GENERALIZED QUANTUM GROUPS ASSOCIATED TO RESTRICTED

ENDYMION ALGEBRAS

TRISHA KOTHAVALE

ABSTRACT. Representations of groups describe the symmetries of classical systems. In quantum
settings, ordinary groups may not capture all the symmetries. To address this, one studies quantum
groups, which are Hopf algebras whose representation theory encodes quantum symmetries. In this
project, we compute new examples of quantum groups by starting with the Endymion algebras
introduced by Andruskiewitsch, Angiono, and Heckenberger. These algebras are braided Hopf al-
gebras realized over a finite group I'. We then apply the process of bosonization to construct an
ordinary Hopf algebra, and use the quantum double construction to obtain a generalized quantum

group.
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2 TRISHA KOTHAVALE

1. INTRODUCTION

Representations of groups encode symmetries of classical systems. For quantum mechanical sys-
tems, ordinary groups are not enough to capture all symmetries. In the 1980s, Drinfeld and Jimbo
first introduced quantum groups as quasitriangular Hopf algebras, whose representation theory en-
coded quantum symmetries. There are many known families of quantum groups, such as those that
arise as deformations of the enveloping algebra of a Lie algebra.

In this paper, we will compute two new examples of quantum groups in positive characteristic. These
generalized quantum groups are constructed from the Endymion algebras B(€4(q)), introduced by
Andruskiewitsch, Angiono, and Heckenberger in [AAH21]. We will do so using bosonization and
the quantum double construction. The Endymion algebras are Nichols algebras over braided vector
spaces called pale blocks, which were defined by Andruskiewitsch, Angiono, and Moya Giusti in
[AAM23].

In this section, we will introduce notation and background about the Endymion algebras B(€4(q))
and their associated braided vector spaces €4 (q). In section 2, we will realize the spaces €4 (q) as
Yetter-Drinfeld modules over group algebras k', for I'y+ a product of cyclic groups. In section 3,
we will present the Hopf algebras Hy, which are the bosonizations of B(€4(q)) with AT'1.

Sections 4 and 5 will be focused on finding H}. We will do this by first finding the dual Hopf
algebras kI, and then bosonizing with B(€.(q)*). Lastly, in section 6, we will present the quan-
tum groups by constructing the quantum double of H.

1.1. Notation and Conventions. We will first introduce notation and conventions that will be
used throughout this paper:

e [k is an algebraically closed field of characteristic p > 0, where p is an odd prime. All tensor
products are assumed to be over k (i.e. ® = Q).

e ¢ € kX is a N-th root of unity, where N is coprime to p and odd.

e — denotes a left action in the appropriate context, and § denotes a left coaction.

e All vector spaces and algebras are assumed to be finite-dimensional and over k. Hopf
algebras are assumed to have bijective and involutive antipodes.

e 1 will denote the multiplication map of a k-algebra, and n the unit.

e For Hopf algebras, denote the comultiplication by A , the counit by ¢, and the antipode by
S. Using Sweedler’s notation, A(x) = Y 21y ® (). For brevity, we will supress the sum
and write A(z) = z(1) ® 2(9).

e For comodules, we will also adopt Sweedler’s notation. If M is a left H-comodule, §(m) =
m(—1) ® m(), for m(_y) € H and m() € M.

e Fix w € k be such that w? = q.

e Define r,s € Z such that pr + Ns = 1 (mod pN) Then r = p~! (mod N) and s = N~}
(mod p) = NP~2 by Fermat’s little Theorem. We will use the convention that 0 < r < N
and 0 < s < p.

e Define u,v € Z such that up + 2Nv = 1 (mod 2pN). Then v = p~! (mod 2N) and v =

1
(2N)"" (mod p) = (L=
that 0 <u < 2N and 0 < v < p.

NP2 by Fermat’s little Theorem. We will use the convention
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1.2. Background. We will now introduce the setup of the problem by restating results from
[AAH21] which will serve as a foundation for this paper.

Let V be a braided vector space over k with basis {x1, x2,x3}. The braiding is given by the matrix

€r1 ® X1 €Ty Q X1 1273 @ 11
C(JC,' & xj) = €T1 Q X2 €Ty Q T2 q1273 @ T2 (1.1)
@171 @23 qo1(T2 + 1) ® T3 2273 ® T3

where €, q12,g21, q22 € k.

. (q) is the braided vector space V with braiding ¢ for ¢ = —1, ¢q12 = q;ll = ¢, and g2 = 1.
Similarly, €_(q) is the braided vector space V' with braiding ¢ given by € = —1, q12 = q2_11 = ¢, and
g22 = —1. Let B(€4(q)) be the Nichols algebras of €4(g). To make notation more concise, these
Nichols algebras will mostly be referred to as B(V4), and the corresponding braided vector spaces
will be denoted by V1. The following theorems present the algebras B(Vy).

Definition 1.2.1 ([AAH21], Proposition 7.2). The algebra B(€(q)) is generated by z1, x2, x3 with
relations

=0, 23=0, x129= —T971, (1.2)

(zow3 — qr3x0)® =0, 2} =0, (1.3)
x3(rows — qraxe) = q_l(azgxg — qr3xa)Ts, (1.4)
T1T3 = qT3T]. (1.5)

Setting z1 = xox3 — qraxe, the algebra has a PBW-basis of the form
{x;nlxgangngz?%l my,ma,my € {07 1}7 m3 € {07 17 27 P 1}}
and dimension 23p.

Definition 1.2.2 (JAAH21], Proposition 7.3). The algebra B(€_(q)) is generated by z1, x2, z3 with
relations (1.2), (1.5), and

22 =0, (zox3— qur3ze)? =0, (1.6)
x3(zoxs — qraxy) = —qil(xgxg — qr3x2)T3. (1.7)
Setting z1 = xox3 — qr3xs, the algebra has a PBW-basis of the form
{aay2xs S 21" - my,ma, m3 € {0,1},mq € {0,1,2,--- ,p—1}}
and dimension 23p.

Set I' = Z2. As an abelian group, I' = (g1) x (g2). The group algebra kI' can be given the structure
of a Hopf algebra in the usual way: for g € T, A(g) = g® g, (g) = 1, and S(g) = g~ L.

Definition 1.2.3 ([AG98]). Let H be a Hopf algebra, and M be a left H-module and a left H-
comodule. M is a left-left Yetter-Drinfeld module over H if for all h € H and m € M,

(h — m)(,l) ® (h — m)(o) = h(l)m(,l)S(h(g)) & h(2)m(0). (1.8)

We write M Gg YD, where g)}D is the category of left-left Yetter-Drinfeld modules over H. This
category is a monoidal category with the usual tensor product.
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For the remainder of the paper, we will only work with left-left Yetter-Drinfeld modules, simply
calling them Yetter-Drinfeld modules. The vector spaces Vi can be realized as left-left Yetter-
Drinfeld modules over the group algebra kI' using the following theorems. To distinguish between
V_ and V., we will take I' = Z? = (h1) x (ho) in the negative case.

Theorem 1.2.4 ([AAH21]). Vi is a left-left Yetter-Drinfeld module over kI' with left action —
given by

g1 — T1=€ry = —I (1.9)
g1 — Tp = €ry = — T2 (1.10)
g1 — T3 = q1273 = qT3 (1.11)
go = T =qur1 =q T (1.12)
g2 = w2 = g2 + 1) = ¢ (21 + 22) (1.13)
92 = X3 = (2273 = I3 (1.14)
and left coaction § given by
5(z1) = g1 ® 21 (1.15)
d(z2) = g1 ® 2 (1.16)
6(73) = g2 ® w3 (1.17)

Theorem 1.2.5 ([AAH21]). V_ is a left-left Yetter-Drinfeld module over kI' with left action —
given by

hi =1 =ex1 = —11 (1.18)
hi — T9 = ex9g = —29 (1.19)
hy — w3 = quaw3 = qr3 (1.20)
hy = x1 = qua1 = q ' (1.21)
hy = @2 = g (x2 + 21) = ¢ (1 + 22) (1.22)
hy = x3 = qeoa3 = —x3 (1.23)
and left coaction § given by
d(z1) = h1 @z (1.24)
0(x2) = h1 ® x2 (1.25)
d(x3) = ho ® x3 (1.26)

Remark 1.2.6. In the two above propositions, we take gi to be the shorthand for (g1,1) and g2 to
be shorthand for (1,g2). Similarly, hy is shorthand for (hi,1) and hg is shorthand for (1, ha).
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Definition 1.2.7. Let gy = x;_y) for each z; € V.. Then gy is called the graded component of x;
in V. Similarly, h; = x;_y) for x; € V_ is called the graded component of z; in V_.

