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Abstract

Mathematical formalization is the process of expressing ideas in mathematics using
specific, unambiguous language, often using programs such as Lean. Lean is a program-
ming language with a large catalog of proven theorems that can be applied through the
use of tactics. The goal of this project was for me to learn Lean and formalize the tran-
scendence of 7r, which had not yet been added to the collection of theorems in Mathlib.
To learn Lean, I completed the Natural Number Game and worked through several chap-
ters in the book Mathematics in Lean written by Jeremy Avigad et.al. Midway through the
project, we discovered that the transcendence of 7 had been formalized after we began
the project. We then changed our approach to a focus on learning lean and completing
a set of solutions for the first four chapters of the book Mathematics in Lean. We planned
to share this set of solutions with the Lean community, as well as contribute a formalized
proof of Abel’s Binomial Theorem, following The Missing Theorems of Freek Wiedijk’s
1000+ theorems project.
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1 Introduction

The goal of this project was to allow me to learn about math formalization and how to
use Lean, as well as complete a formalization project of our own. Having Lean as a skill will
be helpful not only as an undergraduate, but throughout my career as a mathematician.

Mathematical formalization is the process of expressing ideas in mathematics using spe-
cific, unambiguous language, often using proof assistant programs/languages. The formal-
ization of mathematics gives new work a level of logical soundness that can’t necessarily be
attained through traditional methods. As the formal proof can be verified by computers, there
is less chance for human error to go unnoticed. The concrete structure provided by proof as-
sistants can also encourage new approaches and techniques. There are many different proof
assistants available other than Lean, such as Coq, Agda, Isabelle, etc. Lean is one of the more
popular proof assistants with a very large community of users. It is fairly easy to learn with
programs and texts for beginners.

The plan for our REU was to have me learn Lean and complete a formalization of one of
the theorems on the list of missing theorems in Mathlib. Originally, the theorem we planned
to formalize was the transcendence of 7r. I spent the first two weeks of the program learning
the proof and trying to write it in such a way that it would be easier for us to formalize. I
then spent two weeks completing the Natural Number Game and reading the first chapter of
Mathematics in Lean by Jeremy Avigad et al. At the end of our fourth week, we discovered that
someone else had already finished a formalized! proof for the transcendence of 7. As I had
already spent two weeks learning the proof, we decided to just focus on finishing an alternate
solution set for Mathematics in Lean to share with the community. We did still feel like we
should have something new to contribute to Mathlib. After some research, my mentor found
that there wasn’t a formalized proof for Abel’s Binomial Theorem, so we began working on
formalizing that, and we have submitted it for review.

2 Background and Context

2.1 Mathematical Formalization

As stated in the introduction, mathematical formalization is the process of expressing
ideas in mathematics using specific, unambiguous language following concrete rules for ma-

1See Pull Request #6718: https://github.com/leanprover-community/mathlib4/pull/6718. This formaliza-
tion effort began in 2023 and is currently ongoing; it has not yet been merged into Mathlib4.


https://github.com/leanprover-community/mathlib4/pull/6718

nipulation. This doesn’t necessarily have to be done with proof assistants. It can be done
manually using a predetermined formal language system with preset rules Rute [2022]. These
are often done using different type systems. In manually formalized proofs, the logic is not
verified by a computer. It is instead verified manually by mathematicians. In either instance
of formalization, both constitute rigorous ways of verifying proofs. Though it can’t necessar-
ily be said that these proofs are definitely correct, as formalization methods can be flawed,
they still are quite strong. Fundamentally, traditional proofs and formalized proofs differ in
the level of rigor as well as in writing style. Meyer [2021]

2.2 Proof Assistants, Lean

Proof assistants are software programs that essentially provide the specific language and
concrete rules necessary to be able to easily and efficiently formalize proofs. There are many
different proof assistants available, and they’re all different. Lean is unique in that it uses
its own programming language. Because of this, you don’t need prior knowledge in other
programming languages before you begin learning. This was nice for me, as I don’t have past
experience in coding. Another distinctive feature of Lean is its well-developed tactic mode.
A tactic can be thought of as a function that allows you to apply theorems or run techniques
directly without having to write everything out yourself. While some other proof assistants
also have tactic mode, they aren’t as fleshed out as Lean’s tactic mode. Another thing that
makes Lean different from other proof assistants is its large and active community. The
community works to contribute theorems to what is called Mathlib4. Mathlib4 is the massive
library of theorems that Lean runs on. When writing proofs, you can use tactics to call
these theorems or use them directly. The community is very active when it comes to adding
missing theorems to Mathlib. There is an ongoing project called the 1000+ theorems project,
which was started by Freek Wiedijk. Wiedijk created a list of over 1000 theorems to track
the formalization progress of named theorems across different proof assistants. Members of
the community add formalizations for these missing theorems regularly Wiedijk [2023]. This
is why we planned to work on formalizing the transcendence of 7, as well as explains how
someone beat us to this formalization.

