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UNITARY DESIGNS FOR QUANTUM COMPUTERS
LUKE JONES!

ABSTRACT. Generating Haar random unitaries is relevant for cryptography,
complexity theory, fundamental physics, and benchmarking quantum opera-
tions. However, this can be computationally intensive for even a quantum
computer. So, an approximate tool is needed. k-designs are unitary distribu-
tions that match the statistical moments, up to the k-th order, of the Haar
measure. Efficiently constructing approximate designs with quantum comput-
ers is an active area of research. This is an expository piece written for the
2025 Indiana University Math REU intended to accompany an expected paper
with novel contributions.
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2 L. JONES

1. CirculT DEPTH

Qubits are dimension 2 column vectors with components «, 8 € C such that
|a)? + |B]*> = 1. More generally, qudits are quantum bits of arbitrary dimension
with the square of components summing to 1. A register of n qudits with same
initial value v is

1 C1
Co Co
Cn Cn

A quantum algorithm applies unitary matrices (gates) via matrix multiplication
to a register of qudits to prepare a desired state. Circuit complexity refers to the
number of parallelized layers of gates required to prepare a state.

Example 1.1. We have a register of 4 qubits: [¢))®*. We want to apply unitary
U; to the first qubit, identity to the second, and a two-qubit 4x4 unitary Us to
the third and fourth qubits. We can use the tensor product to write all of these
applications as one larger gate:

(U1 @ 1® Us) [1h)®* (1.2)

Though 3 gates are applied, this algorithm has a circuit complexity of 1 because
each operation is independent of the others.

The simplest algorithm on a register of n qudits applies (I;) ® --- ® (I,,). An
iterative scheme for parallelizing is to replace subsystem identities, or sets of
subsystem identities, (/) with the first unitary evolution on them. Then, create
a second layer of tensored identities to swap in the second unitary evolutions and
so on. The number of layers will be the circuit complexity/depth.

2. THE COMPLEXITY OF UNIFORM RANDOMNESS

As the unitary group on d-dimensional Hilbert space is compact, there is a Haar
(uniform) measure that weights unitaries equally. Uniform randomess is essential
for quantum information, quantum complexity, and fundamental physics. Unfor-
tunately, most quantum states cannot be prepared with efficient (polynomial in
the number of qudits) circuit depth. We make a formal argument adapted from
Nielsen and Chuang [11].

Theorem 2.1. Exponentially many unitary operations are required to generate
or approximate arbitrary states.

Proof. Suppose we have access to a gate set of size G and each gate can operate
on up to f qubits. We start with a qubit register |0)®”. Then, any gate is one of
O(n'9) choices with O(n/9™) total states accessible.

Now, cover the state space with an e-net. Recall that the coefficients of any
state squared sum to 1, so the tensor space is the surface of the (2"*! —1)-sphere.
The surface area of any e-ball in the net has surface area on the order of a radius
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e (2! — 2)-sphere. We count the number balls in the net as the ratio of the
surface area of the state space to the volume of the radius & (2"*! — 2)-sphere:

VAT - hEr)

]—‘(2”)52"'“*1 (2'1)

The number of balls accessible in m gates is O(n/9™). So, there are states requir-
ing (2" log(1/¢)/log(n)) gates to approximate. O

So, there are limitations to creating uniform randomness on even a quantum
computer. The solution is to construct unitary distributions that look unitary to
an observer who can draw a unitary and test it £ times as a black-box operation.

3. k-DESIGNS

In this section we introduce designs in their more general context before defining
the machinery of unitary designs.

Example 3.1. Suppose we have a polynomial of n variables. We would like to
compute its average over the n-sphere. It is possible to integrate the function over
the sphere or sample many uniformly random points and compute their average.
Both of these approaches are computationally intensive. However, if the terms
of the polynomial have degree at most k, it is possible to calculate the average
exactly with a small set of points | X|.

Definition 3.2. A set X is a spherical k-design for polynomial p with the highest
degree of any term being k if

o p) = [ pldutu) (3.1)

zeX S(RY)

for all p. Note that du is the uniform measure.

On a sphere, these sets of points can be evenly spaced vertex intersections of
platonic solids with the sphere. A unitary design is a set of evenly distributed
unitaries.