2. REALIZING BRAIDED VECTOR SPACES

In this section, we will find realizations of the Yetter-Drinfeld modules V. over finite groups. That
is, we will find abelian groups I'y such that V. Eill:i YD and V_ EZE: YD. In [AAH21], this is
done using the infinite group I'. Since k has nonzero characteristic, it is possible to find groups '+
which are a direct product of cyclic groupi. For, V., it is possible to find such cyclic groups by

+
finding Nfr and ]\72+ such that giv ! and gév 2 simultaneously act as identity on {x1,x2, z3}.

Proposition 2.0.1. The minimal values of N1+ and N2Jr are N1+ = 2N and ]\72+ = pN. Thus,
F+ = CQN X CpN-

+
Proof. From (1.9) and (1.10), N, has to be even. givl T3 = qN1+x3. If this is equal to z3, qu+ =1,
but since ¢ is a N-th root of unity with (N,2) = 1, N|N;". So the minimal value of N;" for which

+
givl acts as identity on all of z1, z9, z3 is NfL =2N.

To find N2Jr , we refer to the following lemma:

+
Lemma 2.0.2. gév2 — Ty = q_N2+a;2 + Ngq_N;—le

Proof. By induction on N, . O
From (1.14), N, is not affected by the action of go on 3.

If q_N;azg + N;q_N;ml = o, N;q_N’jxl =0, so p|N, . Also, q_N;xQ must equal 1, so N|N, .
Since N, has to be minimal, N;© = lem(N, p) = pN. O

For V_, we want to find N; and N, such that hivf and hévz act as identity on {x1,x9,x3}.

Proposition 2.0.3. The minimal values of N; and Ny are N; = 2N and Ny = 2pN. Thus,
F+ = CQN X CpN.

Proof. The only difference from V. is that gao = —1. This means that Nl_1 = N;" = 2N, and the
only additional hypothesis you have for Ny 1'is that it must be even, since hy — x3 = —x3. Since
N is coprime to 2 and p is an odd prime, this means that Ny = 2N2Jr = 2pN. O

Thus, we can now define the groups I'1 as

F+ = CQN X CpN (21)

I'_= CQN X CgpN. (22)

To emphasize the fact that these groups are associated to different Nichols algebras, fix the notation
that 'y = (g1) X (g2) and I'_ = (h1) X (h2), where g; and h; have order 2N, go has order pN, and
ho has order 2pN.
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2.1. The Group Algebras kI'y. To fully realize Vi, we must now present the group algebras kI'+
as Hopf algebras. By the Chinese Remainder Theorem,
F+%JC2NXCNXCP

'y 2 Oy x Con X Cp.

Thus, there is an isomorphism of Hopf algebras
kly = kCon ® kaN 2 ECon @ kCy ® k‘Cp
EI'_ = kCon ® kCopn = kCon ® kCon @ kC),.

Define oy = g} and ag = ¢g§'. Similarly, set 3; = k) and S = h3N. In this way,

Ly = (g1) x (a1) x (az2) (2.3)

T = () x (B1) x {Ba). (2.4)

Proposition 2.1.1. Let r,s be the unique integers satisfying 0 < r < N,0 < s < p such that
pr+ Ns =1 (mod pN). Then the map

(I)+ : k<gg> — k<a1> X ]{7<a2>
g2+ af ®aj
1s o Hopf algebra isomorphism. The inverse is given by
o7 k(ar) ® k{az) — k(g2)
a1 ®1e gb
1®@ar = g5 .

Proposition 2.1.2. Let u,v be the unique integers satisfying 0 < u < 2N,0 < v < p such that
pu+ 2Nv =1 (mod 2pN). Then the map

_ : k(ha) = k(B1) ® k(B2)
ho — B1 ® B3
1s a Hopf algebra isomorphism. The inverse is given by
O 1 k(B1) ® k(B2) — k(ha)
B ®1+ b
1@ B — h3N.

Remark 2.1.3. The above propositions justify the definitions of r = p~' (mod N), s = N~!
(mod p), u=p~! (mod 2N), and v = (2N)~! (mod p) from Section 1.1.

The above propositions give Hopf algebra isomorphisms
KL = klg1) ® k{gz) = k{g1) ® k(ar) ® k(az) (2.5)
kT— = k(h1) @ k(he) = k(h1) ® k(B1) ® k(B2). (2.6)

While working in terms of g; and g2 (resp. hy and hg) is convenient for calculations involving kT";
(resp. kI'_), we shall see that when working with the dual group algebra AI'% (resp. kI'%), it will
be easier to work in terms of g1, a1, ay (resp. hi, 51, 52), which is why we present both generating
sets here. For brevity of notation, in the positive case, we will refer to gy ® 1 as simply ¢; and 1® g
as g1. In the negative case, we will use a similar convention, replacing g with h.
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3. GENERATORS AND RELATIONS OF THE BOSONIZATION

3.1. Bosonization. Yetter-Drinfeld modules that also carry a Hopf algebra structure are often
called braided Hopf algebras. Given a Hopf algebra H and a braided Hopf algebra A Eg YD, it is
possible to define an ordinary (unbraided) Hopf algebra structure on the vector space A ® H. This
construction is known as bosonization, the resulting Hopf algebra is denoted A#H.

The process of bosonization was developed independently by Radford in 1985 and Majid in 1994.
In this section, we will present the bosonizations B(V;)#kI'y and B(V_)#kI'_. First, we will fix a
definition of bosonization which appears in [AG98|.

Definition 3.1.1 ([HJ20]). Let A, H be Hopf algebras with A €& YD. Let — be the left action of
H on A The bosonization A#H is the Hopf algebra structure on the vector space A® H. Elements
of A#H are of the form a#h for a € A, h € H with Hopf algebra structure given by

(a#th)(d'#1) = (a(hay — a')#th)h' (3
A(adth) = (aqy#ae) -1 ha)) @ (a@)0)#h2) (3
nagn(a#h) = na(a)nu(h) (3.
eapn(a#h) = ca(a)en(h) (3

S(a#h) = (Su(a—1)) = Sala))#Su(a—s)- (3

The bosonization A#H contains both A and H as subalgebras. From the bosonization axioms, it
follows that

(a#1)(La#th) = a(ly — La)#h = ath
for all a € A, h € H. Thus, it makes sense to denote a#1 by a and 1#h by h. This notation is also
consistent with the fact that

(a#1)(a'#1) = aa'#1 (3.6)
(14h)(14h) = 14hH’
for a,a’ € A and h,h’ € H, where h, h’ are group-like (i.e. A(h) =h® h).

3.2. General Theorems. We now present some propositions that apply to the algebras B(VL)
that will make computing the bosonizations easier.

Proposition 3.2.1. The left action — of kI'sx on B(Vy) is a morphism of algebras.

Proposition 3.2.2. Let G and H be groups that each act on a vector space V' such that the actions
of G and H commute for all g € G and h € H. Then there is a unique action of the product G x H
on V that extends the actions of G and H given by
(9:h) ~v=g—=(h =)

For both Nichols algebras, it can be checked that the actions of g; and go (resp. hi and hy) on the
generators x; commute with each other. By the above proposition, the action of an element of kI'
on B(Vy) can then be defined as

(9,93) == =g = (95 = ) (3.5
(hf h3) =z = h{ = (h} — ). |

From the above propositions, it also follows that to compute the algebra structure of the bosoniza-
tions B(Vy)#kI' 1, it is enough to just look at z; and g; (resp. h;).
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3.3. Presentation of B(¢€(q))#kI'y. Equation (3.6) can be applied to the generators x1, z2, 3
of B(Vy). Since Con = (g1) and Cpn = (g2), (3.7) generalizes as well.

Theorem 3.3.1. The algebra H, = B(C(q))#kI'; is generated by x; for i € {1,2,3} and g; for
j € {1,2} with the following relations:

z7 =0, x5 =0, zh =0 (3.9)
@Y =1, @ =1, 9192 = 9291 (3.10)
T1To = —ToXq, 123 = qr3Ty, 22 =0, z321 = ¢ lzi23 (3.11)
g1T1 = —T191, gi1To = —T2g1, 9123 = 301 (3.12)
g1 =q 'wiga,  Gaw2=q '(z2+a1)g2,  gow3 = w302, (3.13)

where z1 = xok3 — qT3Ts.
Proof. Relations (3.9) — (3.11) come from the fact that H, contains B(V, ) and kI'y as subalgebras.
The remaining relations can be found using (3.1).

g1w1 = (13g1)(21#1) = (g1 = 21)#91 = —21# 01 = —2101

g1xa = (1#g1) (x2#1) = (91 = w2)#g1 = —w2#g1 = —2201

g1zs = (1#g1) (z3#1) = (91 — z3)#91 = qu3#tg1 = qr301

gar1 = (1#g2) (z1#1) = (92 = x1)#g2 = ¢ 'm1#92 = ¢ g2

92w = (1#g2) (22#1) = (92 = w2)#g2 = ¢ (w2 + 21)#g2 = ¢ (22 + 21)g2
923 = (14 g2)(x3#1) = (92 — x3)#g2 = w3#9g2 = T302.