We decided to take another theorem from the list and formalize it. We chose Abel’s
Binomial Theorem [Bhatnagar, 1995, p. 61]. Abel’s Binomial Theorem states the following:

Theorem 1. Y} (V) (w+m — k)" ¥ 1z + k) = w1l (z+w + m)™.

We chose this theorem for a few reasons, one being that this theorem was accessible for
an undergraduate, and the Lean proof would include mostly things that I had already learned
how to use in Lean. This proof also didn’t require too much work to understand. I had spent
two weeks learning about the transcendence of 77, so I didn’t have enough remaining time to
learn the full background of a second complicated proof.

2.3 Knowledge Required

Some background knowledge was required /helpful for this proof and this project gener-
ally. For the transcendence of 77, a background in complex analysis was very important. For
Abel’s Binomial Theorem, a knowledge of sums, binomial coefficients, and calculus generally



was important. For learning Lean generally, however, I feel that only a basic understand-
ing of proofs, if even that, was necessary to start. While knowledge of greater math topics
is required the further you go in Lean, someone very early in their math career could start
learning Lean with some ease thanks to the resources that are available.

3 Learning Lean

3.1 Tools and Tactics

To learn Lean, I completed the Natural Number Game and the first few chapters of the
book Mathematics in Lean by Jeremy Avigad et.al. These resources taught me the basics of how
to use Lean and what common tactics and theorems were regarding specific topics. It also
covered several different proof techniques and how they are implemented in Lean. Before
discussing the process of learning Lean, I should define what a tactic is. A tactic is essentially
a function that can directly apply a theorem or initiate a proof technique without having to
write things out manually. For example, a common tactic would be rw, which stands for
rewrite. Rewrite applies theorems with equalities. For example, the theorem add_comm,
short for the commutativity of addition, gives that X + Y = Y + X. Therefore, if we had a
statement a + b = b + a, we could use rw [add_comm] to turn the first a + b into b + a. This
would give us two equal statements and would end our goal. Other examples of tactics would
be apply, which applies theorems of the type P => Q, simp (simplify) which runs through
many different theorems and simplifies your expression as much as possible, and exact, which
you can use if your expression is exactly a theorem that has already been proven.

3.2 Natural Number Game

The Natural Number Game is an online game created to teach Lean to beginners. The
Natural Number Game is great for beginners for many reasons, one being that it is fully
contained on the website. One doesn’t need to have a separate instance of Lean to be able to
start learning. Below is an example of what a level of the Natural Number Game looks like.

As in Figure 1, instructions for each level are listed on the left side of the page, your goal
and input are centered, and on the left is a full list of available tactics and theorems. The
Natural Number Game starts you off with the very basics of Lean. You first learn tactics
like rfl, which is just reflexivity, and rw. After learning to use those, you get access to a
few theorems, and from there, you start proving a theorem at each level. Each theorem you
prove gets added to your list of available theorems, so you can then use them to prove other
theorems. You also unlock new tactics along the way. In the example image, all tactics and
theorems are shown. This is because I completed the game, but while playing, you only have
access to the tactics you have learned and the theorems you have proven. This restriction and
the general restriction to just the tactics and theorems provided allow you to settle into Lean
without feeling overwhelmed by the sheer number of theorems and tactics available in a real
instance of Lean.

The Natural Number Game is very beginner friendly not only for the way it eases you in
to Lean, but also the way it explains theorems and tactics. If you click on any of the listed



B} Worid: Muttiplication World

m =

Level 1/9 : mul_one

See the new "*" tab in your lemmas,
containing mul_zero and mul_succ .

