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ABSTRACT. In this report, we discuss a new method of approaching the classical
problem of scissors congruence through combinatorial K-theory. We find that
computing the homotopy groups of C'NeSeC gives a new definition of Hochschild
homology and could lend itself to a trace map between K groups and Hochschild
Homology groups of polytopes. We then compute the first homotopy groups under
the Euclidean geometry in R! and R?. Finally, we prove a general theorem about
Ko being isomorphic the subgroup generated by the identity equivalence classes in
71(C'NeSeC) with C being the category polytopes. We also provide a computation
for w1 with the category FinSet, with m1 = @, . Z.
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1. INTRODUCTION

Two polytopes are scissors congruent if one can be cut into finitely many pieces
and rearranged to form the other. In dimensions 1 and 2 with the regular Euclidean
geometry, two polytopes are scissors congruent if and only if they have the same
length /area. Before the twentieth century, the answer not known for higher dimen-
sions, which led David Hilbert to ask whether volume completely determined scissors
congruence in R3 as part of his 23 problems. Within a year, one of his students, Max
Dehn, provided a counterexample and claimed that scissors congruence depended
on the Dehn invariant in addition to volume. The problem of scissors congruence

1



2 MICHAEL ZHENG! MENTORS: SANJANA AGARWAL? AND YUN LIU?

has been unanswered for dimensions higher than four, but within recent years, new
methods have been developed to tackle the age old problem.

These new methods are related to the study of K-theory. In classical algebraic
K-theory, we can look at Waldhausen categories and compute invariants known
as K groups K, for nonnegative integers n. K-theory seeks to study a certain
structure “additivity;” for example, the K (with characteristic 0) will always be Z.
Furthermore, the Dennis Trace maps K groups to Hochschild Homology groups of
the category, which are generally smaller and easier to compute. Thus, the Dennis
Trace is an important result that allows us to extract more data about often the
large K groups. Although polytopes do have a sense of “additivity,” the category
of polytopes does not form a Waldhausen category, so these results from classical
K-theory cannot be applied to polytopes. But, polytopes do form a square category,
and in 2023, Campbell et al. [CKMZ23] introduced the notion of combinatorial
K-theory which shows we can study K-groups of square categories and could help
answer the age old question of scissors congruence. Previously, Inna Zakheravich
(in [Zak17]) has utilized assemblers to attack the question of scissors congruence,
which defines a different combinatorial K-theory. We conjecture that the K-theory
of assemblers is equivalent to the K-theory of squares.

In this report, we will introduce fundamental notions to help understand com-
binatorial K-theory and investigate how combinatorial K-theory can help us solve
scissors congruence. We hope to find an analogue of the Dennis Trace map described
in [McC94] for classical algebraic K-theory, which maps K-groups to Hochschild Ho-
mology groups. More specifically, we provide computations of Hochschild homology
for polytopes in R! and R?, as well as a general claim about H Hy for polytopes in
any geometry: the subgroup formed by equivalence classes under the identity fully
characterize scissors congruence, which is Ky in the polytope context. In general, we
hope to show the existence of a Dennis trace map for combinatorial K-theory.

Following the introduction, we will discuss background definitions related to alge-
braic K-theory and combinatorial K-theory in section 2, as well as going over the
process of computing homotopy groups of the bisimplicial set CNgSeC. We will
then discuss our main computations of 7y in section 3, using the polytopes in R!
and R? as the base category and varying the isometry groups (group of translations,
reflections, and all isometries) in Euclidean space. We find the following:

Theorem 1.1. Under the isometry group of just translations and with C being the
category polytopes in R, m1(CNeSeC) = R. With the isometry group of reflections,
T1(CNeSeC) = D Z1,c) © (D Z(zy)/ ~) for £, 2,y € R and ¢ € R>q, where ~ is the
relation (a,a) ~ 0 and (a,b) + (¢,d) ~ (a,d) + (¢,b) for a,b,c,d € R. With the full
isometry group, m(CNeSeC) =R @ (D Z(s,y)/ ~) with the same relation above.

and in the case of R?,

Theorem 1.2. Under the full isometry group, m1(CNeSeC) = R & (D Z[P,,]) ®
(B Z[Qf]), where P are polytopes with rotational symmetry, Q are polytopes sym-
metric about the x-azis, and 6 € [0, 7).
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Finally, in section 4, we prove that the subgroup generated by the equivalence
class of identity self maps in m1(C'NeSeC) is scissors congruence, i.e., is isomorphic to
Kjy. We also show a computation when our square category is the category of finite
sets, with horizontal morphisms being injective functions and vertical morphisms
being the opposite.

