.4) The quantum double D(H−) is generated by x1, x2, x3,
h1, h2, y1, y2, y3, σ1, σ2, ζ and all the relations of H and H∗. The additional relations are given
by the formulas

σixj = σi(gj′)xjχi (6.36)
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ζxj = ζ(gj′)xj + xjζ (6.37)

yihj =
3∑

k=1

yi(hj ⇀ xk)hjyk (6.38)

yixj = yi(xj) +
3∑

k=1

yi(hj′ ⇀ xk)xjyk +
2N−1∑
k1=0

N−1∑
k2=0

p−1∑
k3=0

3∑
l=1

3∑
t=1

(yi(hj′ ⇀ xl))

(yl(h
k1
1 β

k2
1 β

k3
2 ⇀ xt))(yt#ε(S(xj#1)))hj′Θh

k1
1

Θ
β
k2
1

Θ
β
k3
2

.

(6.39)

σihj = hjσi (6.40)

ζhj = hjζ (6.41)

Theorem 6.2.2. The quantum group D(H−) is generated by x1, x2, x3, h1, h2, y1, y2, y3, σ1, σ2, ζ,
where the relations among the xi and the hj are given by (3.14)-(3.18), the relations among σ1, σ2, ζ
and the yi are given by (5.99)-(5.102) and (5.103)-(5.107) and the remaining relations are

σ1x1 = ωx1σ1 (6.42)

σ1x2 = ωx2σ2 (6.43)

σ1x3 = x3σ1 (6.44)

σ2x1 = x1σ2 (6.45)

σ2x2 = x2σ2 (6.46)

σ2x3 = ωux3σ2 (6.47)

ζx1 = x1ζ (6.48)

ζx2 = x2ζ (6.49)

ζx3 = vx3 + x3ζ (6.50)

y1h1 = −h1y1 (6.51)

y1h2 = q−1h2(y1 + y2) (6.52)

y2h1 = −h1y2 (6.53)

y2h2 = q−1h2y2 (6.54)

y3h1 = qh1y3 (6.55)

y3h2 = −h2y3 (6.56)

y1x1 + x1y1 = y2x2 + x2y2 = 1− h1σ
N
1 σ

−2p
2 (6.57)

y1x2 + x2y1 = −2Nh1σ
N
1 σ

−2p
2 ζ (6.58)

y1x3 + x3y1 = q−1x3y2 (6.59)

y2x1 = −x1y2 (6.60)

y2x3 = q−1x3y2 (6.61)

y3x1 = qx1y3 (6.62)

y3x2 = qx2y3 (6.63)

y3x3 + x3y3 = 1− h2σ
2
1σ

N
2 (6.64)

σ1h1 = h1σ1 (6.65)

σ1h2 = h2σ1 (6.66)

σ2h1 = h1σ2 (6.67)

σ2h2 = h2σ2 (6.68)

ζh1 = h1ζ (6.69)
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ζh2 = h2ζ (6.70)

Proof. This an application of the formulas in Theorem 6.2.1. We have

σ1(h1) =

2N−1∑
i=0

ωi(Θhi
1
⊗ ε⊗ ε)(h1 ⊗ β01 ⊗ β02) = ω

σ1(h2) =
2N−1∑
i=0

ωi(Θhi
1
⊗ ε⊗ ε)(h01 ⊗ βu1 ⊗ βv2) = 1

σ2(h1) =

2N−1∑
i=0

ωi(ε⊗Θβi
1
⊗ ε)(h1 ⊗ β01 ⊗ β02) = 1

σ2(h2) =
2N−1∑
i=0

ωi(ε⊗Θβi
1
⊗ ε)(h01 ⊗ βu1 ⊗ βv2) = ωu.

Substituting the above into (6.36) with the fact that h1′ = h2′ = h1 and h3′ = h2 immediately gives
relations (6.42)-(6.47). Similarly,

ζ(h1) =

p−1∑
i=0

i(ε⊗ ε⊗Θβi
2
)(h1 ⊗ β01 ⊗ β02) = 0

ζ(h2) =

p−1∑
i=0

i(ε⊗ ε⊗Θβi
2
)(g01 ⊗ αu

1 ⊗ αv
2) = v.

Substituting the above equalities into (6.37) gives relations (6.48)-(6.50).

