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Abstract. To accurately study quantum materials such as graphene, it is im-
perative to consider the corners arising from sharp changes of boundaries along
the lattice of atoms. However, the non-smooth nature of these boundaries, which
persist even in the continuum limit, complicates the problem and is less well-
studied than the wall and smooth boundary cases. Specifically, we study the
four-component two-dimensional Dirac operator H “ σ3 b p´iσ⃗ ¨ ∇q ` mσ1 b I2
on the Sobolev space H1

pΩ,C2
q, where the first component of the tensor product

acts on valley degrees of freedom, the last term is the valley-mixing mass, and Ω
is a polygonal domain with a corner. We prove that the problem of determining
self-adjoint extensions of H is the same as the massless case. Additionally, due
to the symmetry of the operator, we show that the structure of these extensions
is determined by just one valley given sufficiently regular boundary conditions.
After formulating the extensions in terms of boundary conditions, we consider
the spectral consequences of our results.
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1. Introduction

Quantum materials called topological insulators, such as graphene, have been
of great interest recently in physics. Topological insulators act as an insulator in
the bulk of the material, yet act as a conductor on the boundary. These materials
exhibit a relationship between the properties in these two areas called the bulk-edge
correspondence. However, this mathematical relationship depends on the choice of
self-adjoint extension, motivating the problem to find all such extensions.

1Mentor: Babak Seradjeh.
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(a) (b)

Figure 1. (a) Corners in Graphene. (b) Polygonal Domain with
Boundary Condition.

A physical constraint of studying quantum materials are the corners that arise
from sharp changes of boundaries along the lattice of atoms. Unlike the wall bound-
aries that appear smooth in the continuum limit, these corners persist. Thus, it is
necessary to consider these corners when constructing self-adjoint extensions of an
unbounded symmetric operator. The non-smooth nature of these corners compli-
cates the problem of finding self-adjoint extensions and is less well-studied than the
smooth and domain wall cases.

In this paper, we consider self-adjoint extensions of a Dirac operator in the pres-
ence of corner geometries to support future work in solving for the bound-state
spectrum in these extensions. Consider the following Dirac operator.

H “

¨

˚

˚

˝

0 π˚ m 0
π 0 0 m
m 0 0 ´π˚

0 m ´π 0

˛

‹

‹

‚

(1.1)

Here, π “ ´iBx`By and π˚ “ ´iBx´By, andm is a real or complex-valued constant.
In this paper, D˚ denotes the adjoint operator, and u denotes the complex conjugate.
The underlying geometry, Ω, has a corner, ω P p0, 2πqztπu, and has straight edges.
We omit the domain wall ω “ π case as it is different from the other cases, has been
well-studied, and is not a corner. Figure 1a shows examples of convex, ie. ω P p0, πq,
and concave, ie. ω P pπ, 2πq, corners, while Figure 1b illustrates the corner in the
total region Ω equipped with some boundary condition.
Denote one valley of H as

D “

ˆ

0 π˚

π 0

˙

“ ´iσ⃗ ¨ ∇, (1.2)
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the free massless two-component Dirac operator in R2, where σ⃗ “ pσ1, σ2q with the
Pauli matrices given by

σ1 “

ˆ

0 1
1 0

˙

, σ2 “

ˆ

0 ´i
i 0

˙

, σ3 “

ˆ

1 0
0 ´1

˙

.

Decomposing H using D, we get the following reformulation.

H “ D ‘ p´Dq `

ˆ

0 m
m 0

˙

b I2 “ H0 `M (1.3)

Here, H0 is the massless case, and M is the mass term, which is bounded as its
entries are constants. As in [7], we impose the infinite-mass boundary condition on
the domain of H. We will use the boundary matrix

PD
η “ p1 ´ sinpηqσ⃗ ¨ t̂´ cospηqσ3q (1.4)

where t̂, n̂ denote the unit tangent and normal vectors respectively. Then, the
domain of one valley, D, of H is

DpDq “
␣

u P H1pΩ,C2q : PD
η γu “ 0

(

, (1.5)

as in [7], whereH1 denotes the first Sobolev space (see [5] for more details on Sobolev
spaces), and γu denotes the trace of u.
To guarantee the regularity of domains DpDq “ Dp´Dq, we use for the domain of
´D the boundary matrix