Let A be the k—algebra generated by z; for ¢ € {1,2,3} and g; for j € {1,2} with the relations
above. Let ¢ : A — B(€,(q))#kI's be the algebra morphism that sends z; — z;#1 for all i,
gj — 1#tg; for all j, and extends linearly. It follows that

P(F1°) = (11#1)° =
P(72°) = (wa#tl)? =
(z3P) = (z3#1)” =

(@ 1) = (1#g)* =1=0

)
("N — 1) = (1#g2)PN —1=0
V(9192 — 9291) = (1#91)(1#92) — (1#£92)(1#g1) = 0,

Y172 + 1271) = (1#1) (22#1) + (22#1)(21#1) =0
V(2173 — qr3z) = (21#1) (v3#£1) — Q($3#1)(901#1) =0
P(21%) = (a#1)* =
V(7321 — ¢ '2173) = (z3#l) (21 #1) — q_l(zl#l)(%#l) =0
Y(ir1 +2101) = (140g1) (21 #1) + (21#1) (19£g1) = 0
Y(g172 + 72g1) = (14£01) (v2#1) + (z1#1)(14£g1) = 0
V(173 — qr3gi) = (1#ag1)(w3#1) — Q(xs#l)(l#gl) =
Y(gprr — q ' T1ge) = (1#g2) (w1 #1) — ¢~ N (z1#1) (1#92 )
$(§a75 — g~ M@z + 21)G5) = (19g2)(@a#1) — g (2 + 71)#1)(1g2) = 0
V(9273 — ¥392) = (19£g2) (w3#1) — (963#1)(1#92) =0
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where 21 = row3 — qu3s.

Thus the subalgebra I of A generated by zj,g; is contained in ker(y). By the universal prop-
erty of the quotient, there is a unique 1 1 A/T — B(€4(q))#kT'+ such that ¢ factors through .
To complete the proof, it suffices to show %) is an isomorphism.

From proposition 7.2 in [AAH21], B(€,(¢)) has a PBW basis of elements of the form " x5 25" 21"
for my,mo,my € {0,1} and m3 € {0,1,---p1}. It follows from the definition of # and (3.6) that
—_— —

one can multiply copies of z; for any ¢ and 21 to get elements of the form a7 ah2x5" 21" € A.

Furthermore, since 1#g1, 1#g2 € im(¢)) all elements of the form 1#g¢ for g € I'; are in im(¢).

Definition 3.1.1 implies that elements of the form x7" x5 5" 21" #¢g € im(¢)). Since the bosoniza-
tion B(€4(q))#k[+ is an algebra on the tensor product B(€,(q)) ® k', we have shown that

a basis of B(C,(q))#kI'+ is contained in im(v), meaning v is surjective. Thus, dim(A/I) >
dim(B(€, (q) #AT +) = 272 N?.

It remains to show that dim(A/T) < dim(B(€(q))#kI' ;). However, the set
{27 a2l 241 D my, ma, my € {0,11} U {14g7g5 : 0 < a < 2N,0 < b < pN}

generate dim(A/I) < dim(B(€ (q))#kIl;) so this is clear. Thus 1 is an algebra isomorphism. [

3.4. Presentation of B(¢€_(q))#kI';.

Theorem 3.4.1. The algebra H_ = B(C_(q))#kI'_ is generated by x; for i € {1,2,3} and h; for
J € {1,2} with the following relations:

z3 =0, 3 =0, 2=0 (3.14)
N =1, haPN =1, hiha = hahy (3.15)
T1x2 = —T2X1, 123 = qT3T1, 2 =0, x321 = —q ‘2w (3.16)
hiry = —x1hy, hiwy = —x2h, hizs = qushi (3.17)
howy = q 'xiha,  howa =q '(z2+a1)ha,  hows = —wgho, (3.18)

where z1 = 9Ty — qT3To.

Proof. Relations (3.14)—(3.16) come from the fact that H_ contains B(V_) and kI'_ as subalgebras.
By applying (3.1) using the actions of Theorem 1.2.5,

hixy = (1#h1)(x1#]1) = (b — z1)#h1 = —21#h1 = —21hy
hizo = (1#th1)(w2#1) = (h1 — 22)#h1 = —zo#h1 = —xz2ly
hizg = (1#h1)(23#1) = (h1 = 23)#h = qus#h = qushy
howy = (1#ha) (11#1) = (hy = @1)#he = ¢ 'w1#tha = ¢~ '1hy
hawy = (1#hs) (w2#1) = (hg — wa)#tha = ¢~ (w2 + w1)#ha = ¢ (w2 + 1)y
hoxs = (14#the)(x3#1) = (he — x3)#hy = —x3#hy = —x3ho.
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3.5. The Hopf Algebra Structure of H,. Recall that B(€1(q))#kl'+ must also carry a Hopf
algebra structure.

We will begin by defining the coalgebra structure using the formulas given in Theorem 3.1.1. Since
the Hopf algebra axioms require the comultiplication A to be an algebra morphism, it is enough to
define A on z; and g;.

Theorem 3.5.1. The elements x; are skew-primitive for i € {1,2,3} with
A(ry) =2, @ 1+ gy @ ;.
Proof. Using the definition of A,
A(zi#tl) = (v #Ti)—1) - 1) @ (Ti)y0)#12)-

Since z; is primitive A(z;) = z;®1+1®x;. Any element of I'; is group-like in kT'y, so A(1) = 1®1.
The from the coaction formula, it follows that z;_1) ® z;0) = g ® x;. Substituting this in the
above formula yields A(z;#1) = x;#1 @ 1#1 + 1#gy @ ;#1 = 2; ® 1 4+ gy ® x;, as desired. O

Theorem 3.5.2. The elements g; are group-like for i € {1,2} with
A(gi) = 9i ® gi-
Proof. Using the same definition of A,
A(1#gi) = (1) #12y—1)9:(1)) @ (1(2)0)#3i2))-

By deﬁnition, 1(1) = 1(2)(,1) = 1(2)(0) = 1, and g; is group—like. Thus, A(l#gl) = 1#gi & 1#g2‘ =
9i @ Gi- O

It remains to compute the value of the antipode S on x; and g;. For future computations, it will
be more beneficial to present this information using the # symbol (the uncondensed notation).

Theorem 3.5.3. In Hy, S(x1#) = xl#gfl, S(za#l) = xg#gl_l, and S(x3#l) = —xg#ggl. For
the group-like elements, S(1#tg;) = 1#g;1
Proof. Using the antipode axiom,
(1) = o (S @id) o (A1 £1))
0=po(S®id)(z1#] @ 141 + 14g ® z141)
0 = (S(x1#1)) + (1397 1) (z1#£1)
—S(z1#1) = (1#g; ) (21 #1)
—S(z1#1) = —m1#g; '
S(x1#1) = x1#g7
The case of S(xo#1) is similar:
e(zo#l o (S®id) o (A(za#1))
o (S ® id)(za#l @ 141 + 14g; © w2#1)

) = u

0=p

0= (S(za#1)) + p(1#g; ') (wa#1)
) =

) =

) =

(1#g; ") (wa#1)
—372#91_1
5132#91 .

(iL’Q#l
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For x3#1,
e(wg#l) = po (S ®id) o (A(zs#1))
0=po(S®id)(xs#1 @ 1#1 + 1#g2 @ x3#1)
0= (S(zs#1)) + p(1#g; ") (ws#1)
—S(w3#1) = (1#92 )(963#1)
—S(z3#l) =
S(r1#1) = —933#92 :

For the group-likes,
c(1#g) = jo (S @1id) o (A(1#gs)
1=po(S®id)(1#g: ® 14g;)
= (S(1#gi))(19#9:)
S(1#g:) = 1#g; "

3.6. The Hopf Algebra Structure of H_. Now, we will specify the Hopf algebra H_.
Theorem 3.6.1. The elements x; are skew-primitive for i € {1,2,3} with
Alz) =2, @1+ hy @ ;.
Proof. The same argument as 3.5.1 applies, replacing g by h. O
Theorem 3.6.2. The elements h; are group-like for i € {1,2} with
A(h;) = h; ® h;.
Proof. The same argument as 3.5.2 applies, replacing g by h. O

Theorem 3.6.3. In H_, S(x1#1) = xl#hl_l, S(za#l) = acg#hl_l, and S(zs#l) = xg#hgl. For
the group-like elements, S(1#h;) = l#h;1

Proof. In the case of S(z1#1) and S(z2#1), the proof is identical to Theorem 3.5.3, up to relabeling
g by h. This is because the actions of g; and h; on x1 and xo are the same. However, the actions
of g2 and he on x5 differ. Using the antipode axiom,

e(ws#l) = po (S ®id) o (Azs#1))
0=po(S®id)(x3#] @ 1#1 + 1#hy ® x3#1)
0= (S(x3#1)) + p(1#hy ) (w3#1)
—S(zs#l) = (1#thy ") (23#1)
—S(23#1) = —w3#hy !
S(x1#1) = x3#hyt.