Right now these are the only facts we
know about multiplication. Let's prove

Theorem mul_one : For any natural number m, we have m x 1 = m. .
Tactics

Active Goal

; Objects:
nine more.
miN intro | [left | [rfl | [ right | [rw
Goal: simp simp_add symm tauto
Let's start with a warm-up: no induction mel=m -
e b et [use ]
is a successor. -
rw [one_eq_succ_zero] Retry Definitions
Levelcompletect & ] :
Active Goal
Objects: Theorems
m:N * + 012 Peano "~ <
Goal: —
e sucoom [add_mut | [ mul_add | [ mul_assoc |
v [mul_succ] € Retry [ mul_te_mul_right | [ mul_left_cancel |
mul_left_ne_zero
Active Goal
— mul_right_eq_one
Objects: mul_right_eq_self || mul_succ
m:N
Goal: [ mul_zero | one_mul | [ succ_mui
et [z ]

Figure 1: Example of Natural Number Game Level

tactics, definitions, or theorems, you get a long explanation of that thing. If you click on a
tactic, you get a summary of that tactic, as well as many different ways to use it. If you click
on a theorem, it gives you a definition of that theorem as well as shows you how to apply it.
Below is what is shown when you select the rw tactic. [Buzzer and Pedramfar, 2023]

Summary
If h is a proof of an equality X = Y, then rw [h] will change all X s inthe goalto Y s.
It's the way to "substitute in".
Variants
e rw [« h] (changes Y sto Xs; get the back arrow by typing \left or \1.)
e rw [hl, h2] (a sequence of rewrites)
e rw [h] at h2 (changes Xsto Y sin hypothesis h2)

e rw [h] at hl h2 ~ (changes X sto Y s intwo hypotheses and the goal; get the
~ symbol with \1I-.)

e repeat rw [add_zero] will keep changing ? + @ to ? until there are no more
matches for 2 + 0.

e nth_rewrite 2 [h] will change only the second X inthe goalto Y.

Figure 2: Summary and Applications of The rw Tactic

Here I'll give an example of a basic level in the Natural Number Game. The following is
the proof for the theorem add_comm. Buzzer and Pedramfar [2023]



Theorem add_comm : On the set of natural numbers, addition is commutative. In
other words, if a and b are arbitrary natural numbers, thena + b = b + a.

Figure 3: Definition of the Theorem add_comm

Active Goal

Objects:
ab:N

Goal:
a+b=b+a

induction b with d hd € Retry
Figure 4: First Step of add_comm Proof

Our first step here will be to start a proof by induction. This will split our active goal into
two goals, the zero case and the induction case.

Active Goal Goal 2

Objects:
a:N

Goal:
a+0=0+a

rw [add_zero, zero_add] € Retry

Figure 5: Second Step of add_comm Proof

The goal is now split into two goals. We start with the zero case. Here, we can rewrite
with the theorems add_zero and zero_add. These theorems both say that adding zero is
negligible, so it will get rid of the zeros.



Active Goal Goal 2

Objects:
a:N

Goal:

a=a
rfl €3 Retry

intermediate goal solved! £

Figure 6: Third Step of add_comm Proof

We now have the statement a = a. To complete our goal, we can simply use rfl.

Active Goal

Objects:
ad:N

Assumptions:
hd:a+d=d+a

Goal:

a+succd=succd+a

rw [add_succ] € Retry

Figure 7: Fourth Step of add_comm Proof

We now can move on to our induction case. Our assumption case a +d = d + a is listed
under assumptions. Our goal consists of a + succd = succd + a. Succ d stands for successor of
d, which is just d + 1. We can start by using the theorem add_succ. This theorem will replace
our a + succd with succ(a + d).



Active Goal
Objects:
ad:N

Assumptions:
hd:a+d=d+a

Goal:

succ (a+d)=succd +a

rw [succ_add] € Retry

Figure 8: Fifth Step of add_comm Proof

We can now use the theorem succ_add, which, much like add_succ, will change our succ
d + a to succ (d + a).

Active Goal

Objects:
ad:N

Assumptions:
hd:a+d=d+a

Goal:
succ (a + d) =succ(d +a)

rw [hd] € Retry

Figure 9: Sixth Step of add_comm Proof

Now we can use our assumption. By applying hd, we change our a + d to d + a.