P´D
η “ p1 ` sinpηqσ⃗ ¨ t̂´ cospηqσ3q, (1.6)

giving us
Dp´Dq “

␣

v P H1pΩ,C2q : P´D
η γv “ 0

(

. (1.7)

In summary, the domain of H is as follows:

DpHq “

"

φ “

ˆ

u
w

˙

: u,w P H1pΩ,C2q, PD
η γu “ 0, P´D

η γw “ 0

*

, (1.8)

or equivalently

DpHq “

"

φ “

ˆ

u
v

˙

: u P DpDq, v P Dp´Dq

*

.

To our knowledge, the four-component two-dimensional Dirac operator on corner
geometries has only been studied in two other papers, [2], but with a boundary
condition hosting a sign flip, and [1], yet without the negative second valley and
on a sufficiently smooth domain. Both papers do not consider a mass term such
as M in 1.3. The remaining mathematical literature on self-adjoint extensions of
a Dirac operator on corner geometries is limited to the two-component and thus
single-valley case as in [4] and [7]. An algebraic geometrical approach is taken to
study the L2-index on manifolds with corners in a more general setting, using the
Atiyah-Patodi-Singer index theorem in [6], which could prove to be useful in our
future work.

The organization of this paper is as follows. In §3, we prove that the problem
of finding self-adjoint extensions of H is equivalent to the massless case. Then, in
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§4, we show that due to the anti-symmetric form of H0 “ D‘ p´Dq, the deficiency
indices of H0 are given by the sum of the deficiency indices of D. It follows that the
structure of defect elements and thus self-adjoint extensions of H0 are determined by
this one valley, D. In §5, we prove our main theorem, 5.3, the self-adjoint extensions
of H. To do so, we expand on work in [7] using computational techniques similar to
[4] and break down the problem using our results from previous sections. Finally, in
§6, we reformulate the extensions found in [7] and §5 in terms of boundary conditions
involving by a unitary map dependent on the existing extension parameters. This
change of perspective will be critical in future work solving the system of partial
differential equations to calculate the bound-state spectrum of H.

2. Preliminaries

Before we begin, let us recall some important concepts from functional analysis.

Definition 2.1 (Adjoint Operator). ([3]) Let A : DpAq Ñ H be a densely defined
linear operator in a complex Hilbert space H. The adjoint operator A˚ : DpA˚q Ñ

H of A is defined by its domain and action in the following way. The domain DpA˚q

contains exactly all elements y P H such that there exists some y˚ P H that satisfies
for all x P DpAq

xAx, yy “ xx, y˚y. (2.1)

Then, for each y P DpA˚q, the action of A˚ is defined to be

A˚y “ y˚. (2.2)

Definition 2.2 (Symmetric Operator). ([8]) A densely defined operator A on a
Hilbert space is symmetric if for all x, y P DpAq,

xAx, yy “ xx,Ayy. (2.3)

Now, we can introduce the concept of self-adjointness at the core of our work.

Definition 2.3 (Self-Adjoint Operator). ([8]) An operator A is self-adjoint if
A “ A˚, ie. if A is symmetric and DpAq “ DpA˚q. Or, equivalently if for all
x P DpAq, Ax “ A˚x and DpAq “ DpA˚q.

Theorem 2.4 (Hellinger-Toeplitz). ([3]) If a linear operator A is defined on all of
a complex Hilbert space H and for all x, y P H, satisfies

xAx, yy “ xx,Ayy, (2.4)

then A is bounded.

Note that 2.4 is also how we define the adjoint of an operator in 2.1. Taking the
contrapositive of this famous theorem, we find that an unbounded operator, such
as H in 1.1, cannot be defined on the entire Hilbert space H1 or L2. Thus, the
domain-matching necessary in 2.3 is not trivial.