For the group-likes, the proof is the same as that of Theorem 3.5.3, replacing g by h. g



12 TRISHA KOTHAVALE

4. COMPUTING EI'%

The desired quantum groups will be the quantum doubles of H4. In order to present the double,
we will compute the dual Hopf algebras HY. The following theorem from [AP20] simplifies the
computation.

Theorem 4.0.1 ([AP20], Proposition 2.2). If Hy = B(Vy)#kl'y, Hi = B(VY)#kI'Y, where V is
a braided vector space with braiding c*.

The goal of this section is to find kI'%.

Observe that for kI'y = kCon ® kCn @ kC)p,

k:l“i = (k‘CQN QRECN ® ka)*

= kC5y ®@ kCy ® kCj.

Similarly, for kI'_ = kCon ® kCon @ kCy, it follows that

kTE =2 kC5y @ kC5y @ kC.
This breaks the problem into two cases: computing kC;; where p t n and where p | n (here n = p).
It is known that kI'} has dual basis ©4 = Oy ® @a? ® Oqg for g € kI'y, and a,b,c € Z, where
each O, is a linear functional that evaluates to 1 at g and 0 elsewhere. Similarly, kI'* has standard

dual basis 5 = Ope ® O g @ Opg for h € kI'_. The dual of a group algebra is deeply connected to
character theory, so we will now construct a generating set of characters for both algebras.

4.1. kC} when p { n. By Maschke’s Theorem, the group algebra kC), is semisimple. Over £k,
C,, = (g) has n 1-dimensional irreducible representations. The characters x form a cyclic group C,,
which is isomorphic to C,,.

Without loss of generality, say C, = {(x), where x*(g) = w’, where w is a primitive 2N-th root
of unity. Since k is algebraically closed, w’ € k for all i. The identity element of C,, is the character
X" of the trivial representation.

Proposition 4.1.1. If pf n, kC* = kC,. Since (x) = Cp = Cy, = {g), it follows that kC = kCh,.

4.2. kC} when p | n. The argument from proposition 4.1.1 only works when p f n. If p | n, the
argument breaks because k no longer contains n distinct n-th roots of unity, and they need not
be linearly independent. Therefore the f; may not span all of £C}. Namely, the only irreducible
representation of C, over k is the trivial representation, so character theory cannot describe the
entire dual.

Proposition 4.2.1. kC,; = k[v]/(7? — ) as a Hopf algebra, where ~y is primitive.

4.3. Presentation of kI'}.. Using Propositions 4.1.1 and 4.2.1, it will be more convenient to present
the dual group algebras in terms of characters, as opposed to the standard dual basis, so to isolate
the tensor factor where Maschke’s theorem does not apply.

Proposition 4.3.1. k', = k(x1) ® k(x2) ® k(§) as a Hopf algebra, where
OIN—1

X1 = Z wi(@gi (4.1)

=0

N-1
X2= Y 'O, (4.2)
1=0
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p—1
£€=Y 0, (4.3)
=0
The elements x1 and x2 are group-like, and & is primitive.

Proof. This follows directly from Propositions 4.1.1 and 4.2.1. It is clear that the elements x1, x2, &
generate the standard dual basis {©,4} of kI'} . Moreover, x; has order 2N in Cyy and x2 has order

N in 6’;, meaning x1 is the character of Con that sends g to w and xo is the character of Cy that
sends gh to g. O

Unsurprisingly, we will denote x1 ® ecy ® ¢, by X1, €coy ® X2 ® €¢, by X2, and ec,y @ ey @&
by &.
Proposition 4.3.2. kI'* = (01) ® (09) ® (¢) as a Hopf algebra, where
2N—1
o1 = Z Wi®h§ (4.4)
i=0
2N-1
o9 = Z wi@ﬁi (4.5)

1=0
p—1

(=Y 04 (4.6)
=0

The elements o1 and oo are group-like, and the element ( is primitive.

Proof. Again, this follows directly from Propositions 4.1.1 and 4.2.1. 01,09, clearly generate the
dual basis Oy,. Also, 01,09 have order 2N in Cyy. It follows that op is the character of Con that
sends g7 to w and o9 is the character of Cop that sends hg to w. O

In an expected turn of events, we will denote 01 ® €c,y ® €¢, by 01, €y ® 02 ® €, by 02, and

5. COMPUTING B(V£)#kI

We have already presented the Hopf algebras Hy = B(V+)#kI'y. In this section, we aim to com-
pute the dual Hopf algebras H}. By Theorem 4.0.1 this dual is isomorphic to B(V})#kI%, where
VI is a braided vector space with braiding c*.

First, we will state some preliminary results and use them to present V} as Yetter-Drinfeld modules
over kI'. by defining the module and comodule structures. We will then prove an isomorphism the-
orem of braided vector spaces, which will allow us to present the Nichols algebras B(V). Finally,
we will use all these components to present the desired algebras B(V})#kI7. For the remainder
of this paper, fix a dual basis {61,62,63} of V. The 0; are indicator functionals that are nonzero
when evaluated at x;. In order to parse between Vi and VI as Yetter-Drinfeld modules over k't
and kI'%, we restate the following theorems from [HJ20] and [AP20] using our notation conventions.

Proposition 5.0.1. ([HJ20], Lemma 4.2.2) Vi is a Yetter-Drinfeld module over kI'y with action
— and coaction § given by:

3
(9: = 60;) =g: =60, =Y Ok(g; " — xx)0%. (5.1)
k=1
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8(6;) = (ST'@0;) 06 <= 0i_1)(0i(0)(5)) = g5 0i()) (5.2)

Proposition 5.0.2. ([AP20]) V, is a Yetter-Drinfeld module over kI';. with action — and coaction
& given by
Oy = mi = O4(g; " )i (5.3)
2N-1N—-1p—1
= > > D 5H(Og0,1045) @ gi — (af = (a5 — ))) (5-4)

a=0 b=0 c=0

Proposition 5.0.3. ([AP20]) V' is a Yetter-Drinfeld module over kI with action — and coaction

o given by
3

Oy = 0;=> 0;(0, = x;)0; (5.5)
=1
2N—-1 N-1p—1

= 3 3N 57H0410,10a5) @ 9§ — (o} = (a5 — 1)) (5.6)
a=0 b=0 c=0
for g e kI',.

Proposition 5.0.4. ([AP20]) V_ is a Yetter-Drinfeld module over kI with action — and coaction
& given by
On — x; = Op(h; ') (5.7)
—12N-1p—1

Z DD 5 (OnOmOpss) @hi — (8] — (85 — x,))) (5.8)
a=0 b=0 c=0
for h e kI'_.

Proposition 5.0.5. ([AP20]) V* is a Yetter-Drinfeld module over kI'* with action — and coaction
& given by

h— 0; _Ze = ;)0 (5.9)

2N—-12N-1p—1

= Z:,) bZ X;S‘W@h%@gg@ﬁg)@h% (80— (85— 6:))) (5.10)
a—= =0 c=
for h € kI'_.

. kI . .
5.1. Vi in kF{ YD. From the previous section, x1, X2, and £ generate kI'" , so to define the module
structure on V7 , it is enough to define the left action of x1, x2, and § on 601,62, and 5.

Proposition 5.1.1. The module structure of V Gkr* YD is given by the actions

wle;, i=1,2

x1—0i = {9- P (5.11)
0; i=1,2

Y2 — 0; = {qre- O (5.12)

£ 0; = {0 =12 (5.13)

—s0;, 1=3
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Proof. By definition,

2N-1 ' 2N—-1 '
X1 — Qk = ( Z wl@gi‘) — Hk = Z w’(@g% — Hk) (5.14)

i=0 i=0
By Proposition 5.0.3, one can express the action of © gi on 0, in terms of the dual basis of V} (for
fixed i) as

gi — Hk = Z@k i — x])e (5.15)

Using this formula requires knowing how kI acts on V. This action is given by Proposition 5.0.2
to be

Og — ;= O (g5 Haj,
where n € {1,2}. Applying this to (5.15),
0p(Og — ) = 0x((0 ®e@e)(97 ' ®af ® ad)zib1 + (O ®e@e)(g7 " © af ® ag)xaby
+ (04 ®e®@e)(9] © a7 © ay*)a3bs)
= Gk(é 12161 + 0; 12202 + 0; 0x363),
where ¢, is the Kronecker delta function that is nonzero if and only if @ = b (not to be confused
with a coaction).

