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Abstract

We consider Clifford-valued functions on Rn that satisfy a generalized
Cauchy-Riemann equation, Dkf = 0, where k is a positive integer andD is
a certain Dirac-type operator. If k = 2, then they are harmonic functions;
if k = 1, then they are monogenic functions, the Clifford algebra analogue
of complex analytic functions. We review the action of the conformal
group, O(n+ 1, 1), of Rn on the space of such functions. We also review
the derivation of reproducing formulas for these functions that generalize
more familiar Poisson formulas for harmonic functions and the Cauchy
integral formula for complex analytic functions. We construct a bilinear
pairing on the space of such functions and show that this pairing is invari-
ant under the action of the Lie algebra of the conformal group, o(n+1, 1).
The results can be interpreted as producing a family of dual infinite-
dimensional representations of a real semisimple Lie group, O(n, 2), on
the space of solutions of Dkf = 0.

1 Introduction

In this paper, we investigate the action of the conformal group of Rn for n > 2,
on the space of solutions to a generalized Cauchy-Riemann equation, Dkf = 0,
where k is a positive integer. The case k = 2 corresponds to the more familiar
action of the conformal group on harmonic functions.

Recall that the Cauchy-Riemann equation for holomorphic functions,

∂f

∂z
= 0 (1)

can be extended to functions taking values in a Clifford algebra,

Df =

n∑
j=1

ej
∂f

∂xj
= 0. (2)

The functions satisfying this equation also have an associated integral formula
that is analogous to the Cauchy integral formula for holomorphic functions,

1



which reproduces function values inside a suitable contour by integrating the
function against the Cauchy kernel.

The conformal group of Rn acts on Rn, the functions on Rn, and conse-
quently on the solutions of Dkf = 0. In fact, the solution space is conformally
invariant in the sense that up to the introduction of some conformal factors,
the composition of a function satisfying this equation with an element of the
conformal group, is still a solution. In [8], for example, the authors use this con-
struction to study so-called minimal representations of the group O(p+1, q+1).

In our case, we use the aforementioned reproducing formulas to find a bilinear
pairing on the space of solutions that is invariant under the action of Lie algebra,
o(n + 1, 1), of the conformal group, O(n + 1, 1), for Rn, when n > 2. The
complexification of O(n+ 1, 1) is O(n+ 2), and the Lie algebra, o(n+ 2), acts
on the space of harmonic polynomials of Rn. There are also actions of O(n),
rotations of Rn, and O(2), scaling by eiθ, producing an action of O(n)× O(2).
The actions are compatible and allow for the formation of a (g,K)-module with
g = o(n+ 2) and K = O(n)×O(2). This means we can obtain representations
of the real semi-simple Lie group, O(n, 2).

The paper is organized as follows. In Section 2, we cover the relevant back-
ground, some general results, and fix our notation. In Section 3, we discuss the
simplest case of the pairing, namely for harmonic functions. In Section 4, we
find the pairing for biharmonic functions, show its conformal invariance, explain
an iterative way through which a pairing can be found for larger powers of the
Laplacian and how the method used to show conformal invariance generalizes.
In Section 5, we conclude and point out how the odd case differs from the even
case.

This paper was written as part of the REU program in Bloomington held at
Indiana University during Summer 2025. I would like to thank Matvei Libine
for his mentorship and Ciprian Demeter for organizing the program. This REU
program was supported by NSF DMS-2447563.

2 Background

In this section, we review some necessary facts and fix our notation.

2.1 Clifford Algebras

Let (V,Q) be an n-dimensional real vector space, V , with a quadratic form, Q.
We will follow the discussion in [5]. After diagonalizing Q, we can find p, q ∈ N
and an orthogonal basis {e1, . . . , en} of V such that

Q(ej) =


1, 1 ≤ j ≤ p,

−1, p+ 1 ≤ j ≤ p+ q,

0, p+ q < j ≤ n

(3)
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where p, q are independent of the basis chosen from Sylvester’s Law of Inertia.
We call the ordered pair (p, q) the signature of (V,Q). In particular, for a non-
degenerate quadratic form, p + q = n. We assume that Q is non-degenerate.
If p = 0 or q = 0, then the quadratic form is said to be negative definite or
positive definite respectively.

An especially important group associated to a quadratic form is the indefinite
orthogonal group, denoted O(V ), consisting of the invertible linear transforma-
tions of V preserving Q,

O(V ) = {T ∈ GL(V ) : ∀x ∈ V,Q(x) = Q(Tx)}. (4)

We shall frequently identify (V,Q) with generalized Minkowski space, Rp,q, namely
the real vector space Rp+q, together with the indefinite quadratic form

Q(x) =

p∑
i=1

x2i −
p+q∑

j=p+1

x2j (5)

where the associated bilinear form is given by

B(x, y) =
1

2
(Q(x+ y)−Q(x)−Q(y)) =

p∑
i=1

xiyi −
p+q∑

j=p+1

xjyj (6)

and we shall write O(p, q) for the indefinite orthogonal group O(Rp,q).
The universal Clifford algebra associated to (V,Q) is the “freest” (unital)

associative algebra generated by V such that ∀x ∈ V, x2 + Q(x) = 0, denoted
Cl(V,Q). We emphasize that sign conventions differ and many authors require
x2−Q(x) = 0 instead. As with many other constructions of universal free asso-
ciative algebras, Clifford algebras can be explicitly obtained by taking suitable
quotients of the tensor algebra on V ,