All possible actions hj ⇀ xk are given in Theorem 1.2.5. Summing over k, applying yi will only
pick out terms containing xi. Similar to the positive case,

y1h1 =
3∑

k=1

y1(h1 ⇀ xk)h1yk = y1(−x1h1y1 − x2h1y2 + qx3 = −h1y1.

The other computations follow. Note that relation (6.56) is slightly modified from (6.21 ) to account
for the fact that h2 ⇀ x3 = −x3. To get relations (6.57)-(6.64), we will substitute into (6.39) directly,
using Proposition 3.6.3.
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For y1x1,

y1x1 = y1(x1) +

3∑
k=1

y1(h1 ⇀ xk)x1yk +

2N−1∑
k1=0

2N−1∑
k2=0

p−1∑
k3=0

3∑
l,t=1

(y1(h1 ⇀ xl))(yl(h
k1
1 β

k2
1 β

k3
2 ⇀ xt))

(yt#ε(x1#h
−1
1 ))h1Θh

k1
1

Θ
β
k2
1

Θ
β
k3
2

y1x1 + x1y1 = 1 +
2N−1∑
k1=0

2N−1∑
k2=0

p−1∑
k3=0

3∑
t=1

−y1(hk11 β
k2
1 β

k3
2 ⇀ xt)(yt#ε(x1#h

−1
1 ))h1Θh

k1
1

Θ
β
k2
1

Θ
β
k3
2

y1x1 + x1y1 = 1−
2N−1∑
k1=0

2N−1∑
k2=0

p−1∑
k3=0

y1(h
k1
1 β

k2
1 β

k3
2 ⇀ x1)h1Θh

k1
1

Θ
β
k2
1

Θ
β
k3
2

y1x1 + x1y1 = 1− h1

2N−1∑
k1=0

(−1)k1Θ
h
k1
1

2N−1∑
k2=0

q−pk2Θ
β
k2
1

 p−1∑
k3=0

Θ
β
k3
2


y1x1 + x1y1 = 1− h1

2N−1∑
k1=0

(−1)k1Θ
h
k1
1

2N−1∑
k2=0

ω−2pk2Θ
β
k2
1

 p−1∑
k3=0

Θ
β
k3
2


y1x1 + x1y1 = 1− h1σ

N
1 σ

−2p
2 .

For y1x2,

y1x2 = y1(x2) +

3∑
k=1

y1(h1 ⇀ xk)x2yk +

2N−1∑
k1=0

2N−1∑
k2=0

p−1∑
k3=0

3∑
l,t=1

(y1(h1 ⇀ xl))(yl(h
k1
1 β

k2
1 β

k3
2 ⇀ xt))

(yt#ε(x2#h
−1
1 ))h1Θh

k1
1

Θ
β
k2
1

Θ
β
k3
2

y1x2 = −x2y1 +
2N−1∑
k1=0

2N−1∑
k2=0

p−1∑
k3=0

3∑
t=1

−y1(hk11 β
k2
1 β

k3
2 ⇀ xt)(yt#ε(x2#h

−1
1 ))h1

Θ
h
k1
1

Θ
β
k2
1

Θ
β
k3
2

y1x2 + x2y1 = −
2N−1∑
k1=0

2N−1∑
k2=0

p−1∑
k3=0

y1(h
k1
1 β

k2
1 β

k3
2 ⇀ x2)h1Θh

k1
1

Θ
β
k2
1

Θ
β
k3
2

y1x2 + x2y1 = −h1

2N−1∑
k1=0

(−1)k1Θ
h
k1
1

2N−1∑
k2=0

q−pk2Θ
β
k2
1

 p−1∑
k3=0

2Nk3Θβ
k3
2


y1x2 + x2y1 = −h1

2N−1∑
k1=0

(−1)k1Θ
h
k1
1

2N−1∑
k2=0

ω−2pk2Θ
β
k2
1

 p−1∑
k3=0

2Nk3Θβ
k3
2


y1x2 + x2y1 = −2Nh1σ

N
1 σ

−2p
2 ζ.
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For y1x3,

y1x3 = y1(x3) +

3∑
k=1

y1(h2 ⇀ xk)x3yk +

2N−1∑
k1=0

2N−1∑
k2=0

p−1∑
k3=0

3∑
l,t=1

(y1(h2 ⇀ xl))(yl(h
k1
1 β

k2
1 β

k3
2 ⇀ xt))

(yt#ε(x3#h
−1
2 ))h2Θh

k1
1

Θ
β
k2
1

Θ
β
k3
2

y1x3 = −x3y1 + q−1x3y2 +

2N−1∑
k1=0

2N−1∑
k2=0

p−1∑
k3=0

3∑
l=1

−(y1(h2 ⇀ xl))(yl(h
k1
1 β

k2
1 β

k3
2 ⇀ x3))

h2Θh
k1
1

Θ
β
k2
1

Θ
β
k3
2

y1x3 + x3y1 = q−1x3y2 + 0

y1x3 + x3y1 = q−1x3y2.