Acknowledgements This research was conducted at the Indiana University Bloom-
ington Summer Mathematics REU, supported by NSF-DMS-2447563. I would like to
thank in particular Sanjana Agarwal and Yun Liu for their mentorship and support.

2. BACKGROUND AND DEFINITIONS

To understand K-theory and Dennis trace, we will first introduce basic notions
regarding simplicial sets and categories.

2.1. Basics. First, we must introduce a basic notion of a category.

Definition 2.1 (Category). A category C consists of objects and morphisms between
objects. We denote the collection of objects in C as Obj(C) and morphisms from an
object A to B as Hom¢ (A, B). Morphisms satisfy the following properties:

(1) There exists an identity morphism from A to A for all objects A, which are
identities (“does nothing”) with respect to composition

(2) Morphisms compose and composition is associative (so long as the target
and source match accordingly)

We will call the category of sets Set and the category of totally ordered finite
sets A. Morphisms in Set are functions and morphisms in A are order preserving
functions. Now, we will introduce the combinatorial definition of a simplicial set (for
more definitions and constructions related to simplicial sets, see [Rie]).

Definition 2.2 (Simplicial Set). A simplicial set is a X, is a collection of sets X,
for each integer n > 0 equipped with face maps d; : X;, — X,,—1 and degeneracy
maps s; : X, — Xp41 satisfying the following relations:

did; = d;_1d;, 1<j

5i8j = 8j418i, 1<]

1 iti=75,7+1

diS]‘ = Sj_ldi if 4 <jJ

sjdi—1 ifi>j+1

Remark 2.3. Note that one could also define a simplicial set as a contravariant

functor from A to Set, but this combinatorial definition is better suited for our
purposes. For the interested reader, a functor is similar to a map between categories.

Definition 2.4 (Nerve of a Category). Let C be a small category. Then, the nerve
of C is the simplicial set NCo with NC; = {strings of i-composable morphisms in C}.

The nerve of a category provides a functor from Cat to sSet (category of simplicial
sets), allowing us to do topology with categories, which relates to the next important
definition.
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Definition 2.5 (Geometric Realization). We define the geometric realization of a
simplicial set X,, denoted |Xe| to be the CW complex obtained by attaching n-cells
for each element z of X,,, with the boundary faces corresponding to the (n — 1) faces
of dz(a;)

By looking at the geometric realization of the nerve of a category), we can calculate
the homotopy groups of a category, a recipe given in [Weil3]. To briefly summarize
the computation for 7, we treat the category as a graph with edges as morphisms
and vertices as objects. We then take a maximal spanning tree, quotienting out by
the tree, and defining multiplication of equivalence classes in the natural way.

The next two constructions will help us understand the Dennis trace map. We
start with the K-theory space for a special type of category given by SeC.

Definition 2.6 (S, of a Category). Let C be a small category with a zero object
and cofibrations. Then, S,C is the simplicial category given by S;C = {O — A4; ‘—f1—>
f2 fi

We have not formally defined what cofibrations are but they behave similarly
to injective maps and monomorphisms. For more details on the Waldhausen S,
construction, see [Wal83]. The face maps for S, d; : S,, — S,—1 remove the i'th
object (4;) and composes morphisms accordingly for all ¢ > 0 . dy removes the
first object (A1) and quotients all A; by A; for all j > 1, and composes morphisms
accordingly. Notice that if we remove Ag, which is the zero object, the resulting
sequence will no longer be in S,,_ since it does not start with the zero object.

The next construction is the cyclic nerve, which gives our Hochschild Homology
when we look at the homotopy groups of it:

Definition 2.7 (Cyclic Nerve). Let C be a small category. Then, the cyclic nerve of
C, is the simplicial set CN,C with CN;C = {C) f—0> o £> ... fz;l> C; fé Co}.

The face maps d; : CN,, — C'N,_1 removes the i’th object and composes mor-

phisms accordingly for all ¢ > 0. For example, applying dy to Cy 1% Ch 11%

o0 Iy ) would result in C 20 o S L 00 Wiith these

two constructions established, we then move to discussing the (square) category of
polytopes.