T (V ) =

∞⊗
n=0

V ⊗n. (7)

In particular, the ideal generated by

S = {x⊗ x+Q(x) : x ∈ V } ⊂ T (V ) (8)

produces

Cl(V,Q) = T (V )/(S) (9)

where it is common practice, as we shall, to drop all ⊗ symbols when writing
products. Notice the opposite sign convention would lead to an interchange of
the ordered pair (p, q). We point out that for the aforementioned basis diagonal-
izing the quadratic form, {e1, . . . , en}, Cl(V,Q) is a finite-dimensional algebra
over R generated by e1, . . . , en. Often, we will use the multi-index notation

eI = ei1 ⊗ . . .⊗ eik (10)
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where I = {i1, . . . , ik} ⊆ {1, . . . , n} and i1 < . . . < ik. The relations
e2i = −1, i = 1, . . . , p

e2j = +1, j = p+ 1, . . . , p+ q

eiej = −eiej , i ̸= j

(11)

indicate that the element eI (or more precisely its image in Cl(V,Q)) is, up to
a sign, equal to any element given by a permutation of the multi-index. We
see that to span Cl(V,Q), a basis of each possible unordered combination of
the basis elements is required, corresponding to the counting whether each of
e1, . . . , en is in the element or not, giving dimR(Cl(V,Q)) = 2n. Notice

xy + yx = Q(x) +Q(y)−Q(x+ y) = −2B(x, y) (12)

and if x, y are orthogonal in V with respect toQ, xy = −yx. The Clifford algebra
Cl(V,Q) is universal in the sense that each injective linear map, i : V → A,
such that 1 ̸∈ i(V ) and ∀x ∈ V, (i(x))2 +Q(x) = 0, where A is an algebra with
identity, has a unique extension to an algebra homomorphism, ĩ : Cl(V,Q) → A.

2.2 Generalized Cauchy-Riemann Equations

Let D denote the generalized Cauchy-Riemann operator on Rp,q,

D =

p∑
i=1

ei
∂

∂xi
−

p+q∑
j=p+1

ej
∂

∂xj
(13)

which acts on the left or right of functions. This definition is basis-independent
and an completely basis-independent definition can also be given, but we omit
the details and refer to [11]. If f is a twice-differential function on Rp,q with val-
ues in Cl(Rp,q) (or a left-Cl(Rp,q) module), and g is a twice-differential function
on Rp,q with values in Cl(Rp,q) (or a right-Cl(Rp,q) module), thenD2f = −□p,qf
and gD2 = −□p,qg, where

□p,q =

p∑
i=1

∂2

∂x2i
−

p+q∑
j=p+1

∂2

∂x2j
(14)

is the generalized wave operator. The generalized Cauchy-Riemann operator
is a square root of the generalized wave operator on Rp,q. This is similar to
how the Cauchy-Riemann operator is a square root of the Laplacian in R2. We
call a function f : Rp,q → Clp,q to be left k-regular if Dkf = 0 and a function
g : Rp,q → Clp,q to be right k-regular if gDk = 0. A further discussion can be
found in [3], [4], or [6]. In slightly more generality, the functions could also take
values in left and right Clifford modules respectively, which are well-understood
and classified in [1].
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2.3 Conformal Transformations

Let Rp,q and O(p, q) be as above. A reference for the discussion below is [15]. We
call a smooth map, φ : U → Rp,q, where U ⊆ Rp,q is a non-empty, connected,
open subset, a conformal transformation, if there exists a smooth function,
Ω : U → R+, known as the conformal factor, such that the pullback

φ∗(B(x, y)) = Ω2 ·B(x, y) (15)

but is not required to be orientation preserving. We can also introduce to the
conformal compactification of Rp,q, denoted by Np,q, where

Np,q = {[x] ∈ RPn+1 : Q̂(x) = 0} (16)

is a quadric in real projective space, for the quadratic form

Q̂(x) =

p∑
i=0

x2i −
p+q+1∑
j=p+1

x2j (17)

on Rp+1,q+1. The canonical map, Rp+1,q+1 \ {0} → RPn+1, restricted to the
product of unit spheres,

Sp × Sq =

x ∈ Rn+2 :

p∑
i=0

x2i =

p+q+1∑
j=p+1

x2j = 1

 ⊆ Rp+1,q+1 (18)

induces a smooth double covering, π : Sp × Sq → Np,q, which is a local diffeo-
morphism. The product, Sp × Sq, has a semi-Riemannian metric coming from
the product of metrics, in which the first factor has the obvious metric induced
by embedding the sphere into Euclidean space and the second factor has the
negative of this metric. We can define the semi-Riemannian metric on Np,q by
declaring the aforementioned double cover to be a local isometry. The space
Np,q is compact, as it is the image of a compact set under a continuous map.