Let us define some notions that allow us to form self-extensions.
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Definition 2.5 (Deficiency Subspaces). ([8]) Let A be a symmetric operator as in
2.2. The deficiency subspaces of A are the eigenspaces of A with purely imaginary
eigenvalues, commonly denoted

KA
` “ kerpA˚ ´ iq, KA

´ “ kerpA˚ ` iq. (2.5)

In other words, for a fixed λ P R`, KA
˘ is the collection of all eigenvectors, known

as defect elements, v˘ P DpA˚q satisfying the eigenvalue equation

A˚v˘ “ ˘iλv˘. (2.6)

The pair of non-negative integers pa, bq where a “ dimKA
` and b “ dimKA

´ are the
deficiency indices of A.

The following well-known theorem elucidates the self-adjointness of an operator
purely from the deficiency indices.

Theorem 2.6 (Von Neumann). ([9], [12]) Let A be a symmetric, densely defined,
and closed operator with deficiency indices pa, bq for a, b P N Y t0u.

(1) If a “ b, then A is self-adjoint.

(2) If a ‰ b, then A is not self-adjoint and admits no self-adjoint extensions.

(3) If a “ b ą 0, then A admits infinitely many self-adjoint extensions AU
parameterized by a ˆ a unitary maps U : KA

` Ñ KA
´. Furthermore, for each

such U , we obtain an extension

DpAU q “ tψ ` φ` ` Uφ` : ψ P DpAq, φ` P K`u (2.7)

with action defined to be

AU pψ ` φ` ` Uφ`q “ Aψ ` iλφ` ´ iλUφ`. (2.8)

Now, we will recall the following result about the single valley D from [7].

Theorem 2.7 (Pizzichillo, Van Den Bosch). For opening angle ω P p0, πq, D is
self-adjoint on its initial domain 1.5. For ω P pπ, 2πq, D admits a one-parameter
family of self-adjoint extensions Dτ with parameter τ P r0, πq having domains

DpDτ q “ DpDq ` span tcospτqu0 ` i sinpτqu´1u , (2.9)

where

u0pr, θq “ ϕ

ˆ

r

ρ

˙

r
π
2ω

´ 1
2 f0pθq, f0pθq “

1
?
2ω

˜

eiθp π
2ω

´ 1
2

q

e´iθp π
2ω

´ 1
2

q

¸

, (2.10a)

u´1pr, θq “ ϕ

ˆ

r

ρ

˙

r´ π
2ω

´ 1
2 f´1pθq, f´1pθq “

1
?
2ω

˜

e´iθp π
2ω

` 1
2

q

eiθp π
2ω

` 1
2

q

¸

. (2.10b)

Note that the parameterized element determining the extension in 2.10 is not a
defect element of D. For a more detailed conversation and explicit computation of
the true defect elements of D, see §5.
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3. The Massless Case

In this section, we show that the problem of finding self-adjoint extensions of
H, an unbounded, symmetric, closed, densely defined, linear operator, is equivalent
to the massless case. Specifically, we will show in general that adding a bounded
symmetric term preserves self-adjoint extensions.

In this section, assume the following setup. Let X be a Hilbert space. Let
A : DpAq Ă X Ñ Y be a densely defined, closed linear operator. Let B : X Ñ Y
be a densely defined, closed, symmetric, bounded linear operator. Let A˚ denote
the adjoint of A and DpA˚q the domain of the adjoint of A. Define the domain of
DpA ` Bq “ DpAq, and define the action of A ` B on u P DpAq to be pA ` Bqu “

Au`Bu.

Proposition 3.1. B is self-adjoint on X.

Proof. Since B is a bounded linear operator, B being symmetric, ie. Hermitian,
on all of X is a sufficient condition to show B is self-adjoint on X, in which case
DpBq “ DpB˚q “ X. □

Proposition 3.2. DppA ` Bq˚q “ DpA˚q, and the action of pA ` Bq˚ on v P

DppA`Bq˚q is pA`Bq˚v “ A˚v `B˚v.