Example 3.3. The Pauli Group forms a 1-design, and the Clifford Group forms
a 3-design.

Let’s build the machinery to understand these examples.

3.1. Haar Measure and Moments. The Haar measure pg is the unique left
and right invariant probability measure. For our purposes, we treat it at synony-
mous with uniform randomness and calculate the expectation of f(U) as:

Bl /0] = [ SO0 (3:2)

Definition 3.4. For all operators O € L((C%)®*) we define the k-th moment
operator M (O) :

M (0) = Eynp, [USFOUT®H] (3.3)
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Definition 3.5. A distribution v over S C U(d) is a unitary k-design if and only
if
k k
M3 (0) = M, (O) (3.4)
for all O € L£L((C4)%k).

Definition 3.6. The k-th frame potential of an ensemble of unitaries v is the
double average over the ensemble:

FB = By Te(UVH]. (3.5)

The frame potential for an ensemble is lower-bounded by its Haar value. That
is, FF > .7-",5]2 This is an equality for k-designs. [/]

We are mostly concerned with approximate k-designs, so we need to define
some norms [].

3.2. Approximate Unitary Designs.

Definition 3.7. (Operator norms) The Schatten p-norm of a matrix p is defined
as

loll, = tr (o) (3.6)
with
ol =V pTp. (3.7)
We recall the p — ¢ distance

1@~ 9ol
ol (38)

@ — Wl[p—q = sup
p#0

and its completely bounded strengthening,
I = ¥l = 50D [(® — 1) 9 T - 39)

where Id g is the d-dimensional identity channel. The diamond norm of a quan-
tum channel ® is defined as || ®||, = supy [|® ® Id(g) [[1-1-

Definition 3.8. (s-approximate unitary k-design) We say that an ensemble v of
unitaries is an additive e-approximate unitary k-design if

| — @], <e. (3.10)
This captures how close an ensemble is to replicating the moments of U(d). A

stronger condition (implying additive error) is multiplicative/relative error. This
requires

(1 — 5)(I)MH,k j (pU,k j (1 + €>CI)MHJ€ (311)

where A < B for linear superoperators A and B implies B — A is completely
positive [13]

In the next sections we use this machinery to introduce several structured
ensembles.
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4. CPFPC ENSEMBLE

The CPF PC ensemble [2] is a convolution of distributions built on the earlier
PFC ensemble [5] to be self-adjoint. Each distribution is over a subset of the
unitaries with useful properties.

e ( corresponds to a measure over Cl,, the n-qubit Clifford group.
e [ corresponds to a measure over the diagonal (41)-matrix all diagonal
subgroup of U?".
e P corresponds to a measure over elements of Sym”(2"). That is, P(7) €
U(2") where m € Sym(2").
All together: veprpe = u(Cl,) * u(SymY (27)) * u(F) * u(Sym” (27)) * u(Cl,)
where p is the Haar probability measure. This is an effective combination of dis-
tributions due to a key theorem on classifying representations on unitary groups.

Theorem 4.1. (Schur-Weyl Duality) Consider tensor space (C4)®™ with k fac-
tors. The symmetric group Sy and general linear group G L, commute as actions.
Moreover, their joint action decomposes the tensor space into a direct sum of
wrreducible modules that totally determine each other. That is

(CH* =P @ pf (4.1)

where representations pt of GL,, and 72 of Sy are each mutually non-isomorphic

[0]-

Intuitively, the permutation distribution can be thought of randomizing under
permutation symmetry while the rest randomize under unitary symmetry. So
there is mixing in each component. Let’s now concretize what we mean by mixing.

4.1. On Mixing. Since we make random draws from an approximate unitary
design and apply them in sequence, we need tools for determining how quickly
this random walk converges to the random walk on the Haar distribution. For
a finite, or compact Lie Group G with unitary representation p, our first tool is
the spectral gap.

Definition 4.2. The spectral gap, A(v, (G, p)), of v on (G, p) is defined as follows:
Av,(G,p)) =1 = [IMy(lg) = Mu(le)llo (4.2)

Henceforth, we simply write M, when applied to the identity operator. Notice
that since uq is left and right invariant,

(M — Muc)k = M(v*’“) — Mg (4.3)
M. (Ie) = Muo)ll5 = [Mper(Ia) = Mu(Ia)llo- (4.4)

It then follows for k dependent on the desired moment depth, we can get multi-
plicative error unitary designs from this result.