Active Goal

Objects:
ad:N

Assumptions:
hd:at+d=d+a

Goal:
succ (d + a) = succ (d + a)

rfl €3 Retry

level completed! &

Figure 10: Seventh Step of add_comm Proof

The induction step gives us the statement succ(d + a) = succ(d + a). These are identical,
so we can use rfl, and that completes our proof of the theorem add_comm.

3.3 Mathematics in Lean

After completing the Natural Number Game, I moved on to reading the book Mathematics
in Lean. This text covers many different topics, and it goes into more depth than the Natural
Number Game. The book consists of thirteen chapters, with each covering a different topic.
This book does cover some basics, but it moves pretty fast. Each chapter is filled with many
different exercises, example proofs, and explanations of tactics or theorems. I worked through
the first four chapters, though the first chapter doesn’t contain many exercises. The first
chapter was an introduction, the second covered the basics, the third covered logic, and the
fourth covered sets and functions.

There were many things throughout each chapter that were very helpful in the process
of learning Lean. One thing that was especially important was the calc tactic. What the calc
tactic does is allow you to write out each line of a proof within the lines of code so you don’t
have to rely on the tactic window. This allows for much easier reading of the code directly.
Below are the examples given in the book. You can see how much easier the proof is to read
when written with the calc tactic. [Avigad et al., 2020]



example : (a +b) *x (a+b) =a*xa+2x%x(axb) +bxb:=hy
rw [mul_add, add_mul, add_mull]
rw [« add_assoc, add_assoc (a *x a)]
rw [mul_comm b a, « two_mul]
example : (a +b) *x (a+b) =a*xa+2x*x(ax*xb)+bxb:=
calc
(a+b) x (a+b) =axa+bxa+(axb+bxb):=hy
rw [mul_add, add_mul, add_mul]
_=axa+(bxa+axb)+bxb:=by

rw [« add_assoc, add_assoc (a * a)l
_=axa+2=*(a*xb)+bxb:=by
rw [mul_comm b a, « two_mull]

Figure 11: Example with and without Calc

This skill was very important, as it was necessary to formalize Abel’s Binomial Theorem.
It was also helpful to learn about logic generally. I think that learning more about logic helps
build skill in proof writing as well. Below is an example of an exercise from the logic chapter.
[Avigad et al., 2020]

XeX=YAX#Y i= by

¥ Tactic state

1 goal

XeX=sYAXZEY

Figure 12: MiL Ex Step 1

These figures show our example problem and the tactic state window. We can see that in
our expression we have an if and only if statement. We want to break this statement into two
one-way implication statements. We can do that using the constructor tactic.

example {Xx y : R} : X =y A-yYy=<XeX=<YyAX#Y :=Dhy
constructor
¥ Tactic state
2 goals

v case mp

xy:R
FX<YA-Y=SX->X=<YyAX#Y

v case mpr
xy: R
XSYAXZY->X=<YyA-y=X

Figure 13: MiL Ex Step 2

Constructor has broken down our one goal into two goals, each being one way implica-

10



tions. Starting with the first goal, we see that the first part of our implication has an and in
it. We want to make the first part of our implication an assumption, but we want to split our
and statement into two assumptions so we can better work with them. We can do this by
using a tactic that is actually a combination of two different tactics. The first tactic is called
intro, and it takes the first part of an implication and turns it into an assumption. The second
tactic is called rcases, and it splits expressions made up of multiple parts into different goals.
The tactic that combines both of these is called rintro.

example {x v : R} : x XeX=sYANX#Y i= by
constructor
rintro {xley, nylex)

¥ Tactic state

1 goal
v case mp.intro
xy : R
xley : X =y
nylex : -y = X
FXSYAXZ#EY

Figure 14: MiL Ex Step 3

We can see that rintro has turned the first part of the implication into two assumptions,
xley and nylex. We can now focus on the goal. The goal has an and statement, so we’ll want
to split it into two goals. We can do this using constructor.

example {x y : R} :
constructor
rintro {xley, nylex)
constructor
¥ Tactic state

2 goals

v case mp.intro.left

v case mp.intro.right

xy: R

xley : X =
nylex : — X
X#Y

Figure 15: MiL Ex Step 4

Constructor has split our and statement into two goals. We can see that the first goal is the
same as one of our assumptions. We can use the exact tactic to solve this goal immediately.