Proof. First, we will show DppA ` Bq˚q Ď DpA˚q. Let x P DppA ` Bq˚q. Let y P

DpA`Bq :“ DpAq. Since pA`Bq˚ is adjoint of A`B, we know that xpA`Bqy, xy “

xy, pA`Bq˚xy. Now, xpA`Bqy, xy “ xAy`By, xy “ xAy, xy ` xBy, xy “ xAy, xy `

xy,B˚xy. This implies that xAy, xy “ xy, ppA`Bq˚ ´B˚qxy. By definition (see [8]),
DpA˚q is the set of all ϕ P X for which there exists some η P X with xAψ, ϕy “ xψ, ηy

for all ψ P DpAq. Since we showed such an η “ ppA`Bq˚ ´B˚qx exists and y P DpAq

was arbitrary, this means x P DpA˚q. Thus, DppA`Bq˚q Ď DpA˚q as desired.
Now, for the reverse set inclusion, let x P DpA˚q. Let y P DpAq “: DpA`Bq. We

already know that xAy, xy “ xy,A˚xy. Note that as x, y P X, xBy, xy “ xy,B˚xy.
From xAy, xy “ xy,A˚xy, we get xAy, xy ` xBy, xy “ xy,A˚xy ` xy,B˚xy, which
implies that xAy `By, xy “ xy,A˚x`B˚xy. Then, it follows that xpA`Bqy, xy “

xy, pA˚ `B˚qxy. Similarly to the first set inclusion, as pA`Bq˚ is defined to be the
set of all ϕ P X such that there exists some η P X with xpA ` Bqψ, ϕy “ xψ, ηy for
all ψ P DpA ` Bq, taking η “ pA˚ ` B˚qx P X, this means x P DppA ` Bq˚q. This
gives us DpA˚q Ď DppA`Bq˚q.

It follows that DpA˚q “ DppA`Bq˚q. By our previous calculations, the action of
pA`Bq˚ and A˚ `B˚ are the same, completing the proof. □

Proposition 3.3. Assume A is symmetric. If A is self-adjoint on DpAq, then A`B
is self-adjoint on DpA`Bq :“ DpAq.

Proof. Let DpAq be a self-adjoint extension of A. Let x, y P DpAq. So, we know
that xAx, yy “ xx,Ayy and DpAq “ DpA˚q. Additionally, as B is self-adjoint on
X Ě DpAq, xBx, yy “ xx,Byy. Note that as we define DpA`Bq :“ DpAq, A`B is
well-defined on DpAq, and for u P DpAq, pA`Bqu “ Au`Bu. Then, xpA`Bqx, yy “

xAx`Bx, yy “ xAx, yy`xBx, yy “ xx,Ayy`xx,Byy “ xx,Ay`Byy “ xx, pA`Bqyy.
Thus, A`B is symmetric on DpAq.
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Thanks to 3.1, we already know DppA`Bq˚q “ DpA˚q. By assumption, DpA˚q “

DpAq “: DpA`Bq, yielding the desired result that DppA`Bq˚q “ DpA`Bq. Thus,
A`B is self-adjoint on DpAq, completing the proof. □

Next, we consider the converse statement.

Proposition 3.4. Assume A is symmetric. If A ` B is self-adjoint on DpA ` Bq,
then A is self-adjoint on DpAq :“ DpA`Bq.

Proof. Let DpA ` Bq be a self-adjoint extension of A ` B. Note that as we define
DpA`Bq to be the domain DpAq, we have that DpA`Bq “ DpAq, but it remains to
show that A is indeed self-adjoint on DpAq. Specifically, we will show A is symmetric
on DpAq and then that DpA˚q “ DpAq. Let x, y P DpA ` Bq “ DpAq. As A ` B
is self-adjoint on DpA ` Bq, we know that xpA ` Bqx, yy “ xx, pA ` Bqyy and that
DppA ` Bq˚q “ DpA ` Bq. Additionally, as B is self-adjoint on X, we know that
xBx, yy “ xx,Byy. Then, xAx, yy “ xAx ` Bx ´ Bx, yy “ xpA ` Bqx ´ Bx, yy “

xpA ` Bqx, yy ` x´Bx, yy “ xpA ` Bqx, yy ´ xBx, yy “ xx, pA ` Bqyy ´ xx,Byy “

xx,Ay ` Byy ` xx,´Byy “ xx,Ay ` By ´ Byy “ xx,Ayy. Thus, we have that
xAx, yy “ xx,Ayy for all x, y P DpA ` Bq “ DpAq. This means that A is indeed
symmetric on DpA`Bq.