Kazhdan constants are another tool for analyzing mixing.
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Definition 4.3. Let GG be a group generated by a set S. The Kazhdan constant
K(G; S) is the largest € > 0 such that for every unitary representation p : G —
U(#H) without non-zero G-invariant vectors (i.e., no trivial subrepresentation),
and every unit vector [i)) € H, there exists g € S satisfying:

lp(g)[e) = 1)l = e

It’s possible to get a lower bound on the spectral gap from the Kazhdan con-

stant. We leave the proof to ([2]), and move on to a total spectral gap for the
CPFPC ensemble.

4.2. An Overview. We will briefly cover how the full spectral gap is calculated
for the full CPFPC ensemble. The PFC' ensemble comes from earlier work by
[1], and extends to give

t
95~ 5] = 0 (55 (45)

[2] work with the alternating group rather than the full symmetric group t-
transitivity of Alt(/N) implies that moments of small order are equal. We also
perform a substitution for F' because mixing in an abelian group is slow. We will
essentially replace F' with a random phase. [5] prove that such an operation can
be simulated by with permutations. Fast mixing on the alternating group comes
from Kassabov who found a fast expander on the alternating group [7]. As a
component, we must now address the Cliffords. Let’s prove this now.

Proof. Let Cl,, be the n-qubit Clifford group and P, the n-qubit Pauli group.
These properties hold:

(1) Cl, is a unitary 2-design for all n > 1 [3].
(2) For any Pauli operators P, Q € Py:

1
|CL|

id*® fPRQOREC .
0 otherwise

Y CF(PeQeR)(CH = {

CeCl,

where %3 is the symmetric subspace for 3 copies under Clifford conjuga-
tion [9].

(3) For n > 2, the commutant algebra of {U®3 : U € U(2")} has dimension
dim(Commg) = 3! = 6, matching the dimension for the Clifford group
{C®3 . C € Cl,} [10].

Since Cl,, is a 2-design (property 1), it suffices to verify the 3-design condition for
the channel:

P () = Ecc, [CP3()(CH)*?]

By property 2, Pauli operators either map to identity or vanish. The surviving
operators correspond to the symmetric subspace .%3 which is spanned by permu-
tation operators {Il, : o € S3}.
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Property 3 ensures that the commutant dimension matches the Haar measure
case for n > 2. Since the Haar-twirl channel:

T = / IR CIGORT

also projects onto span{Il,}, we have ®® = ¥® for n > 2.
Thus Cl, is a unitary 3-design for n > 2 qubits [3]! O

5. UNITARY DESIGNS FROM STATISTICAL MECHANICS

In this section we share another approach to constructing unitary designs. [3]
establishes convergence bounds for random quantum circuits ( as approximate k-
designs with a statistical mechanical framework mapping design convergence to
partition functions. The following approach transforms the design convergence
problem into a lattice partition function.

5.1. Revisiting the Frame Potential. Recall that the k-th frame potential
Fggc is defined as follows:

Fo= [ av T (Uaeon) P, (1)
RQC

where Us—1y denotes the time-evolved unitary after 2(¢t — 1) layers. This rep-
resentation corresponds to k replicas of the circuit and k replicas of its adjoint
arranged in a bilayer structure with periodic boundary conditions [3].

We use the Weingarten calculus (consequence of S-W Duality) to perform Haar
integration over each two-site gate U € U(g?) to get the following decomposition
[3]:

/dU Uk @ Utek = Z Wy(o™'r,¢*) P, ® Py, (5.2)

o, TESE

where P, is a permutation o € Si, and Wy denotes the Weingarten function.
This scheme creates an effective lattice vertex structure characterized by o-
spins (vertices) and 7-spins (dual vertices) taking values in S, with horizontal
edges weighted by Wy(o~'7,¢?) and diagonal edges encoding the inner product
(o|7) = ¢"“ ') {(-) counts the cycles in the permutation [3].