The other relations follow similarly. As a comparision to the positive case, we will also show the
calculation for y3x3 :

y3x3 = y3(x3) +
3∑

k=1

y3(h2 ⇀ xk)x3yk +
2N−1∑
k1=0

2N−1∑
k2=0

p−1∑
k3=0

3∑
l,t=1

(y3(h2 ⇀ xl))(yl(h
k1
1 β

k2
1 β

k3
2 ⇀ xt))

(yt#ε(x3#h
−1
2 ))h2Θh

k1
1

Θ
β
k2
1

Θ
β
k3
2

y3x3 + x3y3 = 1−
2N−1∑
k1=0

2N−1∑
k2=0

p−1∑
k3=0

3∑
l=1

−(y3(h2 ⇀ xl))(yl(h
k1
1 β

k2
1 β

k3
2 ⇀ x3))

h2Θh
k1
1

Θ
β
k2
1

Θ
β
k3
2

y3x3 + x3y3 = 1−
2N−1∑
k1=0

2N−1∑
k2=0

p−1∑
k3=0

qk1(−1)pk2+2Nk3h2Θh
k1
1

Θ
β
k2
1

Θ
β
k3
2

y3x3 + x3y3 = 1− h2

2N−1∑
k1=0

qk1Θ
h
k1
1

2N−1∑
k2=0

(−1)k2Θ
β
k2
1

 p−1∑
k3=0

Θ
β
k3
2


y3x3 − x3y3 = 1− h2

2N−1∑
k1=0

ω2k1Θ
h
k1
1

σN2

y3x3 − x3y3 = 1− h2σ
2
1σ

N
2 ,

The remaining relations (6.65)–(6.70) are just a direct application of formulas (6.40) and (6.41). □
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[AP20] Nicolás Andruskiewitsch and Héctor Peña Pollastri. On the double of the (restricted)
super Jordan plane. 2020. arXiv: 2008.01234 [math.QA]. url: https://arxiv.org/
abs/2008.01234.

[HJ20] István Heckenberger and Hans Jürgen-Schneider. Hopf Algebras and Root Systems. Vol. 247.
Mathematical Surveys and Monographs. American Mathematical Society, 2020.

[Kas95] Christian Kassel. Quantum Groups. Vol. 155. Graduate Texts in Mathematics. New York:
Springer-Verlag, 1995.

https://doi.org/10.3842/sigma.2023.021
http://dx.doi.org/10.3842/SIGMA.2023.021
http://dx.doi.org/10.3842/SIGMA.2023.021
https://arxiv.org/abs/math/9802074
https://arxiv.org/abs/math/9802074
https://arxiv.org/abs/math/9802074
https://arxiv.org/abs/2008.01234
https://arxiv.org/abs/2008.01234
https://arxiv.org/abs/2008.01234

	1. Introduction
	1.1. Notation and Conventions
	1.2. Background

	2. Realizing Braided Vector Spaces
	2.1. The Group Algebras k

	3. Generators and Relations of the Bosonization
	3.1. Bosonization
	3.2. General Theorems
	3.3. Presentation of B(C+(q))# k+
	3.4. Presentation of B(C-(q))# k+
	3.5. The Hopf Algebra Structure of H+
	3.6. The Hopf Algebra Structure of H-

	4. Computing k*
	4.1. kCn* when p n
	4.2. kCn* when p n
	4.3. Presentation of k*

	5. Computing B(V ) # k *
	5.1. V+* in k+*k+*YD
	5.2. V-* in k-*k-*YD
	5.3. Proof of (V*, c*) .5-.5.5-.5.5-.5.5-.5(V, c-1q-1)
	5.4. Constructing B(V+) # k +*
	5.5. Constructing B(V-) # k -*

	6. Quantum Double
	6.1. D(H+)
	6.2. D(H-)

	7. Acknowledgements
	References