Now, we will show that DpA˚q “ DpAq. Once again, thanks to 3.1, we already
have that DpA˚q “ DppA`Bq˚q. By assumption, DppA`Bq˚q “ DpA`Bq “ DpAq.
This gives us the desired result that DpA˚q “ DpAq, meaning that A is self-adjoint
on DpA`Bq. □

Lemma 3.5. Assume A is symmetric. The indexed set of self-adjoint extensions of
A`B is exactly the same as the indexed set of self-adjoint extensions of A.

Proof. For an appropriate operator V , let SpV q denote the indexed set of self-adjoint
extensions of V . We will show SpA ` Bq “ SpAq. First, let T P SpAq. By 3.3,
T P SpA ` Bq, giving us that SpAq Ď SpA ` Bq. Now, let Q P SpA ` Bq. By 3.4,
Q P SpAq, giving us that SpAq Ě SpA ` Bq. Thus, we have the desired result that
SpAq “ SpA`Bq, meaning that the indexed set of self-adjoint extensions of A`B
is exactly the same as the indexed set of self-adjoint extensions of A. □

3.5 tells us that for our problem, it suffices to consider the self-adjoint extensions
of H0, the massless case. Note that a similar statement for a related case was used
without proof in [4] to disregard a mass term. However, the statements in §3 were
formulated and proven independently before we knew of [4].

4. Summing Deficiency Indices

Thanks to 3.5, for the rest of this paper, in finding self-adjoint extensions of
H, we will consider H0, the massless operator as in 1.3. This choice will simplify
computations significantly. Note that in future work computing the bound-state
spectrum of H, it will be necessary to add back the mass term to the system of
PDEs, but the boundary conditions we find in §6 for H0 suffice.
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In this section, generalizing the work done in [2], we exhibit the relationship
between the deficiency spaces and indices of D and H0 “ D‘ p´Dq. In this section,
let D be a symmetric, closed, densely defined linear operator in a Hilbert space H.
To guarantee sufficient regularity, we require that DpDq “ Dp´Dq.

Proposition 4.1. Under the above conditions, we have the following equality of
domains: DpD˚q “ Dp´D˚q.

Proof. As complex conjugation and taking the transpose are linear transformations,
taking the adjoint is linear. This means that the action of p´Dq˚ “ ´D˚.

Then, by definition, DpD˚q “ ty P H : xDx, yy “ xx,D˚yy for all x P DpDqu.
We define the domain of ´D˚ similarly as Dp´D˚q “ tz P H : x´Dx, zy “

xx,´D˚zy for all x P Dp´Dqu. However, we can rewrite the condition x´Dx, zy “

xx,´D˚zy as ´xDx, zy “ ´xx,D˚zy and then again as xDx, zy “ xx,D˚zy. This
is the same condition as for elements in DpD˚q because by assumption, DpDq “

Dp´Dq. It then follows that Dp´D˚q “ DpD˚q, as desired. □

Now, we show the equality of the deficiency subspaces KD
˘ and K´D

¯ , a fact behind
the following results in this section.

Lemma 4.2. Let KD
˘ denote kerpD˚ ¯ iq respectively. Then, we have the reversal

of equalities KD
˘ “ K´D

¯ .

Proof. As complex conjugation and taking the transpose are linear transformations,
taking the adjoint is linear. Together with 4.1, this means that p´Dq˚ “ ´D˚.

Thus, K´D
` “ kerpp´Dq˚ ´ iq “ kerp´D˚ ´ iq “ tx P DpD˚q : p´D˚ ´ iqx “

0u “ tx P DpD˚q : pD˚ ` iqx “ 0u “ kerpD˚ ` iq “ KD
´ . Similarly, we have that

K´D
´ “ kerpp´Dq˚ ` iq “ kerp´D˚ ` iq “ kerpD˚ ´ iq “ KD

` . This gives us the
desired reversal of equalities. □

Lemma 4.3. Let D have deficiency indices pa, bq for some a, b P Z, a, b ě 0. Then,
the operator ´D has deficiency indices pb, aq.