In order to embed Rp,q into Np,q, we can define ι : Rp,q → RPn+1,

x 7→
[
1−Q(x)

2
: x1 : . . . : xn :

1 +Q(x)

2

]
(19)

in homogeneous coordinates, and observe ι(Rp,q) is contained within Np,q.

Proposition 2.1. Np,q is a conformal compactification of Rp,q.

This follows from ι(Rp,q) = Np,q. Notice even if either p = 0 or q = 0, Np,q

may not be the one-point compactification of Rp,q, there are “points at infinity”,
namely points in the complement Np,q \ ι(Rp,q), that are in bijection with the
points in the null cone, {x ∈ Rp,q : Q(x) = 0} via inversion, but also possibly
additional points at infinity.

The indefinite orthogonal group, O(p + 1, q + 1), acts on Rp,q, by linear
transformations. This action also descends to RPn+1 and preserves Np,q. This
means for each T ∈ O(p+ 1, q + 1), we obtain a transformation, ψT , on N

p,q.
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Theorem 2.2. If T ∈ O(p + 1, q + 1), then the map ψT : Np,q → Np,q, is a
conformal transformation and a diffeomorphism, and if given T ′ ∈ O(p+1, q+1),
such that ψT = ψT ′ , then T ′ = ±T .

This leads to the following key result.

Proposition 2.3. If T ∈ O(p + 1, q + 1), then the conformal tranformation,
ψT , can be written as a finite composition of ψTj

, for some Tj ∈ O(p+1, q+1),
j = 1, . . . , n, such that each ι−1 ◦ ψTj

is one of the following special types of
transformations:

1. dilations, x 7→ λx, where λ ∈ R+;

2. rotations, x 7→ Tx, where T ∈ O(p, q);

3. translations, x 7→ x+ b, where b ∈ Rp,q;

4. inversions, x 7→ inv(x) = x
Q(x) .

Although inv is only defined for non-zero elements of Rp,q, the conformal
transformation, ψT0

, is well-defined on all of Np,q. where

T0 = diag(−1, 1, . . . , 1), ι−1 ◦ ψT0
◦ ι = ι−1 ◦ ψ−T0

◦ ι = inv. (20)

If n = p+ q > 2, then these are all possible conformal transformations of Np,q.

Theorem 2.4. If n > 2, then every conformal transformation, φ : U → Rp,q,
can be uniquely extended to Np,q (there exists a unique conformal diffeomor-
phism, φ̂ : Np,q → Np,q, such that ∀x ∈ U, φ̂(ι(x)) = ι(φ(x))). In fact,
every conformal diffeomorphism on Np,q must be of the form ψT for some
T ∈ O(p+ 1, q + 1), which means the group of all conformal transformations is
isomorphic to O(p+ 1, q + 1)/{±I}.

Corollary 2.5. The group of conformal transformations of Rn, where n > 2,
is isomorphic to O(n+ 1, 1)/{±I}.

We will often refer to O(n+ 1, 1), the connected component identity, as the
conformal group of Rn.

The p+q = 2 case is special. We can identify R2,0 with C and N2,0 with CP1.
The orientation-preserving conformal transformations on an open subset of the
complex plane are exactly the holomorphic functions with nowhere-vanishing
derivative. This means it is no longer the case that every conformal transfor-
mation is obtained from element of O(3, 1).

2.4 Vahlen Matrices

Let PGL2(C) denote the projective linear group. In much the same way that

PGL2(C) acts on Ĉ and can be identified with the group of Möbius transforma-
tions, the action of Vahlen matrices on Cl(V ) is closely related to the conformal
group. Here, we collect some important results regarding Vahlen matrices. A
more complete discussion can be found in [11].

A Clifford algebra, Cl(V ), has three natural involutions:
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1. grade, eI 7→ êI = (−1)|I|eI ;

2. reversal, eI 7→ ẽI = (−1)
1
2 |I|(|I|−1)eI ;

3. conjugation, eI 7→ eI = (−1)
1
2 |I|(|I|+1)eI

each of which can commute with the inverse. The orthogonal transformation on
V can be realized through the twisted adjoint action by elements of Cl(V ). If x ∈
V is not null, then each v ∈ V splits as v = v0+λv, where v0 is orthogonal to x.
This means we can define a map, σx, on Cl(V ), σx(v) = −xvx−1, that preserves
V and produces a reflection in the direction of x, and the Cartan-Dieudonne
Theorem ensures we can express each orthogonal linear transformations on V
through some twisted adjoint action, σa, where a ∈ Cl(V ) is a product of vectors
in V that are not null. We call the group of elements in Cl×(V ) preserving V
under the twisted adjoint action the Lipschitz group,

Γ(V ) = {a ∈ Cl×(V ) : ∀x ∈ V, σa(x) = axâ−1} (21)

from which the well-known Pin(V ) and Spin(V ) groups (double covers of the or-
thogonal and special orthogonal groups respectively) can be obtained. Consider
the algebra of Clifford-valued 2× 2 matrices, M2(Cl(V )). We call a matrix