2.2. Square K-Theory. Most of the background for this section appears in [CIKMZ23]
and [CS24], so I will only provide a brief and quick overview that is necessary for
understanding my project.

The actual category of polytopes we will be working with is a double category,
which is essentially two categories put together.

Definition 2.8 (Double Category). A (simple) double category C is a pair of
categories &¢ and M where the 2-cells are uniquely determined by their boundaries.
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Note that one could find a more rigorous and lengthier definition of a double
category in [CKMZ23], but it suffices to know that it contains distinguished squares
which commute horizontally and vertically. Horizontal morphisms (<) are the
morphisms inherited from M and vertical morphisms (—) are the morphisms
inherited from &:. Functors between double categories are comprised of a horizontal
functor and vertical functor that agree on objects and preserve distinguished squares.

Definition 2.9 (Square Category). A squares category is a simple double category
with a basepoint O (which will be the zero polytope in our case) that is initial in
both & and M. Functors preserve the basepoint.

By [CKMZ23], the category of polytopes forms a square category by denoting the
vertical morphisms as reverse isometry inclusions, i.e., if f : P — (@ is a vertical
morphism, then there exists isometry o such that o(Q) C P.

Definition 2.10 (S5 Construction). Let S&' denote the double category generated
by commutative diagrams of the form:

Ao() — A[)l c > A02 c A Aon
Lo }

A11 c >A12 c A Aln

} }

A22 < e S Agn

A\;n

Given a squares category C, SHC as the subcategory of Fun(SY, C) where an object
F : S5 — C has the property F(A;) = O and morphisms being vertical natural
transformations. Then, SJC forms a simplicial category, where d; removes the ’th
row and column.

The STC of square categories provides an analogous version of the S,C construction
for Waldhausen categories, and agrees when C is a Waldhausen category [C524].

2.3. Dennis Trace Map. In classical algebraic K-theory, the Dennis Trace Map links
K-theory to Hochschild homology for (spectrally enriched) Waldhausen categories.
For a more explicit construction, see [McC94], but for our purposes, a spectrally
enriched Waldhausen category is a category with special properties that polytopes do
not satisfy. However, for such categories C, the K-theory space is given by taking the
loop space of SeC and Hochschild Homology space is given by CN4C. By mapping
SeC to the 0’th level of C'N,SeC, we induce a map from K-theory space to Hochschild
homology space since the loop space of C'Ne¢SeC, denoted Q|CNoSeC|, is weakly
equivalent to C'N4C.
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The diagram below displays a rough view of how the trace map works:

SeC CN,S.C

Q]S.C| ——+5 Q|CN,S.C| ~ CN,C

As stated earlier, the trace map is an extremely useful result as K-groups are often very
large and hard to compute with Hochschild homology groups are generally smaller
and easier to compute. Thus, by looking at the Hochschild homology of a category,
we learn more about the K-theory of the category; perhaps an analogue of the Dennis
trace for combinatorial K-theory can help us understand higher dimensional scissors
congruence.

2.4. Computing Homotopy Groups. Mirroring the classical construction of
Hochschild Homology and Dennis trace for Waldhausen categories, we want our
Hochschild Homology groups to be the homotopy groups of the complex CN¢S,C. We
conjecture that the K-groups we desire, with Ky = {Polytopes}/Scissors Congruence,
are subgroups of the homotopy groups of C'N,S,C; in fact, we will prove later that
K is exactly the subgroup of polytopes under the identity self-map for all dimensions
and geometries.

To compute the homotopy group of this double complex, we can take the geometric
realization its geometric realization and look at its loop space. [Stel8] goes more in
depth on how to compute homotopy groups but the main focus of this report is 7.
For 71, computing the group is very simple since C'NySy and C'N1.Sy only contain
the zero object; thus, m is given by the elements of C'NyS7 quotiented out by the
relations coming from C'N1S; and C'NySs via the boundary map, d = > (—1)"d;.

3. PoLYTOPES IN R AND R2

Some of the main results were computations of 1 in R and R? to see if we could
formulate some sense of a trace map between combinatorial K-theory and a notion
of Hochschild homology.

First, we define a general polytope:

Definition 3.1 (Polytope). Given a geometry X, a polytope P C X" is a finite
union of n-dimensional simplices.

For more precise definitions of polytopes and simplices given a geometry X, see
Cary Malkiewich’s “On Higher Scissors Congruence” [Mal24].