Proof. SinceD has deficiency indices pa, bq, we know that dimKD
` “ a and dimKD

´ “

b. Thanks to 4.2, as KD
` “ K´D

´ and KD
´ “ K´D

` , this means that dimK´D
` “ b and

dimK´D
´ “ a. Thus, the deficiency indices of ´D are pb, aq. □

Now, we can state and prove the main theorem of this section.

Theorem 4.4. Let D be a symmetric, closed, densely defined operator in a Hilbert
space H.

(i) If D has deficiency indices pa, bq, as in 4.3, then H0 :“ D ‘ p´Dq has
deficiency indices pa` b, a` bq.
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(ii) If tv˘u are the respective defect elements of D, then the defect elements of
H0 :“ D ‘ p´Dq are

KH0
` “ span

"ˆ

v`
1
0

˙

, . . . ,

ˆ

v`
a

0

˙

,

ˆ

0
v´
1

˙

, . . . ,

ˆ

0
v´
b

˙*

, (4.1a)

KH0
´ “ span

"ˆ

v´
1
0

˙

, . . . ,

ˆ

v´
b
0

˙

,

ˆ

0
v`
1

˙

, . . . ,

ˆ

0
v`
a

˙*

. (4.1b)

Proof. As in 2.5, let v`
j and v´

k for 1 ď j ď a and 1 ď k ď b be a basis for KD
` and

KD
´ respectively. These are the defect elements of D.

By 4.3, ´D has deficiency indices pb, aq. By 4.2, we have that KD
˘ “ K´D

¯ . Thus,

the set of v`
j form a basis for K´D

´ and similarly, the set of v´
k form a basis for K´D

` .
Now, we switch our attention to H0. As we did for ´D, taking the complex

conjugate of D‘p´Dq, we get the following: H˚
0 “ pD‘p´Dqq˚ “ pD ‘ p´DqqJ “

pD ‘ ´DqJ “ pD
J

‘ ´D
J

q “ pD˚ ‘ ´D˚q.

Consider kerpH˚
0 ´ iq “ KH0

` . Let u “ px, yqJ P kerpH˚
0 ´ iq. Then, pH˚

0 ´ iqu “ 0

implies that H˚
0 u “ αiu for some α P R`. Substituting, we get pD˚ ‘ ´D˚q

ˆ

x
y

˙

“

αi

ˆ

x
y

˙

. After distributing, we get

ˆ

D˚x
´D˚y

˙

“

ˆ

αix
αiy

˙

, meaning that D˚x “ αix

and ´D˚y “ αiy. Thus, we have that x P KD
` and y P K´D

` “ KD
´ . As u “ px, yqJ

was arbitrary, we can represent KH0
` as the cartesian product KD

` ˆ KD
´ . Note that

as KD
` and KD

´ are distinct eigenspaces, they are orthogonal, meaning that their

intersection is trivial. We then have that dimKH0
` “ dimpKD

` ˆ KD
´ q “ a ` b. In

other words, the first deficiency index of H0 is a` b.
Hence, the following combination of defect elements of D form a basis for KH0

` :
"ˆ

v`
1
0

˙

, . . . ,

ˆ

v`
a

0

˙

,

ˆ

0
v´
1

˙

, . . . ,

ˆ

0
v´
b

˙*

.

The KH0
´ case is identical, just with the signs flipped. It follows that dimKH0

´ “

dimpKD
´ ˆ KD

` q “ b` a “ a` b. So, the second deficiency index of H0 is also a` b.

And, the following combination of defect elements of D form a basis for KH0
´ :

"ˆ

0
v`
1

˙

, . . . ,

ˆ

0
v`
a

˙

,

ˆ

v´
1
0

˙

, . . . ,

ˆ

v´
b
0

˙*

.

In conclusion, the deficiency indices of H0 :“ D ‘ p´Dq are pa` b, a` bq.
□

5. Self-Adjoint Extensions

As we showed in §4, the defect element structure in regards to H0 “ D‘ p´Dq is
fully determined by the defect elements of D. In [7], it was shown that for concave
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corners with straight edges, D, equipped with boundary condition 1.4, admits a
one-parameter family of self-adjoint extensions as detailed in 2.9.