If £ = 1, only the term containing z; survives, meaning the only nonzero term in (5.14) is the
one corresponding to i = 2N — 1 (which is congruent to —1 mod 2N). This also happens if k = 2
(here, only the x5 term survives). In both these cases, w’ = w*¥ =1 = w™! If k = 3, i = 0 is the
only nonzero term, so for yi, you get

g wle; i=1,2
XMTP =0, i—3

For y2 — 0, the setup is similar. Like (5.14), we have

N-1 N-1
X2 — O = (Z qleazi) — 0= ¢'(O =), (5.16)
1=0 i=0
where
3 3
Ot = Ok =D 0(Onys — 1)05 = > 04(0,; (7,)) 7,05 (5.17)
- p

Again, Propositions 5.0.2 and 5.0.3 give
0(O4: = 1) = (e ©@ Oy ®e)(97 ' ® ] @ a3)z161 + (6 ® O @) (g7 ® A} ® a3)265
+(e®0, @e)(g] ®ay” @ ay®)z363) (5.18)
= 0(0;,0x1601 + 6502202 + 0; —rx303),

Using similar reasoning to the x; case, when k = 1 and k = 2, the ¢ = 0 term is the only one that
survives. When k = 3, the only term that survives is the one where i = —r = —p~! (mod N).
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Thus, for yo, the action becomes

gl =12
X2 i q_’"9i i—=3

For &, we have

p—1 p—1
£E—0) = (Zi@%) — O =) (6,5 — O) (5.19)

=0 =0
and
3 3
Oni = Ok = > Oh(Oyi = )05 =Y 01(O(95:"))0;. (5.20)
— =

Summing over j,
01(On; — 2j) = Ok(( @ e ® O, ) (97 @] @ ag)z1f1 + (@ e @O ) (97! ® A @ ag)xabs
+(e®e®O4) (91 © a7 @ ay*)aabs)
= 0; (65,0161 + i 0202 + 6, —s303).

When k& =1 and k£ = 2, all terms in (5.19) are 0. When k = 3, the only term that survives is that
of i = —s=—N"! (mod p). Thus, we have

0 1=1,2
AQ’L: ’
§ {—892' ’i=3,

which completes the proof.

0
The following proposition defines the coaction *§ :
Proposition 5.1.2. The coaction § of V' as a Yetter-Drinfeld module over kI is given by
8(01) = x1 VM xa P @ 01 + xi VX TE © Nos (5.21)
5(62) = X1 VX" © O (5.22)
3(63) = xT © 03 (5.23)
Proof. By Proposition 5.0.3, the coaction §(6;) of Vi as a kI'% - comodule is given by
—1N—1p-1
Z DD 5 Ogr0410a5) @ gf — (af = (a5 — 61)). (5.24)
a=0 b=0 c=0
By Proposition 5.0.1 ,
— (91 291 ;= JIZ — —(91 (525)
— 0 = 291 T = 2)0; = q(0 — 605) (5.26)

— (92 292 ;= l’z — —92 (5.27)
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go — 0y = 292 oL 2)0; = qb

993—293 2i)0; = q 103

g2 — 03 = Zeg = 1;)0; = 0.
Using induction on (5.25) and (5.26), it follows that
gt — b1 = (=1)"0
Oélf — 91 = qbp91

a§4«91:01—N092

Since the actions of g1 and go commute, applying (5.24) to 6; gives you

5(61) = D> 57 (Ogs0,1005) ® (—1)*¢" (61 — Ncby)
a=0 b=0 c=0
N—-1p—-1 2N—-1
=) >.5" (—1)“99%@a?®a§> ® ¢" (01 — Ncby)
b=0 c=0 a=0
p—1 N-1
=> s (X{V qbp@ag@%) ® (61 — Ncby)
c=0 b=0
p—1 p—1
=5 (X{VXQ @a5> ®0,— 87! <X¥X5209a5> ® N
c=0 c=0

= ST x8) ® 01 — STH(x1 x5€) ® Nb,
=TV @01 4+ xT VX3 PE © Nbsy

Using induction on (5.27) and (5.28), you get that

g7 = b2 = (=1)"02
ol = 0y = ¢"6,

Oég 492 :92.

17

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)
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Thus, the coaction of 65 in Ei?ig:)ﬂp becomes

=57 (xd'x3) @ 6o
=X1"x2" ® 0.
Inducting on (5.29) and (5.30),

Thus,

kI'*

g

5.2. VZ in ;o YD. Again, we will define the module and comodule structures. We still have a

basis {01, 02,03} of V*, and the generators of kI'* are x1, x4, { by proposition 4.3.2. We will modify

propositions 5.1.1 and 5.1.2 to the negative case.

ops kI . .
Proposition 5.2.1. The module structure of V* €,px YD is given by the actions

wle;, i=1,2
o —0; = :
(92' 1=3

0 i=1,2
¢ z_{—vei i=3.

(5.39)

(5.40)

(5.41)

Proof. We adapt the proof of Proposition 5.1.1. o; is defined identically to x1, so the argument for

o1 — 6; is the same as the argument for x; — 6;, replacing x by ¢ and g by h.
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For o9 — 6;, we have

2N—-1 ‘ 2N—1 '
o9 — Hk = ( Z wZ@5%> — Qk = Z wl(@ﬁi — Hk), (5.42)
=0 1=0
where the action
3
@5{ — Qk = Z@k(egi (h;l)a}j)ej (543)
j=1

is given by Propositions 5.0.4 and 5.0.5. Thus,
01(Op — 75) = Ox((e ® Oy @e)(hy " @ B) ® B w161 + (€@ Oy ® ) (hy " @ BY @ B9)wabs
+(e© 0, ®e)(g] ® ar " ® ay”)a3b3)
= 0;(65,0161 + 0i 07202 + 6; —yx303).
When £ =1 and k = 2, the i = 0 term is the only one that survives. When k = 3, the only term

that survives is the one where i = —u = —p~! (mod 2N). Thus, for o3, the action becomes
0; 1=1,2
—f.) = )
(02 l) {w‘“&i 1=3
Lastly, for ¢, we have
p—1 p—1
C— 0 = <Zi@5§> — O =) _i(Og — bk), (5.44)
i=0 i=0
where
3
Opi — Ok = > Oh(O (h")x;)0;. (5.45)

=1
Expanding this out yields j
(05 — 17) = Oh((e @ e @O ) (hy ' © 5] @ B3)a161 + (e ® e ® Oy ) (i @ BT ® B3) 262
+(e@e®O4)(g) ® a7 © ay”)a363)
= 0(05,0x1601 + 6502202 + 0; —px303).

It follows that when k£ = 1 and k = 2, the only nonzero value of i in (5.44) is that of i = 0. When
k = 3, the only nonzero value of i is i = —v = —(2N)~! (mod p). Therefore,

0 1=1,2
AGZ: ’
C {—v@i i:3,

as desired. ]

Proposition 5.2.2. The coaction *§ of V* as a Yetter-Drinfeld module over kI'* is given by

5(01) = o7 Noy P @ 61 + 2Noy Noy ¢ @ 0, (5.46)
5(09) = o7 Noy P ® 6, (5.47)
5(03) = ooy N 64 (5.48)
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Proof. Again, we will adapt the proof of Proposition 5.1.2. By Proposition 5.0.3, the coaction §(6;)
of V* as a kI'* - comodule is given by

—12N-1p-1

2N
= > 3 Y 5 000504) @A — (B = (85 — 6,)). (5.49)

a=0 b=0 c=0

By Proposition 5.0.1, the action of A{, ﬁ’l’ , 35 on 0; can be rewritten in terms of actions on z;. More
precisely, one just needs to define the actions of hy and hy on 6; for i € {1,2,3}. These actions were
defined for g1, g2 in (5.25) — (5.30) of Proposition 5.1.2. Recall that the actions of hy and hy on z;
are the same as those of g1 and g» on z; with the exception that hy — x3 = —x3. Thus, we can
modify (5.30) and replace g with A in (5.25) — (5.29) to get

— 0 = 291 L)l = -6, (5.50)
— 0 = 291 St — )0 = q(0; — 63) (5.51)
492_292 b )l = —6y (5.52)
— Gy = 292 JL = 2)0; = qb (5.53)
— g = 203 )0 = q 103 (5.54)
493_293 1 2)0; = —0s. (5.55)

Using induction on (5.50) and (5.51), it follows that

h(f — 91 = (_1)a01 (5.56)

By — 01 = ¢, (5.57)

B3 — b =01 —2Ncbs (5.58)
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Since the actions of g; and g2 commute, applying (5.24) to 6; gives you

2N—-12N-1p—1
56 =) S (Ons©O5) ® (—1)"¢" (61 — 2N chy)
a=0 b=0 c=0

2N—-1p—1 2N—1
=> > s ( > (—1)“@h%@@%@65> ® ¢" (61 — 2Ncby)
0

0 c= a=0

| S
=

p

2N—-1
= S_l (o‘{v Z w2bp@ﬂzl;@BC> (91 — 2NC92)
c=0 b=0

p—1
st <U{VU§pZ@5§> ®6; —S! (O‘ GQ‘DZc@ﬁc) ® 2N,
c=0

c=0

=5 (0102)®9 - S” (0102p()®2N92

=07 No;? @0, 4+ 2NoTNoy ¢ @ 0y

Inducting on (5.52) and (5.53),
h‘f — (92 = (_1)1102

By — 0y = ¢"P0,

Bgéeg :92.