A ∈M2(Cl(V )), A =

(
a b
c d

)
(22)

a Vahlen matrix if A ∈ Γ(V ⊕R1,1). Again, we point out that the references [11]
contain a characterization of Vahlen matrices and their properties. However, we
remark that the main reason for the appearance of V ⊕R1,1 is that M2(Cl(V ))
can be identified with Cl(V ⊕R1,1). An important property of Vahlen matrices
is that they have non-zero and real pseudo-determinant,

det(A) = ad̃− bc̃ (23)

ensuring they are invertible,

A−1 =
1

det(A)

(
d̃ −b̃
−c̃ ã

)
(24)

where AA−1 = A−1A = I because of the properties satisfied by the elements of
a Vahlen matrix outlined in [13]. Our main interest in Vahlen matrices is the
fact the conformal transformations can be represented by Vahlen matrices:

1. dilations,

(√
λ 0
0 1√

λ

)
, λ ∈ R+;

2. rotations,

(
a 0
0 â

)
, a ∈ Γ(V );

3. translations,

(
1 b
0 1

)
, b ∈ V ;
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4. inversions,

(
0 1
1 0

)
.

In fact, a conformal transformation, φ : U → Rp,q, can be described by the
action of a Vahlen matrix(

a b
c d

)
x = (ax+ b)(cx+ d)−1 (25)

in the same way that a Möbius transformation can be described the action of an
element in PGL2(C). If we denote by Vah(Rn) the subgroup of Vahlen matrices
on Rn, we have the following useful result from [11].

Lemma 2.6. If A ∈ Vah(Rn), then

∆(A)( ˜cy + d)−1(x− y)(cx+ d)−1 = Ax−Ay = ∆(A)( ˜cx+ d)−1(x− y)(cy + d)−1

provided cx+ d and cy + d are invertible.

The composition of a Mobius transformation with a holomorphic function is
still holomorphic. However, this is no longer true in general. The composition
of a left k-regular function with a conformal transformation must be multiplied
by an appropriate factor to ensure it remains conformal [14].

Proposition 2.7. If Dk
p,q,y(f(y)) = 0, then Dk

p,q,x(Jk(cx+ d)f(y)) = 0, where

J2ℓ(x) = |(cx+ d)(xc̃+ d̃)|
2ℓ−n

2 , J2ℓ−1(x) = (xc̃+ d̃) · |(cx+ d)(xc̃+ d̃)|
2ℓ−n−2

2

depending on the parity of k, and y = (ax+b)(cx+d)−1 for some A ∈ Vah(Rn).

Our main interest will be in the following consequence, which is frequently
used with the fact that JA−1(x) = J−1

A (A−1x) from [11].

Corollary 2.8. If A ∈ Vah(Rn) and det(A) = ±1, then

|Ax−Ay|2ℓ−n = J2ℓ(x) · |x− y|2ℓ−n · J2ℓ(y)

Proof. Recall (Ax−Ay)2 = −Q(Ax−Ay) = −|Ax−Ay|2 in a Clifford algebra.
Compute

(Ax−Ay)2 = ( ˜cy + d)−1(x− y)(cx+ d)−1( ˜cx+ d)−1(x− y)(cy + d)−1

= |(cx+ d)−1( ˜cx+ d)−1|( ˜cy + d)−1(x− y)(x− y)(cy + d)−1

= |(cx+ d)−1( ˜cx+ d)−1||x− y|2|( ˜cy + d)−1(cy + d)−1|

and the result is obtained by raising this to the appropriate power.

It should be noted that scalar matrices, namely A = diag(λ, λ) for λ ∈ R, do
not change the argument of a function, but do have a conformal factor, and for
this reason, we will often implicitly restrict to Vahlen matrices with ∆(A) = 1
when we discuss pairings. This is not much of a restriction, since we could
equivalently re-define the action on the functions regular at infinity.
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3 Harmonic Functions

In this section, we construct a bilinear pairing for harmonic functions and show
its conformal invariance.

3.1 Poisson’s Formula

The most fundamental differential operator on Rn is the Laplacian,

∆ =

n∑
j=1

∂2

∂x2j
. (26)

We call a function, f : Rn → R, of class C2 harmonic if ∆f = 0. In particular,
the fundamental solution of Laplace’s equation (i.e. a function such that its
Laplacian is the Dirac delta) can be found explicitly,

F : Rn \ {0} → R, F (x) =
1

n(n− 2)α(n)
· 1

|x|n−2
, n ≥ 3 (27)

where α(n) is the surface area of the n-dimensional unit sphere.
It is well-known that harmonic functions satisfy several highly desirable prop-

erties such as automatically being infinitely-differentiable and even real-analytic,
because the Laplacian is an elliptic differential operator. We will mainly be con-
cerned with its reproducing kernel.

Theorem 3.1. Let Sn−1
R ⊆ Rn be the (n− 1)-dimensional sphere of radius R.