However, the construction of these extensions omitted the use of defect elements.
Furthermore, through algebraic computations, we find that no such linear combi-

nation v˚ of u0, u´1 with an arbitrary cut-off function ϕ
´

r
ρ

¯

satisfies the following

defect element equation:

D˚v˚ “ iλv˚, λ P Rzt0u. (5.1)

So, we find the two defect elements ourselves using similar techniques to [4].

Proposition 5.1. Let v˚pr, θq “ pv1, v2qJ satisfy (5.3). Then, v˚ satisfies the fol-
lowing system of partial differential equations:

Brv2 ´
i

r
Bθv2 “ ´λeiθv1, (5.2a)

Brv1 `
i

r
Bθv1 “ ´λe´iθv2. (5.2b)

Proof. First, we convert D into polar coordinates.

Dτ “ ´iσ⃗ ¨ r̂pBr `
i

r
σ3Bθq “ ´i

ˆ

0 e´iθ

eiθ 0

˙ˆ

Br ` i
rBθ 0

0 Br ´ i
rBθ

˙

“ ´i

ˆ

0 e´iθpBr ´ i
rBθq

eiθpBr ` i
rBθq 0

˙

.

Now, we plug in v˚.

D˚v˚ “ ´i

ˆ

0 e´iθpBr ´ i
rBθq

eiθpBr ` i
rBθq 0

˙ˆ

v1
v2

˙

“ ´i

ˆ

e´iθpBrv2 ´ i
rBθv2q

eiθpBrv1 ` i
rBθv1q

˙

.

Setting this equal to iλv˚ and moving the e˘iθ terms to the other side, we get the
desired equations. □

Lemma 5.2. Let ν0 “ π
2ω ´ 1

2 . Then, the following functions are solutions to 5.2
and thus are the defect elements of D:

v` “ Kν0prqf0pθq `Kv0`1prqf´1pθq, (5.3a)

v´ “ Kν0prqf0pθq ´Kv0`1prqf´1pθq, (5.3b)

where Kν is a modified Bessel function of the second kind with parameter ν and
f0, f´1 are as in 2.10.

Proof. The proof follows from the following well-known modified Bessel function of
the second kind recurrence relations and f relations, where f0pθq “ pf0,1pθq, f0,2pθqqJ

and f´1 “ pf´1,1pθq, f´1,2pθqqJ

BKνprq

Br
“ ´Kν´1prq ´

ν

r
Kνprq,
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BKνprq

Br
“
ν

r
Kνprq ´Kν`1prq,

Kν´1prq “
2ν

r
Kνprq `Kν`1prq,

eiθf0,1pθq “ f´1,2pθq,

eiθf´1,1pθq “ f0,2pθq.

These computations find that v˘ are solutions to 5.2 for λ “ ˘1. Through what
can be viewed as a scaling mapping, changing r ÞÑ λr in the argument of the Bessel
functions, we eliminate the λ dependency. So, our defect elements v˘ become valid
for any fixed value of λ P R, λ ‰ 0. Since any such value of λ is valid and such
a scaling does not fundamentally change the solutions, we can choose λ “ 1 for
simplicity. We thus denote λr as r to underscore the immateriality of the scaling on
the solutions.

□

Note that the defect elements we found can be written in terms of the harmonic
functions u0pr, θq, u´1pr, θq from [7] as written in 2.10 in the following way, but
crucially with two different cut-off functions ϕ:

v˘ “ u0pr, θq ˘ u´1pr, θq,

ϕ0

ˆ

r

ρ

˙

“ Kν0prqr´ν0 , ϕ´1

ˆ

r

ρ

˙

“ Kν0`1r
ν0`1.

With these defect elements, we can now formulate the self-adjoint extensions of
H0 using Theorem 2.6 and thus H using our previous results.

This allows us to state one of our main results.

Theorem 5.3. Let H be as in 1.1 with domain as specified in 1.8, where Ω is a
corner with straight edges and opening angle ω P p0, 2πqztπu.

(i) If ω P p0, πq, ie. Ω has a convex corner, then H is already self-adjoint on
DpHq.