3.1. Polytopes in R. We will first need some preliminary results to find 7 of the
bisimplicial set C N4 SoC, where C is the category of polytopes in R, In R, simplices
are line segments on the real line, so:
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Definition 3.2. A polytope in R is a finite disjoint union of line segments (simplices
of R!), which we denote as a tuple (I;, s;)

We notice that the above is equivalent to the usual definition of a polytope as a
finite union of simplices.

Definition 3.3. A polytope P C R is symmetric (about the origin) if r(P) = P.

Definition 3.4. A polytope S C R is a symmetric component if S = Uy U Us, where
Ui, Uz C R are unit polytopes such that U; = r(Usz) and |U; N Usz| < 1. We can also
write a symmetric component to be S = U\C, where U and C are unit polytopes.

Remark 3.5. A symmetric component S can be written as U\C, where U and C
are unit polytopes centered at the origin.

Lemma 3.6. Up to translation, any polytope has a unique representation such that
half of its length is on one side of the origin.

Proof. Let P be a polytope in R. Then, by previous lemma, P = | |, U; for line
segments U; = [a;, b;] C R. Let ¢ = (b, — a1)/2. Then, translate P by —c so that P
is centered at the origin after translation. By construction, half of the length of P is
on one side of the origin, since the total length of P is b, — a;. This is also unique
as the decomposition into disjoint segments is unique, netting a unique ¢ required
for translation. g

Lemma 3.7. Up to translation a polytope has two possible self maps: identity id
and reflection about origin r. Identity and reflection are not in the same conjugacy
class in E.

Proof. Let P C R be a polytope. By previous lemma, there exists P’ such that P’ is
a translate of P and is centered at the origin. Let f be a self-isometry of P’ such that
f #id. Then, f = mr® where m is a translation and r is the reflection about the
origin. Note that i € {0,1}. Then, mr?(P') = P'. If i = 0, then f is a translation
and must be the identity. So, ¢ = 1. Since f is an isometry which preserves distances,
0 € P’ must map to 0. Notice f(0) = mr(0) = m(—0) = m(0). So, m(0) = 0. Thus,
m =1id and f = r. Therefore, if f £ id, f = r, and P has at most two possible self
maps up to translation. O

Lemma 3.8. Let P C R be a symmetric polytope. Then, P has a unique decomposi-
tion into symmetric components.

Proof. Suppose P is symmetric. By our construction of polytopes in R, P will have
a unique decomposition into unit polytopes. So, suppose P = P; Ll ---U P,. Then,
consider a component P; and its image under the reflection, r(P;). If P; = r(F;),
then P; is a symmetric component. If not, then since P is symmetric, r(P;) C P.
Therefore, there exists j such that r(P;) C P;. But necessarily, r(P;) C P;, and
thus, r(P;) = P;. Then, P; U P; is a symmetric component. Thus, for all i € [n], P;
is part of a symmetric component. Uniqueness of this decomposition follows from
uniqueness of P’s decomposition into unit polytopes. O



8 MICHAEL ZHENG! MENTORS: SANJANA AGARWAL? AND YUN LIU?

We will first compute with our isometry group being only translations.

Lemma 3.9. Let G be the group of translations of R. With G as the isometry group,
the abelianization of w1 is R, with C being the double category of polytopes.

Proof. The objects of w1 are precisely equivalence classes of the objects of C'NyS1C,
as we have that CN1S5¢C and CNySoC are both 0. Thus, an object takes the form:

0 —— P

| b

0—— P

where f € G is a translation. But since we have f(P) C P, f must be the identity.
Thus, we write [P] to represent the above element of 7. To determine the relations
on the equivalence classes, we look at the face maps, which give the following rela-
tions:

For do,dl : C’N15‘1C — CN()S1C, do = d1.