If u is a smooth solution of the Dirichlet problem,{
∆f = 0, x ∈ Ω

f = u, x ∈ ∂Ω
(28)

where Ω = Bn(0, R) is the n-dimensional ball of radius R centered at the
origin and g is continuous, then

f(y) =
R2 − |y|2

nα(n)

∫
Sn−1
R

u(x)

|x− y|n
dS(x)

R
, ∀ y ∈ Ω. (29)

A detailed proof of this statement can be found in [16]. We are interested
in the kernel of this integral, also known as the Poisson kernel,

P (x, y) =
R2 − |y|2

nα(n)|x− y|n
. (30)

because it will also us to construct the aforementioned pairing. Consider the
so-called “degree” operator,

deg =

n∑
j=1

xj
∂

∂xj
(31)
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for the coordinates (x1, . . . , xn) on Rn (named for its behavior on homogeneous
polynomials of some fixed degree), and denote

G(x, y) =
1

|x− y|n−2
. (32)

A straightforward calculation shows

P (x, y) =
1

n(n− 2)α(n)
· 2d̃egx

(
1

|x− y|n−2

)
(33)

where

d̃egx(f) =
(
1− n

2

)
f − degx(f) (34)

and the subscript denotes the variable of differentiation.
The reproducing formula for harmonic functions on the sphere can be rewrit-

ten in terms of the degree operator,

f(y) =
2

n(n− 2)α(n)

∫
d̃egxG(x, y) · f(x)

dS(x)

R
(35)

where all integrals from here on are over Sn−1
R unless otherwise specified and it

is assumed the necessary constants are outside the integral.

3.2 Bilinear Pairing

Let V denote the space of harmonic functions on Rn (regular at zero). We call
a harmonic function on Rn \ {0} to be regular at infinity if its composition with
inversion is harmonic on all of Rn (extends across the origin without singularity),
and denote the space of such functions with V ′.

Consider the pairing (·, ·) : V × V ′ → R,

(f, g) =

∫
d̃egxg(x) · f(x)

dS(x)

R
(36)

where f(y) = (f(x), G(x, y)). Our main goal now is to show (f, g) = (fA, gA).
Here, we frequently denote by fA(x) the left action of A−1,(

A−1 · f
)
(x) = JA(x)f(Ax) (37)

on functions. In order to do this, we first need a few properties of this pairing.

Lemma 3.2. If A ∈ Vah(Rn), then (fA(x), G(x, y)) = JA(y)(f(x), G(x,Ay).

Proof. The conformal factors ensure fA(x) = JA(x)f(Ax) is also harmonic.
This means we can either reproduce it directly,

JA(y)f(Ay) =

∫
d̃egxG(x, y) · JA(x)f(Ax)

dS(x)

R
(38)
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or reproduce the original function and perform the conformal transformation,

JA(y)f(Ay) = JA(y)

∫
d̃egxG(x,Ay) · f(x)

dS(x)

R
(39)

This is exactly the statement (fA(x), G(x, y)) = JA(y)(f(x), G(x,Ay)).

Another important property is that the d̃eg operator can be switched.

Lemma 3.3. The pairing (f, g) = −(g, f).

Proof. The reproducing formula shows

f(y) =

∫
d̃egxG(x, y) · f(x)

dS(x)

R
, d̃egyf(y) =

∫
d̃egyd̃egxG(x, y) · f(x)

dS(x)

R

and

(f, g) =

∫∫
d̃egyd̃egxG(x, y) · f(x)g(y)

dS(x, y)

R2
. (40)

This also means

(g, f) =

∫∫
d̃egyd̃egxG(x, y) · f(y)g(x)

dS(x, y)

R2
. (41)

The negative sign appears due to the fact the reproducing formula for functions
regular at infinity is of the same form as functions regular at zero, but with a
negative sign from the outward normal pointing towards the origin.

This is the main ingredient for the following proposition.

Proposition 3.4. The pairing (·, ·) is invariant under the action of o(n+1, 1).

Proof. The statement is equivalent to showing that for each A ∈ Vah(Rn) such
that det(A) = 1 and A is sufficiently close to the identity, (fA, gA) = (f, g), or
(fA, g) = (f, g−1

A ). Consider

(fA, g) =

∫
d̃egxg(x) · JA(x)f(Ax)

dS(x)

R

=

∫
d̃egxg(x) ·

∫
d̃egyG(x, y) · JA(y)f(Ay)

dS(y)

R

dS(x)

R

=

∫
d̃egxg(x) · JA(x)

∫
d̃egyG(Ax, y) · f(y)

dS(y)

R

dS(x)

R

=

∫
f(y)

∫
d̃egyG(Ax, y) · JA(x)d̃egxg(x)

dS(x)

R

dS(y)

R

and

(f, gA−1) =

∫
d̃egy(JA−1(y)g(A−1y)) · f(y) dS(y)

R
(42)
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which means we must show

d̃egy(JA−1(y)g(A−1y)) =

∫
d̃egyG(Ax, y) · JA(x)d̃egxg(x)

dS(x)

R
(43)

= d̃egy

∫
G(Ax, y) · JA(x)d̃egxg(x)

dS(x)