. . kD
Thus, the coaction of 02 in . YD becomes

5(62) = > S (OngO51Op5) @ (—1)"4"6y

Lastly, by inducting on (5.54) and (5.55),
h{ — 03 =q 03
Bl — 03 = (—1)P03 = (—1)P(=1)"03 = (—1)"63

B — 03 = (—1)2Vegy = 63

21

(5.59)
(5.60)

(5.61)

(5.62)

(5.63)

(5.64)
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Thus,
2N—12N—1p—1
0= Y X 55 010,00) 0 (1%
a=0 b=0 c=0
2N—1 2N—1 p—1
-5 (X o 3 (100, 3 0s ) o
a=0 b=0 c=0
=5t (0;205) ® 03
= 01_202_N ® 03,
which completes the proof. O

5.3. Proof of (V*,c*) = (V, cq__ll). In this section, we will take a break from Yetter-Drinfeld mod-
ules and prove an isomorphism theorem for braided vector spaces. Recall that for the case of goo = 1,
¢, (q) is a braided vector space with basis {z1, 22,23} and braiding

—r1 ® 21 —T2 @ T qr3 ® 1
c(aci ® Ij) = —I1 Q Ty —T2 @ X9 qrs @ x9 | . (5.65)
e @as g ot m)@ry w3 @3
Here, 4 is the indexing variable for the rows of the matrix and j for the columns. Using this braiding,

one can compute the inverse braiding c;l, which depends on gq.

Proposition 5.3.1. The inverse braiding ¢~ = c;l on V when qaa = 1 is given by the matrix
—T1 ® T —T2 ® T qr3 ® T
clzier) = —21®22 —22012 qrz@a0—121 | . (5.66)
¢t @3 g lry®@as T3 @ X3

Proof. 1t suffices to check that each entry in the matrix gives you the inverse braiding for the tensor
product of the corresponding basis elements:

Fori=j=1,
z1 @ar = ¢ He(z @ 21))
=c Y~z ®11)
= —c_l(xl ® 1)
—r @ =c Yz ®21)

The same argument can be repeated for all the other entries. The only nontrivial entry to check is
i =2,7 =3 in the cq_1 matrix. This entry follows from the fact that

(3?3 ® z2))

@3+ q @ x3)

=q ¢t (ra ® x3) + ¢ 1671($1 ® x3)
c

r3 Q@ ro =cC

e
™!

-1

qrs ® 19 — ¢ (71 @ 73) = Ty ® T3)

(
QT3 Q T2 — qT3 Q T1 = 1(932 ® x3)
Y

qr3 @z —x1 =C (T2 ® 3).
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1

Let c;,ll denote ¢~! where all ¢ is replaced by ¢~! in the matrix of proposition 5.2.1. cqill can be

given by the matrix

—r1Qxr1 —12Qx1 ¢ ey @
C;,ll (xl ® $]’) = | 21 Q0x2 —x2R Ty q_lxg Rxo—21 | . (5.67)
qr1 ® 3 qro2 Q T3 r3 ® T3

Use the same notation of {61, 62,603} as the dual basis of V*. The transpose c¢* is the pullback of
c that defines a braiding on V*. one can express ¢*(6; ® §;) in terms of the dual basis using the
formula

3 3
(0:20;) =D ) 00 @ Op(c(x; @ 7)) (6; @ 0;). (5.68)
a=1 b=1
Applying (5.68) to the 9 basis elements of V* ® V*, one can express ¢*(¢; ® 6;) in matrix form as

well:

Proposition 5.3.2. The braiding c* is given by the matriz

—01®01 —0220; ¢ 05201+ 0o
C*(Hz &® 9]) =|-01®0 —0;x0 q_193 ® 69 . (5.69)
g1 ®03  qb ® O3 03 ® 03

The main proposition for this section is :
Proposition 5.3.3. (V*,¢*) = (V, c;_ll)
Proof. Define the linear isomorphism ¢
p: V=V
91 — T2
92 — —I
93 — I3

@ is clearly an isomorphism of vector spaces. To show that it is an isomorphism of braided vector
spaces, it suffices to show that ¢ commutes with the braiding, (i.e. c;,ll o(p®p)=(p®p)oc.

—1

® Cg—1
01 @0, 5 19 @ w9 —— —29 ® T3

(5.70)
01 ®0; > —0; @0, LN —T2 ® X
©R Cc}ll
01 ®0y — —xo@ 1] — ] Q T2 (5.71)
0 @0y S5 —0, 01 225 3y @y
Oy ¢
01 ® 03 " 19 @3 —— ¢ w3 @ 19 — 11 (5.72)
01 ® 03 < q 103 ® 01 + 0o RN ¢ oy @z — 1
PR ¢
O @0, — —x1 Qg — T2 Q11 (5.73)

92®91i>—91®92&>$2®$1



24 TRISHA KOTHAVALE

—1

® -1
0y @0y 25 11 @ 1) —— —11 @ 3

(5.74)
0y @00 <5 —0 @0y 225 — 21 @ 1
PR €1 1
0o ® 03 — —21 ®x3 — —¢ T3 Q21 (5.75)
By @ 03 <5 g 05® 0y 225 g as @ 1y
PR C;—ll
03 01 — 3 @ 9 — QT2 @ T3 (576)
03 ® 61 C—>q91®03 %qa:g@xg
Oy o
O3 R0 — —13Q 11 —— —qT1 Q T3 (5'77)
O3 @ 0y <5 gy @ B3 255 —quy @ a3
PP €1
03 ® 03 —= T3 ® 3 — T3 @ T3 (5.78)
03 ® 03 C—>93®93 %x;{@mg,
S0 ¢ is an isomorphism of braided vector spaces. O
The case of goo = —1 is similar. In this case, the braiding becomes
—T1 QX1 —To ® X1 qr3 Q@ 1
c(ri@zj) = | —1®x2 —T9 ® X9 qr3 @ x9 | . (5.79)
¢ lri ey ¢ et a)@rs —a3 @ a3
As a result, it follows that the inverse braiding c;,ll can be expressed by the matrix
—r1Qx1 —T20x1 ¢ ez @
C;}l (JCZ ® LL‘]') = |21 R®x2 —19 R X9 q_lscg R 19 — 1 (5.80)
qr1 QT3 qr2 QT3 —T3® X3

and the dual braiding ¢* now becomes
—-01®60; —0® 04 q_193 ® 01 + 04
O, 20;)=1 0100 —0® 0, q 103 2 6,
g1 ®03 qby R 03 —03 ® 63
The only change in all three matrices is the entry in the third row and third column. Thus, the
isomorphism of proposition 5.2.3 is still an isomorphism of braided vector spaces since
—1

® €1
03 ® 03 u)x:g@xg SN —T3 X X3 (5.81)

93@93&—93@93%—1‘3@1‘3.
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5.4. Constructing B(V,)#kI" . First, we will define the Nichols algebra B(V) with respect to
the dual braiding c*.

Proposition 5.4.1. The algebra B(VY) is generated by elements y1,y2,y3 with relations

yi=0, ¥3=0, yiy2=—yu, (5.82)

(yiys —q 'ysy)> =0, oh =0, (5.83)
ys(y1ys — q 'ysyr) = a(y1ys — ¢ 'ysy1)ys, (5.84)
Yays = ¢ Y3y (5.85)

Proof. From the previous section, we know (V},c*) = (V+,C;}1), so their Nichols algebras are

isomorphic. By corollary 7.1.9 of [HJ20], B(Vy,c) = B(Vi,c1), so it follows that B(V},c*) =
B(V,, c;l). The relations for B(V,, c¢) are already given in proposition 7.2 [AAH21], so it is enough

1'in those relations. O

to just apply the isomorphism ¢ of Proposition 5.3 and replace ¢ by ¢~
Remark 5.4.2. In the above proposition, the y; play the role of 6;.

Proposition 5.4.3. The algebra B(V} ) is generated by elements y1,y2,y3 with relations

y% =0, y% =0, wviy2=—y2u, (5.86)

(ysy1 —q '1ys)* =0, b =0, (5.87)
(y3y1 — ¢ "y1y3)ys = qus(ysyr — 4 y1ys), (5.88)
Yysy2 = ¢ yaus. (5.89)

Proposition 5.4.4. The algebra B(V})#kL? is generated by elements y1,y2,y3 and x1, x2,§ with
relations (5.82)-(5.85) and

Y =xy =1, &=, X1y1 =w 'y (5.90)
X1y2 = w yaxi, X1Y3 = ¥3X1, X2Y1 = Y1X2 (5.91)
X2¥2 = Y2X2; X2U3 = ¢ Y3X2s Eyr = yié (5.92)
Eyo = 1€, §ys = —sy3 + yaé, X1X2 = X2X1 (5.93)
x1§ = &x1, x2¢ = &xa (5.94)

Proof. This follows directly from (3.1). The products can be checked using the actions given in
Proposition 5.1.1, similar to Proposition 3.3.1, using the fact that x; and x2 are group-like in kI'%.
and ¢ is primitive. O
5.5. Constructing B(V_)#kI'*.