11



example {x y : R} :
constructor
rintro {xley, nylex)
constructor

+ exact xley

¥ Tactic state
1 goal
¥ case mp.intro.right

Xy:

Figure 16: MiL Ex Step 5

We now have a new goal. We can see that both our goal and one of our assumptions have
negative statements in them. We can flip them and make them positive using the contrapose!
tactic.

example {x y : R} : X =y A -y
constructor
rintro {xley, nylex)
constructor
+ exact xley
+ contrapose! nylex

¥ Tactic state

1 goal

vcase mp.intro.right

xXy: R
xley : sy
nylex : X = ¥
Hy =X

Figure 17: MiL Ex Step 6

Now that we have our two positive statements, we can see that one of our assumptions
is x = y while our goal is y < x. We know that y must be equal to x, as it’s one of our
assumptions. We can solve this goal using exactly this theorem.

12



example {x y : R} :
constructor
rintro {xley, nylex)
constructor
+ exact xley
contrapose! nylex

exact le_of_eq (id (Eq.symm nylex))

¥ Tactic state

1goal

v case mpr

xy:R
FXSYAX#ZY->X<YAN-y <X

Figure 18: MiL Ex Step 7

The theorem we used with exact states that if two things are equal, then a less than or
equal statement between them is true. This solved our goal. We can now move on to the next
one-way implication statement. Much like the first implication statement, the first part of the
implication has an and. We can once again use the rcases tactic to turn the first part of the
statement into two assumptions.

example {x y : R} :
constructor
rintro {xley, nylex)
constructor
+ exact xley
+ contrapose! nylex
exact le_of_eq (id (Eq.symm nylex))
rintro {(xley, xney)

¥ Tactic state

1 goal

v case mpr.intro
xy: R

xley : x =y
Xney : x #y
FX=<sYA-ys=sX

Figure 19: MiL Ex Step 8

We now have an and statement in our goal. We can once again use the constructor tactic
to turn this one goal into two goals.
example {x y : R} : ¥ Tactic state
constructor

2 goals
vcase mpr.intro.left
rintro {xley, nylex) xy:R

constructor S €
xney :

- exact xley Fxsy

- contrapose! nylex vcase mpr.intro. right
exact le_of_eq (id (Eg.symm nylex)) g el

rintro {xley, xney)

constructor

Figure 20: MiL Ex Step 9

Once again, our goal, x < y, is exactly one of our assumptions xley. We can use the exact
tactic to solve this goal.

13



example {x y : R} : Xo XY AXZEY:
canstructor
rintro {xley, nylex)
constructor
+ exact xley

¥ Tactic state
- contrapose! nylex

exact le_of_eq (id (Eq.symm nylex))
rintro {xley, xney)
constructor
- exact xley

1goal

vcase mpr.intro.right

xy:R
xley : X sy
Xney : X # Yy
ooy =X

Figure 21: MiL Ex Step 10

We have a negative goal and assumption, so we can flip them and make them positive
using the contrapose! tactic.

example {x y : R} : x =
constructor
rintro {xley, nylex)
constructor
+ exact xley
+ contrapose! nylex
exact le_of_eq (id (Eq.symm nylex))

rintro {xley, xney}
constructor
+ exact xley
+ contrapose! xney

¥ Tactic state

1goal

vcase mpr.intro.right

Xy:
xley : x =y
xney :
FX=y

Figure 22: MiL Ex Step 11

We now have our goal as x = y with assumptions x < y and y < x. There is already a
theorem that states when you have x < y and y < x, then x = y. We can apply this theorem,
and it will solve our final goal.

example {x y : R} : X <=y A-ysXoX<syAXZY:
constructor
- rintro {xley, nylex)
constructor
+ exact xley
+ contrapose! nylex

exact le_of_eq (id (Eq.symm nylex))
- rintro (xley, xney)
constructor
- exact xley
+ contrapose! xney
apply le_antisymm xley xney

¥ Tactic state

No goals

Figure 23: MiL Ex Step 12

This is our completed proof. This is a great example of what a somewhat simple exercise
in Mathematics in Lean looks like.