R
(44)

or equivalently,

JA−1(y)g(A−1y) =

∫
G(Ax, y) · JA(x)d̃egxg(x)

dS(x)

R
. (45)

However,∫
G(Ax, y) · JA(x)d̃egxg(x)

dS(x)

R
=

∫
G(Ax,Ay′) · JA(x)d̃egxg(x)

dS(x)

R

=

∫
G(x, y′) · JA−1(y)d̃egxg(x)

dS(x)

R

= JA−1(y)

∫
d̃egxG(x, y

′) · JA−1(y)g(x)
dS(x)

R

= JA−1(y)g(A−1y)

where y′ = A−1y,

JA(x) = |(cx+ d)(xc̃+ d̃)|1−n
2 (46)

from the identity

G(Ax,Ay′) = JA−1(y) ·G(x, y′) · J−1
A (x) (47)

found in Section 2.4.

4 Biharmonic Functions

The solutions of the equation ∆f = 0 have a natural bilinear pairing that is
invariant under the action of o(n + 1, 1) on V and V ′. The next objects in the
hierarchy are solutions of ∆2f = 0. The bilinear pairing can be constructed in
a completely analogous way.

4.1 Bilinear Pairing

The solution to the Dirichlet problem{
−∆f = u, x ∈ Ω

f = g, x ∈ ∂Ω
(48)
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is given by

f(x) = −
∫
∂Ω

∂G′

∂n
(x, y)f(y) dS(y)−

∫
Ω

G′(x, y)∆f(y) dy (49)

where G is the fundamental solution of Laplace’s equation,

G′(x, y) = G(x, y)− hx(y),∀x, y ∈ Ω, x ̸= y, (50)

and for each x ∈ Ω, hx is a solution of{
∆yh

x(y) = 0, y ∈ Ω

hx(y) = G(x, y), y ∈ ∂Ω.
(51)

If ∆2f = 0, then

f(x) =

∫
∂Ω

∂G̃

∂n
(x, y)f(y) dS(y)−

∫
∂Ω

∆f(y)
∂G̃

∂n
(x, y) dS(y) (52)

+

∫
∂Ω

G̃(x, y)
∂∆f

∂n
(y) dS(y) (53)

from Green’s identity,∫
Ω

f1∆f2 dV =

∫
Ω

f2∆f1 dV +

∫
∂Ω

f1
∂f2
∂n

dS −
∫
∂Ω

f2
∂f1
∂n

dS (54)

where G̃ satisfies ∆G̃(x, y) = G′(x, y). In the case ∂Ω = Sn−1
R ,

1

R
deg =

∂

∂n
(55)

and we find

f(x) =

∫
degy ∆G̃(x, y)·f(y)

dS(y)

R
+

∫
∆f(y) degy G̃(x, y)

dS(y)

R
(56)

−
∫
G̃(x, y) degy ∆f(y)

dS(y)

R
. (57)

Our biliner pairing can now be formed, as in the harmonic case, by ensuring
f(x) = (f(y), G̃(x, y)). Let V, V ′ denote the spaces of biharmonic functions
regular at zero and at infinity, abusing notation. Consider (·, ·) : V × V ′ → R,

(f, g) =

∫
degx ∆g(x) · f(x)

dS(x)

R
(58)

+

∫
degx g(x) ·∆f(x)

dS(x)

R
(59)

−
∫
g(x) · degx ∆f(x)

dS(x)

R
. (60)
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The pairing now has three integrals, and under the action of a conformal trans-
formation, there is no reason to expect that each integral is individually invari-
ant, only the sum should be. In order to show conformal invariance for this
pairing, we will have handle dilations, rotations, translations, and inversions
separately, unlike the harmonic case. However, there are some that are easier
to deal with than others.

Proposition 4.1. The pairing (·, ·) is invariant under rotations.

Proof. The rotational symmetry of the sphere means that a direct change of
variables will preserve each integral individually.

Proposition 4.2. The pairing (·, ·) is invariant under dilations.

Proof. Recall y′ = A−1y, and

A =

(√
λ 0
0 1√

λ

)
, A−1 =

(
1√
λ

0

0
√
λ.

)
(61)

and

G(Ax,Ay′) = (λ1−
n
2 )2G(x, y′), G̃(Ax,Ay′) = (λ2−

n
2 )2G̃(x, y′) (62)

and

fA(x) = λ
n
2 −2f(λx), gA−1(x) = λ2−

n
2 g(λ−1x). (63)

The first integral simplifies as

λ
n
2 −2

∫
degx ∆g(x) · f(Ax)

dS(x)

R
(64)

= λ
n
2 −2

∫
degx ∆g(x) ·

(
f(y), G̃(Ax, y)

) dS(x)

R
(65)

= λ
n
2 −2

∫
degx ∆g(x) ·

(
f(y), G̃(Ax,Ay′)

) dS(x)

R
(66)

= λ
n
2 −2

∫
(degx ∆g(x), G(Ax,Ay

′)) · f(y) dS(y)
R

(67)

= (λ
n
2 −2)(λ2−

n
2 )2
∫

degy (∆g(x), G(x, y
′)) · f(y) dS(y)