And for do, dl, dg : CN()SQC — CN()SlC, dodg = dl.
First, we notice that objects of C'N1S1C have the form:

and applying d; gives:

and applying dy gives:

Notice that since P and @ are translations of each other, with fg = gf = id, this
relation tells us that [P] = [Q].
Turning to C'NySs, applying dy gives:
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0 —— Q/P

0 —— Q/P

Applying d; gives:

Finally, applying do gives:

0——P

0——P

Thus, the relation coming from C'NySy tells us [Q] = [Q/P] - [P]. Thus, m is the
free group generated by [P] quotiented by this relation. However, after taking the
abelianization of 71, we notice that for any two unit polytopes P; = (¢1,s1) and
Py = (£a, s2), there exists Pj € [Ps] such that Pj = ({2, s1 + 1) as Pj is a translation
of P,. Thus, we have

(3.10) [P1] + [Po] = [P1] + [Py] = [Py U Py] = [(¢1 + €2, 51)]

Notice that up to translation, the sum is simply the length ¢; + #5.
Extending this to arbitrary n € N, we have for any polytope P € R such that
P=P - -UP,,

n n
(3.11) [P] = [P] = tis0)]

i=1 i=1
Every polytope is equivalent to a unit polytope with length equal to the sum of its
components, and thus, the elements of 7w are completely characterized by length.
Since a polytope must have length in R, and our 7; group operation adds lengths
together, m; = R. O

Then, we will compute when our isometry group is only the identity and reflection.

Lemma 3.12. Let R be the group containing the identity and reflection about the
origin in R. Then, the abelianization of w1 is @ Zye) ® (D Z(wy)/ ~) for {,x,y € R
and ¢ € Rxq, where ~ is the relation (a,a) ~ 0 and (a,b) + (¢,d) ~ (a,d) + (¢, b) for
a,b,c,d € R. We will call the latter quotient group w7 (C).

Proof. As with the translation subgroup, we have that the elements of 7 are the
equivalence classes of objects in CN1.5yC, which take the form:
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0——P

|

0——P

where f € R, so f = id or f = r, where r is a reflection about the origin. So, for
each polytope P C R, there are at most two equivalence classes: [P;4] and [P,], with
the latter only existing if P is symmetric. With the equivalence classes established,
we now move onto determining relations between objects.

We essentially get the same relations as in the translations case, except now the self
isometries of a polytope can include r. So, if we have morphisms f : P — @ and
g:Q — P, [Pys] = [Qypg). This relation tells us if P and @ are reflections of each
other, [Pid] = [Qid.

Similarly, we have [Qy] = [Q/P,/f] + [P] coming from C'NySs. If g, f = id, we have
the same relation as with translations, where we can break up polytopes as sums
of unit polytopes. However, since there are no translations, we can only quotient
out by reflections. If we write a unit polytope as a length ¢ and a center point ¢, we
have that [(¢, c);q] = [(¢, —¢)ia]. So, all equivalence classes under id are characterized
as sums of unit polytopes with nonnegative center, i.e.,  Z,) such that ¢ > 0.

If g, f = r, we have a similar splitting relation for symmetric (about the origin)
polytopes. By a previous lemma, we have that any symmetric polytope will have a
unique decomposition into symmetric components. Therefore, the equivalence classes
of symmetric polytopes is generated by symmetric components. Then, we may write
each symmetric polytope S = U\C' as (x,y) where x,y € R are the lengths of the
unit polytopes. By the splitting relation, we have:

(3.13) (5] = [Ur] = [Cr] = [(z, y)r] = [(2,0);] = [(, 0)r].
Adding two symmetric polytopes gives the following relation:

[(a,b)r] + [(c, d);] = [(a, 0)r] = [(b,0):] + [(c, 0)r] = [(d, 0)r]
(3.14) = [(a,0)r] = [(d,0)r] + [(c, 0);] = [(b, 0)r]
[(a,d),] + [(c,b),]

We also notice that the symmetric component (a, a) is the zero polytope. Thus, the
equivalence classes of symmetric polytopes are generated by symmetric components
with these relations, which is precisely P Z )/ ~ for £,z,y € R.

Finally, we observe that the following squares can never commute, which separate
the equivalences classes under ¢d and r:

Pp-~25Q P-—"—

Q
R
Q

Pp—~25Q P
All together, m1(CNeSeC) = D Zy,e) © (D Z(zy)/ ~)- O

Finally, combining the two together to form the full isometry group:
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Theorem 3.15. Let E be the full isometry group on R. Then, the abelianization of
m is R (C).