14



4 Reflections, Outputs, and Future Work

41 Addressing Challenges

Learning Lean was not too difficult for me. I had some difficulty figuring out some syntax
issues, however. For instance, I had issues deciding whether I should use apply or rw for
different theorems at the beginning. I also had issues knowing when I needed to specify
which values I wanted to change or write only the theorem. I spent a lot of time trying to
figure out which theorems to use while working in the book. When working in actual Lean
instead of the Natural Number Game, there are many different theorems and tactics available.
This is good because there are a lot of tools at your disposal, but it is also challenging, as it
is difficult to know what the theorem you're looking for is called. You can use tactics like
apply? and rw?, which give a long list of theorems you can use and shows what they do. If
your proof has very few surface level steps left, then this can be very useful. Sometimes using
the rw? and apply? tactics can solve your goal immediately, as Lean will give you exactly
what you need to finish. If the proof requires more work, however, then it is unlikely that the
theorem you need will be listed. While working on Abel’s Binomial Theorem, this happened
to me several times. I had to do quite a bit of research on theorems related to continuity,
derivatives, and integrals, and at times it was frustrating to figure out precisely what theorem
to use and how to apply them. There are resources to help though, so it wasn’t impossible; it
just took some time. While these challenges are frustrating to work through, they shouldn’t
keep anyone from trying to learn Lean. The benefits far outweigh the struggles.

There are many different approaches to try if you get stuck in a proof. Unless I know
exactly what I want to do when I start the proof, I tend to try simp to see if it can simplify
the expression. If it doesn’t find a way to simplify it, or it does but I don’t know what to do,
I next use apply? and rw? to find some different options to try. If this isn’t enough help,
there are a few more techniques to use. One option is to write out the proof traditionally.
This helps you identify what theorems you need so you can find them. It might also help you
decide what technique to use. Another option is to consult the Lean community. There are
many ways to ask the community for help. There are active Zulip chats or you can ask Al for
the Lean names of theorems you are looking for. Unfortunately, Al will often give you the
name of the theorem in Mathlib3, which isn’t the current library.

4.2 Lean for Undergraduates in Math

I would recommend Lean to other math undergraduates. The process of learning Lean
can help students better understand the logic behind proofs, as well as how and when to use
different proof techniques. In the process of learning Lean, you work through many different
exercises, which in turn provides proof writing experience. By learning different tactics, you
also learn different proof techniques. Before this project, I had some experience doing proofs
by induction and contradiction. By doing Lean exercises, I got to see many more examples of
proofs by induction and contradiction. You also get to learn about many different topics when
working in a book like Mathematics in Lean. 1 was excited to be able to learn things about sets
and logic this way. Another benefit is being able to formalize any new work you do. The level
of rigor in formalized proofs is very high, so, as long as your statement was written properly,
a formalized proof has very high validity. This is good for not only undergraduates, but also

15



for people at all levels of their math career. The only limitation of using Lean to learn math
would be that the language may be too stripped away to always be able to translate statements
into traditional proofs. If someone has limited experience writing traditional proofs and tries
to learn proof writing through Lean, their writing skills might suffer. Overall, however, Lean
is very good as a supplemental tool to learn mathematics.

4.3 Outputs and Contributions

Our project has produced several contributions to the Lean community. We completed
our proof for Abel’s Binomial Theorem, and we submitted a pull request to have our theorem
added to Mathlib4. Our pull request can be viewed at this link. We also completed the
exercises of the first four chapters of Mathematics in Lean. My chapters covered the basics of
Lean, as well as the topics of logic, sets, and functions. Overall, I completed one hundred
sixty different exercises. I will review them to ensure that they are easy for beginners to
understand. One way I plan to do this is to attempt to rewrite some of them with the calc
tactic. That way, the proof will be easily readable. I also intend to verify that all simp tactics
are written as simp only [___], which tells you exactly which theorems it used. When we
finish the book, we plan to upload our set of solutions to Github.

4.4 Future Work

I plan to continue working in the book Mathematics in Lean. My goal is to have the full
solution set finished by the end of this coming academic year. I am excited to learn more about
linear algebra and abstract algebra in Lean. Also, I hope to formalize the work that I have
been doing on a separate project related to representations of the braid group. I hope that
my work can be used by others to formalize their own works. Over the course of this REU,
I have learned a lot about Lean, as well as logic, formalized math, set theory, programming,
and the community which is very passionate about Lean and formalization. My advice for
any student beginning a similar formalization project to me would be to take learning slow
and really invest time in learning Lean. It not only improves their formalization skills, but
also their mathematical dexterity and breadth of knowledge.
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