Proposition 5.5.1. The algebra B(V*) is generated by elements y1,ya2,ys with relations

yi =0, ¥ =0, yiy2= -1y, (5.95)

(y1ys —q 'ysy)? =0, y3 =0, (5.96)
ys(y1ys — ¢ ysyr) = q(yrys — ¢ ysy1)ys, (5.97)
Y2ys = ¢ Y3y (5.98)

Proof. From the previous section, we know (V*,¢*) = (V_,cq__ll), so their Nichols algebras are
isomorphic. By corollary 7.1.9 of [HJ20], B(V_,c) = B(V_,c7!), so it follows that B(V*, c*) &

B(V_, c;l). The relations for B(V_, ¢) are already given in proposition 7.2 of [AAH21], so it is enough

1

to just apply the isomorphism ¢ of Proposition 5.3 and replace ¢ by ¢~ in those relations. g
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Remark 5.5.2. In the above proposition, the y; play the role of 0;.

Proposition 5.5.3. The algebra B(V*)°P is generated by elements y1,y2,ys with relations

yi=0, 15 =0, yiy2=—y2u, (5.99)

(ysy1 —q 'ys)? =0, y3 =0, (5.100)
(31 — a y1ys)ys = qua(ysyr — ¢ y1ys), (5.101)
ysy2 = 4 yaus. (5.102)

Proposition 5.5.4. The algebra B(V*)#kI'* is generated by elements y1,y2,ys and o1, 02, with
relations (5.95) — (5.98) and

ot = a%N =1, =, o1y = w Y10y (5.103)
o1ys = w Y201, 01Y3 = Y301, O2Y1 = Y102 (5.104)
o2Y2 = Y202, o2y3 = W Y3072, Cy1 = yi¢ (5.105)
Cy2 = ya2(, Cys = —vys + y3C, o109 = 09071 (5.106)
o1¢ = (o1, 02C = (o2 (5.107)

Proof. This follows directly from (3.1). The products can be checked using the actions given in
Proposition 5.2.1, similar to Proposition 3.4.1, using the fact that o1 and oy are group-like in kI'*
and ( is primitive. O

6. QUANTUM DOUBLE

Now we have all the components to compute the quantum double. Applying this construction to the
Hopf algebras Hy will give quasitriangular Hopf algebras D(Hx), which are the desired quantum
groups. There are many equivalent constructions of the double, but we will use the characterization
given in [AG98] and [AP20]. More details on the construction can be found in [Kas95].

6.1. D(H,).

Proposition 6.1.1. ([AP20], Proposition 2.4) The quantum group D(H) is generated by x1, x2,
3, 91, 92, Y1, Y2, Y3, X1, X2, & and all the relations of H and H*. The additional relations are
given by the formulas

Xi%j = X1(9j/)x;Xi (6.1)
§xj = &(g; )z + 25§ (6.2)
Yig; = Zyz | = Tk) g Yk (6.3)

[y

3 IN- 3 3
viry = viz;) + > vilgy — zr)wye + Z Z DD wilgy — )

k=1 kl 0 k:QZ k3:0 =1 t=1 (64)
((gy" o2 a5 — ) (y#e(S (5#1)))9570 120 52 © ks

=

Xi9j = 9jXi (6.5)
€95 = 9;¢ (6.6)
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Theorem 6.1.2. The algebra D(H) is generated by 1, 2,23, 91,92, Y1, Y2, Y3, X1, X2, &, where the
relations among the x; and the g; are given by (1.2) — (1.5) and (3.9) — (3.13), the relations among
X1, X2,& and the y; are given by (5.86) —(5.89) and (5.90) — (5.94), and the remaining relations are

X171 = WT1X1 (6.7)
X1T2 = WT2X2 (6.8)
X173 = T3X1 (6.9)
X2T1 = ZT1X2 (6.10)
X2T2 = TaX2 (6.11)
X2T3 = ¢ T3X2 (6.12)

Exr1 = 1€ (6.13)

Exg = x9& (6.14)

Exg = swg + 13€ (6.15)
Y191 = —g1%1 (6.16)
192 = q " g2(y1 + y2) (6.17)
Y201 = —G1Yy2 (6.18)
Y292 = ¢ G212 (6.19)
Y391 = 49193 (6.20)

Y3g2 = 9293 (6.21)
Y121+ 21y = Yawa + 222 = 1 — g1x1 X ¥ (6.22)
Y172 + 251 = —Ngixt x5 7€ (6.23)
Y173 + T3Y1 = ¢ ' T3Y2 (6.24)
YoT1 = —T1Y2 (6.25)
Yo = q w3y (6.26)
Y3T1 = qT1Y3 (6.27)
Y3T2 = qT2Y3 (6.28)
yss — w3ys = 1 — gaxi (6.29)
X191 = g1X1 (6.30)

X192 = 92X1 (6.31)

X291 = g1X2 (6.32)

X292 = 92X2 (6.33)

§g1 = g1 (6.34)

£g2 = 92§ (6.35)
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Proof. We apply Proposition 6.1.1. Observe that

2N—-1
xilg) = Y w0, @c@e) (g @af @af) =
=0
2N—1 ‘
xi(g2) = D) w'(0, ®e®e)(gf ®@aj ®a3) =1
=0
N—-1

((e®0, @e)(gr@a]@agl) =1

N-1
=) ¢(e®0, @)l ®aj®as) =¢"
=0

Substituting the above into (6.1) with the fact that g1 = gor = g1 and g3 = g2 immediately gives
relations (6.7)-(6.12). Similarly,

—_

bS]

&(gr) = (e®e®0O, )(gl®a?®ag):0

-
Il
o

[y

3

E(ga) = ) il ®e®@B,)(g) ®aj®a3) =s

-
Il
o

Substituting the above equalities into (6.2) gives relations (6.13)-(6.15)

All possible actions g; — xj, are given in Theorem 1.2.4. Summing over k, applying y; will only
pick out terms containing x;. For instance

y1g1 = Z y1

— z1)q1yk = Y1(—2191y1 — T291Y2 + qT391%3) = —g1Y1

The other computations are similar

To get relations (6.22)-(6.29), we will substitute into (6.4)

directly, using Proposition 3.5.3. This would give 9 computations. Many of these are similar, so we
will only show a few of them for brevity
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For Y1xy,

3

2N— 3
vz = yu(en) + Y yigr = k) Tye + Z > (g = 2) (w(gt o2 ah® — a1))
k=1 =0 ko=0k3=01,t=1

(yette(z1#97 D))o @gzlcl 9(1;;2 @agg

1N-1 p-1

2N—-1 N-1 p—-1

3
e =1 33 5 S el < el 00,0,

=0 ko=0k3=0 t=1

ON-1N-1 p—1
ko K
Y171 +r1y =1 — Z Z Z y1(gy ook — $1)919gf1 ®a’f2@a’§3

=0 ko=0k3=0
2N—-1 N-1 p—1
1 _ _1\k1 —pk2
oy =1-g | Y (-1) O ki > q O, > © ks
k1=0 ko=0 k3=0
yi1xy +xy1 =1 — glxisz_p‘
For yy 24,
3 2N—-1 N—-1 p—1 3
ko k
iy =yi(z2) + Y _yilgr = w)zage + > > > Y (il = (gt ef?ab? — ay))
k=1 k1=0 ko=0k3=01,t=1
—1
(yt#g(x2#91 ))916911@’1@&’1@2@@’263
—1N-1p—-1 3
k. _
nrs = —Tays + Z > —mlgholral® = m) (e (wattor )
k1=0 ko=0k3=0 t=1
Gg]fl @O/ICQ 60/263
—1N-1 p—-1
_ k3
Y122 + x2y1 = Z Z ! 91 al Qo 1’2)91@9’161 @aIfQ eags
k1=0 ko=0k3=0
2N—1 N—-1 p—
_ _1\k —pk2
Y1T2 + T2Y1 = —41 Z ( 1) Gg’fl Z q @a’fz Z Nk3@a§3
k1=0 ko=0 k3=0

Y172 + oy = —Ngix3 x5 €.
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For y1z3,
3 2N—-1N—-1p-1 3
13 = yi(zs) + Z?ﬂ( — 1) T3Yk + Z Z (y1(g2 — =) (i (gFrat?abs — ;)
k=1 =0 ko=0 k3=01,t=1
(yt#g(—x3#g2_1))gg@gkl @akQ @aks
1 1 2
~1N—-1p-1 3
y1r3 = —x3y1 + ¢ T3y2 + Z Z — 1)) (w9} aas® — x3))
k1=0 ko=0 k3=0 =1