Proof. By a previous lemma, each polytope P has at most two self isometries, id
and mr, where m is a translation. Thus, each polytope has at most two equivalence
classes in 71, which we will denote [P;q and [P,,,]. The relations are very similar to
previous cases.
If morphisms f: P — @, g : Q@ — P exist, then [Pys] = [Q4]. The cases where
f, g are both translations or both reflections are the same as previous calculations,
namely that:

(1) If Q is a translate of P, then [Q;q] = [Pial-

(2) If Q is a reflection of P, then [Q;q] = [Pl
The only new case is if one is a translation and the other is a reflection. Without
loss of generality, suppose f is a translation and g is a reflection. Then, we have that
the compositions fg and gf are also reflections; therefore, if @) is a reflection of P,
[Prr] = [Qnr], where mr, nr are self-reflections. By centering symmetric polytopes,
we can associate every symmetric polytope with one centered at the origin. Thus,
we have characterized the types of equivalence classes: [P;4] and [P, ].
Considering the square

0 —— P25 Q

| Ll

0 —— P23 Q

we once again have that f, g must both be reflections or the identity. Therefore, no
new data is added from this direction aside from being able to split the identity
classes of polytopes into unit polytopes and symmetric classes of polytopes into
symmetric components (by choosing representatives centered at the origin.

Since all translations are inside E, [Pyy] = [length(P);q], which follows from the
translation subgroup. Thus, the equivalence classes [P;4] are lengths in R. Similarly,
following the case of the isometry group being just the identity map and reflection
about 0, [P,] is generated by symmetric components under the same relation.

All together, m1(C'NeSeC) = R & 71 (C). O

3.2. Polytopes in R2. Let ry denote a rotation counterclockwise by 6 about the
origin and fy denote a flip over the line passing through the origin at an angle of 6.

Theorem 3.16. Under the full isometry group E? of R?, m is R® (D Z[P,,]) ®
(Z]Q¢]), where P are polytopes with rotational symmetry, Q are polytopes symmetric
about the x-axis, and 6 € [0, 7).

First, we will prove some preliminary lemmas.
Lemma 3.17. The identity component of m1(CNeSeC) is R.

Proof. See Theorem 4.1; this follows from classical scissors congruence, as in R?,
polytopes are scissors congruent iff they have the same area. O
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Lemma 3.18. [Qg] = [P] if there exists an isomorphism o € E? such that ogo~! =

h.

Proof. Consider the following:

0 —— P "> Q
| v e
0 —— P "> Q

which tells us [Qg] = [Q/P,/f] - [Pr]. But since ¢ is an isomorphism, Q/P = 0, so
[Qq4] = [Pr). Notice that ogo~! = h since the square commutes. O

Lemma 3.19. The S, direction of CNgSe recovers all relations from the CN,
direction of CNeS1 at the one level.

Proof. This follows from previous proofs of computations in R!, notably utilizing
the following diagram in C'NySs:

0 —— P "> Q

e

0 —— P75 Q

to get the relation [Qp4] = [Py], which comes from the C'N, direction. Notice o is
implied to be an isomorphism, since h: P — @ and g : Q — P are both epis. ]

With these lemmas, we are ready to prove Theorem 3.16:

Proof. We begin by noticing that the following squares cannot commute, and there-
fore, cannot exist in C'NyS2C:

P29 P—-2»Q P—25Q P—-2-Q P

o,
fe iid lid o ! id  |id f o |Te
o,

P—25Q P—25Q P-—-T-Q

QO

%
~

QO

This is precisely because id, ¢ and ry, f are in separate conjugacy classes, which
will help us separate the three components of 7 later.

Since the previous lemma already tells us what the identity component is, we
must have to compute the rotation and flip components. In general, we notice that
if a polytope P has rotational or flip symmetry, there exists a translate P’ centered
at the origin with the same rotational or reflection symmetry, which is achieved by
conjugating by a translation (which translates the centroid to the origin). So, we
only need to consider polytopes centered about the origin, as with the computations
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for R,
Rotations: We first observe that the possible conjugates of rg is only r_g, and
therefore, the only equivalence up to rotation we have is [P,,] = [P-_,]. Also noting

that the squares of rotations of different angles does not commute (as shown above),
we do not have any further addition relations. Therefore, the rotation component
of m is @ Z[P,,] where 6 € [0,7] and P C R? a polytope with such a rotational
symimetry.

Reflections: We first observe that fy is conjugate to f for all 8: rgfr_g = fp.
Therefore, [Py,] = [Q] for some polytope @ (which is 7_y(P)). We then claim that all
conjugates (not including translation) of f take the form of fy, as fo fy f, - 20—
which is already characterized by the previous conjugation. The addition relation
here does not add any nicer decomposition, and in general, the addition relation
does not play nicely in R? since we have no clear notion of a “unit polytope.” Thus,
we have the reflection component being generated by [Py], therefore being € Z[Py].