This circuit geometry naturally induces a hexagonal lattice of width n, = [n/2]
gates per layer and depth 2(t — 1) time steps, with spins ¢ € Sy on vertices.
Subsequent summation over 7-spins reduces this hexagonal lattice to a triangular
lattice via the three-body interaction vertex

o — Lo 1o
Jorey = D Wyloy 7, q)g/ 7 o), (5.3)
TESE
The frame potential then is the partition function of this effective spin system:

Froc=>_ T oo (5.4)

{ov} (vivavs)
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where the product extends over the downward oriented triangles in the lattice. [3]

The configurations in the partition function have an interpretation in terms of
domain walls. Ground states correspond to uniform configurations where o, = oy
for all vertices v. They exhibit k!-fold degeneracy. Elementary excitations are
domain walls separating regions of distinct permutations with wall types indexed
by transpositions (ij) € Sy generating the symmetric group.

For the k = 2 case, the Zs-symmetric system supports domain walls separating
the identity (/) and the swap (S) phases. In systems with k£ > 3, the Sy symme-
try permits complex domain wall interactions like the creation and annihilation
vertices, topological crossings with braiding, and closed loop configurations with
self-interactions. The approach to k-design behavior corresponds directly to pro-
liferation of domain walls throughout the lattice. The potential ]:P({Igc — k! decays
exponentially with circuit depth ¢ at a rate determined by

AF(t) = min [E(y) - TS(7)] (5.5)

for domain walls ~y traveling the whole system, where E(7) denotes the energy of
the domain wall configuration and S() is its entropy. This construction yields
the characteristic depth scaling t ~ n'/?, where D is the domain wall dimension

[3]-

6. APPENDIX
7. A. GENERAL QUANTUM COMPUTING

7.1. Qubits and More. Quantum computers use qubits rather than bits. Qubits
can be represented mathematically as a linear combination of the O-state and 1-
state. In Dirac notation these states are:

o) = [g]- m=13] (7.1

A qubit is denoted [¢)) where

) = {g =a H + m : (7.2)

where «, 8 are complex numbers, and |« + |5]> = 1. Measurement is a way to
extract information from a qubit. When a qubit is measured, it collapses into the
measured state. The amplitude of « or 5 can be thought of as the probability
of measuring |¢)) as as or fs corresponding state. Note that row vectors are
represented with (¢].

It is often important to represent multiple qubits simultaneously. This is ac-
complished with the tensor product: ®. For example,

(]0) + BI1)) @ (7]0) + d|1)) = ay|00) + ad|01) + 5v|10) + Bo|11). (7.3)
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Note for instance, that a+|00) is shorthand for a|0) & |0).

7.2. Entanglement. The Hadamard gate, H, is an important operator with the
following properties:

H|0) = [+), H|+) =0) (7.4)
H[1) =[=), H|-)=1). (7.5)
As a matrix it is written:
1 /1 1
M-l o

We now introduce the the concept of entanglement. Consider the following state:
1
V2

This is state is called a maximally entangled state. Suppose you examine just the
first qubit. It is represented by the first coordinate of each pair. If it is measured
in the 1-state, then we can discard all pairings where the first coordinate is not
1. Then, all that remains is |11). So, the state of the second qubit is determined
by the first, and vice versa.

|@7) = —=(100) + [11)) (7.7)

A state that reduces, but not fully, with measurement is partially entangled.

After eliminating possibilities from the probability space re-normalize to proceed

with the calculation. It is possible to initialize a partially entangled state with 2
qubits:

H®?|00) = H|0) @ H|0) = |+) ® |+) = (7.8)

)11 _[0)+1]1) 1

® = —(|00) +|01) + |10) + |11 7.9

7 7 5(100) +101) +[10) + [11)) (7.9)

A uniform superposition over 2-bit strings is produced!

7.3. Phase Kickback. Like classical logic gates, in quantum computers it is
important to be able apply operations dependent on the state of another bit or
qubit. For instance, we have the controlled not (CNOT) gate. CNOT applies
a Pauli-X gate if the control is measured 1, and does nothing otherwise. It is
possible to make a controlled version of any gate. Phase kickback is an important
concept in understanding the Quantum Fourier Transform, an essential compo-
nent of many notable quantum algorithms. Suppose we have some state |v) which
is an eigenvector of the operation U. That is,

Ulv) = ev) (7.10)
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If we apply a controlled U to |v) with control qubit |4}, then we get:
1
V2

The ’kickback’ refers to how phase is applied to the control qubit while the target
remains the same.