R
(68)

= λ−
n
2

∫
degy ∆y′g(y′) · f(y) dS(y)

R
(69)

= λ2−
n
2

∫
degy ∆yg(y

′) · f(y) dS(y)
R

(70)

since ∆y(λ
2−n

2 g(y′)) = λ2−
n
2 ·λ−2·∆y′g(y′) = λ−

n
2 ∆y′g(y′). The second integral
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transforms as

λ
n
2 −2

∫
degx g(x) ·∆f(Ax)

dS(x)

R
(71)

= λ
n
2 −2

∫
degx g(x) · (∆f(y), G(Ax, y))

dS(x)

R
(72)

= λ
n
2 −2

∫
degx g(x) · (∆f(y), G(Ax,Ay′))

dS(x)

R
(73)

= λ
n
2 −2

∫ (
degx g(x), G̃(Ax,Ay

′)
)
·∆f(y) dS(y)

R
(74)

= (λ
n
2 −2)(λ2−

n
2 )2
∫

degy

(
g(x), G̃(x, y′)

)
·∆f(y) dS(y)

R
(75)

= λ2−
n
2

∫
degy g(y

′) ·∆f(y) dS(y)
R

. (76)

The third integral transforms as

λ2−
n
2

∫
g(y′) · degy ∆f(y)

dS(y)

R
(77)

= λ2−
n
2

∫ (
g(x), G̃(x, y′)

)
· degy ∆f(y)

dS(y)

R
(78)

= λ2−
n
2

∫ (
g(x), G̃(A−1x′, A−1y)

)
· degy ∆f(y)

dS(y)

R
(79)

= λ2−
n
2

∫
g(x) ·

(
degx ∆f(y), G(A

−1x′, A−1y)
) dS(x)

R
(80)

= (λ2−
n
2 )(λ

n
2 −1)2

∫
g(x) · degx (∆f(y), G(x′, y))

dS(x)

R
(81)

= λ
n
2

∫
g(x) · degx ∆x′f(x′)

dS(x)

R
(82)

= λ
n
2 −2

∫
g(x) · degx ∆xf(x

′)
dS(x)

R
(83)

where x′ = Ax. This shows invariance of individual integrals and the sum.

4.2 Inversions

In order to show invariance under inversions, we can reduce to the case where the
pairing is for homogeneous polynomials of some fixed degrees. This is because
harmonic and biharmonic are real-analytic and a polynomial always decomposes
into a sum of homogeneous components. Consider the operators

e = −1

2
r2 h = deg, f =

1

2
∆ (84)

on R3 which commute with the action of SO3(R) on S2 and satisfy the relations

[e, f ] = h, [h, e] = 2e, [h, e] = −2f. (85)
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If Pn is the space of homogeneous polynomials of degree n, then Hn, the subset
of Pn annihilated by f , are the harmonic polynomials of degree n. Notice,

h(φ) =

(
n+

3

2

)
φ (86)

for φ ∈ Pn, and if φ ∈ Hn also, then

fe(φ) = ef(φ)− h(φ) = −
(
n+

3

2

)
φ. (87)

The degree can be inducted on to obtain

fek(φ) = efk−1(φ)− hek−1(φ) = −
(
nk + k(k − 1) +

3k

2

)
ek−1φ (88)

and

fek(Hn) = ek−1(Hn). (89)

A decomposition into irreducible representations of O(n),

Pn = Hn ⊕ e (Hn−2)⊕ e2 (Hn−4)⊕ · · · (90)

can also be found by induction, since fe(Pn−2) = Pn−2 and Hn ∩ ePn−2 = 0,
but f : Pn → Pn−2 is surjective, and Pn = Hn ⊕ ePn−2. This means

C[S2] =

∞⊕
n=0

Hn, dimHn = dimPn − dimPn−2 = 2n+ 1 (91)

which also can be generalized to higher dimensions through a similar argument.
This leads to the following result.

Proposition 4.3. The pairing (·, ·) is invariant under inversions.

Proof. Without loss of generality, we can assume the integrals are over the unit
sphere. We can also assume f is homogeneous of degree d, where f = f1 + r2f2
and f1, f2 are both harmonic and homogeneous of degree d and d−2 respectively.
We assume g is homogeneous, and g = g2+r

2g1, where g1, g2 are both harmonic.
The dilation invariance ensures g is homogeneous of degree −d− n+ 4, from

(fA−1 , gA−1) =
(
λ

n
2 −2f(λx), λ

n
2 −2g(λx)