92@g’1€1 @a’fz ea’;g
Y13 + r3y1 = ¢ ‘w3y2 +0

Y13 + T3y1 = ¢ 370

Note that the last term on the right hand side evaluates to zero since (y1(g2 — 7)) is nonzero
whenever [ = 1 or [ = 2 while (yl(g1 a'f2a§3 — x3)) is nonzero if and only if | = 3. The other
computations follow similarly. We will include the calculation for ysxs, as it is significantly changed

in the negative case:

2N-1N—-1 p-1 3
yss = ys(rs) + Y ys(g2 — we)zaye + > (ys(g2 = =) (w9t  af?as® — w1))
k=1 k1=0 ko=0k3=01[,t=1
(yt#5(*$3#9271))929 k1@ k29 k3
2N-1 N-1 p—1
ysw3 = 1+ x3y3 + Z Z Z Z — ) (i(gy o a® — 3))
=0 ko=0k3=0I1=1
92@gllv1 @O/fQ 90/2%
2N—1 N-1 p—1
1 k
ysrs —x3y3 = 1 — go Z q 1@ng1 Z @aIfQ Z 90/2%
k1=0 ko=0 k3=0
2N-1
— 2k
ysr3 — x3y3s = 1 — go Z w l@gllcl
k1=0
ysws — w3y3 = 1 — gaxi-
The remaining relations follow directly from (6.5) and (6.6). O

6.2. D(H_).

Theorem 6.2.1. ([AP20], Proposition 2.4) The quantum double D(H_) is generated by x1, x2, x3,
hi, ho, Y1, Y2, Y3, 01, 02, C and all the relations of H and H*. The additional relations are given
by the formulas

oy = 0i(g5 )T X (6.36)
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Crj = C(gj Jaj + ;¢

yzh *Zyz jyk
2N—1 N—-1 p—1

3 3
y’lx]_ylxj +Zyzh’4xkx]yk+zzzzz 'Axl

k1=0 k2=0k3=0 [=1 t=1

(yz(h’flﬁf2553 = @) (yette (S (2;#1))) R0 11 © g1 O gis
oih; = hjo;
Chy = hi¢

31

(6.37)

(6.38)

(6.39)

(6.40)
(6.41)

Theorem 6.2.2. The quantum group D(H_-) is generated by x1,x2,x3,h1,ha,y1,Y2,Y3,01,02,C,
where the relations among the x; and the h; are given by (3.14)-(3.18), the relations among o1, 02,¢

and the y; are given by (5.99)-(5.102) and (5.103)-(5.107) and the remaining relations are
1] = WT10]
1T = WT02
01%3 = X301
091 = X102
09X = X209

093 — w“xgag

Cr1 = 71
Cr2 = x2(

Crs = vy + 3¢
y1h1 = —hiy
yiho = ¢ 'ha(y1 + y2)
y2h1 = —h1ys
yahs = q" ' hayo
ysh1 = qhiys
ysha = —hays

—2
Y11 + 21Y1 = Yoxo + Toy2 = 1 — h10{V02 P

Y122 + zoy1 = —2Nhyol o, 2P¢
Y173 + 23y1 = ¢ 'a3ye
Y21 = —T1Y2
Yoz = ¢ 'T3Y0
Y31 = qx1ys3
Y3x2 = qr2ys3
Y323 + T3y3 = 1 — haoto)
o1hy = hyoy
o1he = haoy
ooh1 = hiog
O‘2h2 = hQO‘Q
Chy = hi¢
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Cha = ha( (6.70)
Proof. This an application of the formulas in Theorem 6.2.1. We have

2N—1
o1(h) = Y WOy @e®e)(ln ® B ©BY) =w

oa(he) = Y W (e®Og @e)(h] @ B ® B3) = w.
=0

Substituting the above into (6.36) with the fact that hyy = hoy = hy and hy = he immediately gives
relations (6.42)-(6.47). Similarly,

p—1
() =Y ie®e®04)(h @8 ®B9) =0

i

I
o

p—1
((ho) = ) il ®e®O4) (] ® af ®a3) = v.

i

Il
=)

Substituting the above equalities into (6.37) gives relations (6.48)-(6.50).

All possible actions h; — xj, are given in Theorem 1.2.5. Summing over k, applying y; will only
pick out terms containing x;. Similar to the positive case,

3
yihi = Z?ﬂ(hl — zp)hiyr = yi(—z1hiyr — x2h1y2 + qr3 = —hayr.
k=1

The other computations follow. Note that relation (6.56) is slightly modified from (6.21 ) to account
for the fact that hy — x3 = —x3. To get relations (6.57)-(6.64), we will substitute into (6.39) directly,
using Proposition 3.6.3.
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For Y171,
3 2N-12N-1 p—1
iz =y1(z1) + Y yi(hn = zp)z1ye + Z >y Z (y2(hy — ) (B BY2 B5S — 1))
k=1 =0 ko=0 k3=01,t=1

(yt#é‘(xl#hl_l))hle) kle k2@ k3
—12N—-1 p—1 3
k1 pkso pk
1y +x1y1 =1+ Z Z Z Z y1 h 1/812523 Axt)(yt#s(xl#hl ))h1@hf196f29553
kl 0 ko=0 k3=0t=1
—12N-1 p—1
k —\
pr =1 S S S s 5)hi6,40,6
k1=0 ko=0 k3=0

aIN-1 2IN-1 p—1
— . _ kl 7}7]{2
izt iy =1-"M Z (=1) @h’fl Z q @BfQ Z 9553
k1=0 k2=0 k3=0
aIN—1 IN—-1 p—1
1 _ _1\k1 —2pksa
part oy =1=h| 3, (D6 || D, w05 | | D O
k1=0 k2=0 k3=0

—2
yiry +zxyp =1— hlo{VUQ P,

For yyxo,

2N—12N-1 p—1

3
y1$2:y1($2)+2y1( — Zp) T2y + Z Z Z Z yr(hy — @) (b B2 B5° — 2y))

k=1 =0 ko=0 k3=01[,t=1
(yt#s(:ng#hfl))hl@ kl@ k2@ g

—12N-1p—1 3

Y12 = —a2y1 + Z 3 ZZ (R B2 B5° — i) (yete(watthi )

k1=0 ko=0 k3=0 t=1
0 1,0 1,0 i,
hy 1 2"
2N—-12N-1 p—1

ki gka gk
e+ aayn=— Y, > > n(h AP = 22)710,11 © ks © gis
k1=0 ky=0 k3=0

2N—1 2N—1 p—1
_ _1\k —pk
Y172 + T2y1 = —hy Z (-1 19;4@1 Z q 29sz Z 2N7€39553
k1=0 ka=0 k3=0
2N—-1 2N—-1 p—1
— _ _1\k —2pk )
Y1T2 + Toy1 = —hy Z (—1) 1@h’f1 Z w 295;@ Z 2Nk3@5§3
k1=0 ko=0 k3=0

Y1T2 + T2y = —2Nh10{\70'2_2p€.
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For y1x3,
2N—-12N-1 p—1

3
s =y (x3) + Y y1(he — zx)w3ye + Z > Z y1(ho — 1)) (u (W B2 85 — 2y))

k=1 =0 ko=0 k3=01,t=1
(e (estths )0, 00,0 1,

2N—12N-1p—1 3

YiTs = —T3y1 + ¢ ' T3Y2 + Z Z Z Z —(y1(ha — ) (w (K B2 BY — x3))

k1=0 ko=0 k3=0 =1
ho® 1,0 1,0 i
2 hll ﬂ12 523

Y173 + T3y1 = ¢ w3y + 0

y1T3 + T3y1 = ¢ 2390,

The other relations follow similarly. As a comparision to the positive case, we will also show the
calculation for ysxs :

2N—12N-1 p—1

3
ysws = ys(ws) + Y _ ys(ha — zx)w3ys + Z > Z ys(ha — ) (i (K} B2 85> — x¢))

k=1 =0 ko=0 k3=01,t=1
(yt#8(x3#h2_1))h2@ kle k2@ k3

—12N-1 p—-1

3
Ysr3 +r3y3 = 1 — Z Z Z Z (ys(ha = =) (e (W} B2 B5* — w3))
=1

k1=0 ko=0 k3=0
ho©® kl@ k2@ ks

—12N-1 p—1

_ ki (_1)pha+2Nks
Y33 + r3y3 = 1 Z YD a h2©,51 0 512 © s
k1=0 ko=0 k3=0

2N—1 2N—1 p—1
k k
Y33 + T3ys = 1 — hy Z q 1@h11q Z (-1)"e 2 Z e s
k1 =0 ka=0 ks =0
2N—-1
ysxy —x3yz =1 — ho Z w2kt @h'fl ol
k1 =0

2 N
Y313 — x3y3 = 1 — haojoy ,

The remaining relations (6.65)—(6.70) are just a direct application of formulas (6.40) and (6.41). O
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