1 0
CUE(IOHUHIUIUD = —=(0) + " |1))|v) (7.11)

8. B. QMA vs QCMA

Quantum Merlin Arthur (QM A) is a class of decision problems for which poly-
nomial size quantum witness states can confirm the problem in quantum poly-
nomial time. Quantum Classical Merlin Arthur (QCMA) is nearly the same,
but for a polynomial size classical witness state. The question of whether
QMA = QCMA is open, but there are unitary oracle separations between the
classes. In this appendix we briefly cover two.

8.1. Marked State Verification. The associated decision problem is as follows:

Problem 8.1. Given oracle access to a unitary U, which of the following is true:

(1) There exists a marked state |1) such that U|y) = —|¢), and for every |¢)
orthogonal to [¢)) Ulp) = |¢).
(2) U is the identity operator.

Let A be a quantum algorithm querying U, and let Uy, be a unitary with a marked
state |¢)) as above. A accepts if and only if U = Uy, for some |¢). Aaronson and
Kuperberg show an oracle separation QM AY # QCM AY for this scenario.

Proof. Fix some classical witness w € {0, 1}P°Y(") that maximizes A’s acceptance
probability given U, as an oracle. By the pigeonhole principle there exists a
witness w* such that

Priypll¢) € S(w)] = 2% (8.1)

where S(w) is the set of states associated with best witness w. O

Now, suppose that A makes T" queries. |®;) is the state of A assuming A queries
the identity ¢ times and then U, for the remaining 7" —t. Let p; be the state
before the tth query and suppose it decomposes as p; = > p;|i){(pi|. Now, we
can bound the difference between |®7) and |®() via one smaller step and using
Cauchy-Schwarz.

@) — @)l < Z%%I(%IWI <2/ (W]l ). (8.2)

Let o be a uniform probability measure over S(w*). Since ¢ is p-uniform over
CPY!, we will use the fact that

1+ log(1/p)

Ejgyo[(61011)] = O(——22) (53)
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We leave the proof to [12], and although not essentially a component of the proof,
it may be helpful to relate (9.3) back to the complexity of states for uniform
randomness argument in Section 2. This fact implies the following:

1 + In(1/2poly(n)
E¢>~a[|||<1>t>—|<1>t_1>||g]szx/EWMwwwmz\/ HRZ) v (5.)

Ejyeolll|r) — [B0) 2] < O (T %) . (8.5)

This gives us a lower bound for the number of queries required to distinguish
the cases of the decision problem. The separation almost immediately follows as
with a quantum witness only one query is needed. Provided a quantum witness
¢, Arthur simply prepares

1
V2
He then applies a controlled U, to the second register, then applies a Hadamard
to the first register and measures it. Arthur accepts only if |1) is measured. Phase
kickback (subsection 7.3) occurs only for the marked state. So, the Hadamard

change of basis (subsection 7.2) assigns measurement outcome |1) to |—), occurs
under kickback, and |0) to |+), occurs in every other case.

(10}]) + 1)]#)). (8.6)

9. C. REPRESENTATIONS OF FINITE GROUPS

A representation of finite group GG on an n-dimension, complex vector space
V', is a group homomorphism p : G — GL(V). W is a subrepresentation of V'
if gw € W for all g € G and w € W. V is irreducible if it contains no proper
subspaces (excluding the 0 subspace).

Theorem 9.1 (Maschke’s Theorem). Let W be a subrepresentation of a represen-

tation' V' of a finite group G. Then there exists a complementary subrepresentation
W' of V' such that

V=wWwaeW.

Proof. Choose any subspace W” such that V =W & W"” and let 7’ : V — W be
the projection onto W along W”. Define a new projection 7 : V" — W by

1 (-1
7T(v)2|—G’g€ZGg-7r(g ‘).

Note that for all h € G, we have w(h-v) = h-7(v), so 7 is G-equivariant. In
particular, the kernel W’ := ker 7 is G-invariant. Since 7 is a projection onto W
along W', it follows that

V=WaeW.
|

Corollary 9.2. FEvery finite-dimensional representation of a finite group over C
can be decomposed as a direct sum of irreducible representations. [0]
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