)
= λn−4+df+dg (f, g) (92)

requiring λn−4+df+dg = 1, and g1, g2 are homogeneous of degree −d−n+2 and
−d − n + 4 respectively. The polynomial decomposition above shows that the
space of biharmonic polynomials of degree d can be decomposed into V1 ⊕ V2
which are irreducible representations of O(n) consisting of harmonic polynomials
of degree d and d− 2 respectively. An analaogous statement holds for the space
of biharmonic polynomials of degree −d − n + 4 into W1 ⊕ W2 in terms of
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harmonic polynomials of degree −d − n + 2 and −d − n + 4 respectively. The
isomorphism between Vi and Wi is provided by inversion. We find the pairing
itself decomposes into the sum of a pairing between Vi andWi, as a consequence
of Schur’s Lemma, namely (f, g) = (f1, g1) + (f2, g2). After inversion,

fA(x) = JA(x)f2(Ax) + r2JA(x)f1(Ax), gA(x) = JA(x)g1(Ax) + r2JA(x)g2(Ax)

where JA(x) = J2(x) from simplifying

J4(x)(f1(Ax) + r2f2(Ax)), J4(x)(g2(Ax) + r2g1(Ax)) (93)

since the conformal factors J2(x), J4(x) are related by a factor of r2 for inversion.
Observe

(f, g) =

∫
degx ∆r

2g1(x) · f1(x)
dS(x)

R
(94)

+

∫
degx g2(x) ·∆r2f2(x)

dS(x)

R
(95)

−
∫
g2(x) · degx ∆r2f2(x)

dS(x)

R
(96)

and

(fA, gA) =

∫
degx ∆r

2JA(x)g2(Ax) · f2(Ax)
dS(x)

R
(97)

+

∫
degx JA(x)g1(Ax) ·∆r2JA(x)f1(x)

dS(x)

R
(98)

−
∫
JA(x)g1(Ax) · degx ∆r2JA(x)f1(Ax)

dS(x)

R
(99)

where ∆2(r2h) = 4 deg(h) + 2nh if h is a harmonic function on Rn. The fact
f1, f2, g1, and g2 are homogeneous means we can simplify the deg and ∆ terms to
obtain coefficients that show (f, g) and (fA, gA) match after a change of variables
on the unit sphere, possibly up to a sign due to orientation reversal.

4.3 The General Case

The reproducing formula for ∆kf = 0 can be found by iteratively applying
Green’s identity to the biharmonic expression. In this case, we have

f(x) = −
∫

∆k−1G̃(x, y) · f(y) dS(y)
R

(100)

+

k−1∑
n=1

∫
degy ∆

k−n−1G̃(x, y) ·∆nf(y)
dS(y)

R
(101)

+

k−1∑
n=1

∫
∆k−n−1G̃(x, y) · degy ∆nf(y)

dS(y)

R
(102)
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on the sphere from Green’s identity, where ∆k−1G̃ = G, expressing the value of
the function in terms of its values on the boundary. This means we can form
the pairing in the same way as earlier,

(f, g) = −
∫

∆k−1g(y) · f(y) dS(y)
R

(103)

+

k−1∑
n=1

∫
degy ∆

k−n−1g(y) ·∆nf(y)
dS(y)

R
(104)

+

k−1∑
n=1

∫
∆k−n−1g(y) · degy ∆nf(y)

dS(y)

R
(105)

on the spaces of polyharmonic functions regular at zero and at infinity.
In order to show conformal invariance of this expression, we can use the same

method as for biharmonic functions. We show invariance under rotations and
dilations explicitly, and utilize that together with the harmonic decomposition
to express the pairing in terms of sums of smaller pairings. In showing invariance
under inversions and parallel translations, we make use of the fact the pairing
itself has a decomposition.

5 Conclusion

In this paper, we have constructed a bilinear pairing and shown conformal in-
variance for scalar-valued functions that satisfy even powers of the generalized
Cauchy-Riemann equation, namely ∆kf = 0, known as polyharmonic functions.
The main properties we had to utilize was the existence of reproducing formulas
and the symmetry of the generalized Cauchy kernel, G̃(x, y).

The next step would be to show the analogous result for the odd case, where
functions take values in a Clifford algebra, and the pairing is between functions
satisfying Dkf = 0 and gDk = 0. In [10], there is a reproducing formula for
functions, f : R2m+2 → Cl(R0,2m+1), that satisfy D∆mf = 0, of the form

f(x) =

∫
∆mN(y − x)γ(y)f(y) (106)

−
m∑

k=1

∫
∂

∂n
∆m−kN(y − x) ·D∆k−1f(y) dS(y) (107)

+

m∑
k=1

∫
∆m−kN(y − x) · ∂

∂n
D∆k−1f(y) dS(y) (108)

where

γ(y) =

2m+1∑
i=0

(−1)ieidy0 ∧ . . . dyi−1 ∧ dyi+1 ∧ . . . ∧ dy2m+1 (109)
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and

N(x) = (−1)m
(

m+ 1

22m+1m!πm+1

)
x−1 (110)

suggesting the pairing should be

(f, g) =

∫
∆mg(y)γ(y)f(y) (111)

−
m∑

k=1

∫
degy ∆

m−kN(y − x) ·D∆k−1f(y)
dS(y)

R
(112)

+

m∑
k=1

∫
∆m−kN(y − x) · degyD∆k−1f(y)

dS(y)

R
. (113)

However, the polynomial decomposition used to show conformal invariance for
the even case is more difficult to obtain in the odd case. This means that
future work would have to find a method showing conformal invariance without
relying on this decomposition. There are other related pairings that could also
be investigated, such as for unitary structures.
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