All in all, the abelianized 71 (CNeSeC) is R @ (D Z[Py,]) ® (Z[Qy]). O

4. GENERAL RESULTS

The following theorem generalizes a result we found in the case of polytopes in
R! and R? with Euclidean geometry. Let C be the square category of polytopes for
a given geometry. Then, the subgroup of equivalence classes under the identity of
m1(C'NeSeC) gives the parameters for scissors congruence, which is summed up in
the following theorem:

Theorem 4.1. For polytopes P,Q in Ob(C), P is scissors congruent to QQ <~
[Pld] = [Q’Ld] m ™ (CN.S.C)

Proof. Let E be the isometry group for C.

=-: Suppose P is scissors congruent to (). Then, there exists a decomposition of
P such that P = | |' | P, and Q = ||\, gi(P;) where g; € E. Now, consider the
following diagram in C'NySaC:

0—— A<= B
| b e
00— A< B

which tells us we may split a polytope B’s equivalence classes into components
[Big) = [B/Aid] + [Aid]. Extending this through induction, [P4] = >0 [(Pi)id)-
Then, the following diagram in C'NySoC,

0‘—>Pi‘g—i>gi(Pi)

s

0(—>Pi(g—i>gi(Pi)
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tells us [g;(P;)iq) = [(Pi)ia). Therefore,

n n

(4.2) [Pl = D _[(Pial = Y _lgi(Pi)ia] = [Qial:
i=1 i=1
< Suppose [P;g] = [Qiq]. By construction of our equivalence classes, there must be

some decomposition such that

n

(43) [Paa) = D _[(Ai)ia] = [Qua]-

i=1
This precisely means that 3g;, h; € E such that P = | [, gi(A;) and Q = ||}, hi(A;).
Thus, P is scissors congruent to Q). O

4.1. Other Computations. Let C be the square category of finite sets, where
horizontal morphisms are injections and vertical morphisms are the opposite. Then,

Theorem 4.4. m1(CNSC) = P, Z.
We first begin with two lemmas from group theory:

Lemma 4.5. If 7 is a cycle of order n, then 7 € Cl(o) where o is the n-cycle
(12...n).

Lemma 4.6 (Disjoint cycle decomposition). For all T € S, T = 1179 - - - T) where
T € Sy, are disjoint cycles.

Then we have the following lemma from set theory:
Lemma 4.7. For any finite set A with |A| =n, A= [n].
Combining the above lemma with the vertical relations, we have:

Lemma 4.8. For any finite set A with self map f, [As] = [[n],s,-1] where g : A — [n]
1$ a bijection.

Proof. The following diagram gives us the lemma:

) — A

gf

) —— A
as we know such a g exists since A & [n]. O

Looking at the horizontal relations, we get the following:
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Lemma 4.9. Consider the diagram

1] A @ B
f g
1] A a B

Then, the following are true:

(1) a(A) = ga(A)
(2) [Bg] = [B/Ag] + [Ayf]

Proof. We will first prove (1). Since the square

A—% B
f g
A a—— B

commutes, we have af (A) = ga(A). But since f(A) = A, as f is a bijection, we have
(1). For (2), it suffices to show that g/f = g. Note that g fixes the image of A under
a. In particular, for all x € B\«a(A), g(x) ¢ A. Thus, g(B\«a(A)) = B\«a(A) and
9/f=g. O

With the above lemmas, we can prove the main theorem:

Proof. For each equivalence class [A¢] where |A| = n, we will choose the representative
[ns] for o € S,,. Note that we leave out the inner square brackets for clarity. We can
then break down o into disjoint cycles o1, 09, ..., 0. Each o; fixes a subset of [n];
let [n;] = {m € [n] : 0i(m) # m}. Then for all j # i, 0j,,] = id. By the horizontal
relations,

k
(4.10) (o] = [(n)a].
i=1
Furthermore, each o; are conjugate to the cycle (12---ord(o;)), so we may choose
the latter cycles as representatives. We also note that [A;4] = [niq], so the identity
component of 7y is Z. So, my = Z® @,,cn[nr] where 7 is the n-cycle (12 ---n), which
is isomorphic as groups under addition to @,y Z. ]
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