(ii) If ω P pπ, 2πq, ie. Ω has a concave corner, then H admits the following
four-parameter self-adjoint extensions with domain

DpH 1q “ DpHq ` span

"ˆ

v`

0

˙

` U
ˆ

v`

0

˙

,

ˆ

0
v´

˙

` U
ˆ

0
v´

˙*

(5.4)

and action

H

ˆ

φ`

ˆ

v`

0

˙

` U
ˆ

v`

0

˙

`

ˆ

0
v´

˙

` U
ˆ

0
v´

˙˙

“ Hφ` i

ˆ

v`

0

˙

´ iU
ˆ

v`

0

˙

` i

ˆ

0
v´

˙

´ iU
ˆ

0
v´

˙

(5.5)

where φ P DpHq, v˘ are the defect element of D, as given in 5.3, and U is
a four-parameter unitary map in the unitary group Up2q.



12 AMELIE MARTIN1

Proof. For the case of a convex corner, by Theorem 2.7, D is self-adjoint on 1.5. In
other words, in this setting, D is essentially self-adjoint. Thus, the deficiency indices
of D are p0, 0q. By Theorem 4.4, H0 has deficiency indices p0, 0q, making H0 also
essentially self-adjoint in this case. By Lemma 3.5, H is essentially self-adjoint, as
desired.

Now, assume ω is a concave corner. First, by Lemma 5.2, the defect elements
of D are v` and v´ respectively as given in 5.3. Thanks to [7], as written in 2.7,
we know that D admits a one-parameter of self-adjoint extensions. So, by 2.6, the
deficiency indices of D are p1, 1q, and the two defect elements v˘ we found truly
form a basis for KD

˘ .
Let us shift our focus to H0 :“ D‘ p´Dq. It is well-known that D, and thus ´D

and H0, is a symmetric, closed, densely defined linear operator on the Hilbert spaces
H1pΩ,C2q and L2pΩ,C2q. Note that through our choice of boundary conditions in
1.7, we guarantee that DpDq “ Dp´Dq in our setting. Thus, by Theorem 4.4, we
have that the deficiency subspaces of H0 have a basis of

KH0
` “ span

"ˆ

v`

0

˙

,

ˆ

0
v´

˙*

,

KH0
´ “ span

"ˆ

v´

0

˙

,

ˆ

0
v`

˙*

.

Importantly, 4.4 also tells us thatH0 has deficiency indices p2, 2q. From 2.6, we know
that H0 admits infinitely many self-adjoint extensions HU parameterized by 2 ˆ 2,
ie. four-parameter unitary maps U : KH0

` Ñ KH0
´ . Furthermore, these extensions

are of them form in 5.4 with action given in 5.5.
Finally, we consider the full operator H “ H0 `M as defined in 1.3. Recall that

M “

ˆ

0 m
m 0

˙

b I2

where m P C. As m,m are constants, M can be defined on the whole Hilbert
space. Since M is also symmetric, by 2.4, M must be bounded. Note that H0 is
also symmetric as D is symmetric. Thus, by Lemma 3.5, the family of self-adjoint
extensions of H “ H0 ` M is exactly the same as those of H0 which we already
found. This completes the proof.

□

Corollary 5.3.1. In the above setting, if Ω is a bounded, simply connected curvilin-
ear polygon of class C2 as defined in [7] with finitely many strictly convex corners,
then H is already self-adjoint on DpHq.

Proof. By [7], each time a corner is added to Ω, which can have up to finitely
many corners, we must add the suitable harmonic function to the extension of D.
However, since every corner is convex, there are no harmonic functions to add since
the deficiency indices of D are always p0, 0q in this case. As in the proof of 5.3 for
a convex corner, this means H is essentially self-adjoint.

□
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6. Boundary Conditions

In this section, we provide a number of useful relations between boundary condi-
tions in the context of our self-adjoint extensions.

First, we provide an explicit way of translating between the boundary conditions
on the initial domain of D as in 1.5 via a unitary transformation. Recall the bound-
ary conditions given by 1.4, parameterized by η P p0, πq. Our unitary transformation
is the following:

U “ ei
η1´η

2
pn̂¨σ⃗q. (6.1)

Additionally, we implement the common parameterizations of the unit tangent vec-
tor t̂ “ p´ sinpϕq, cospϕqq and unit normal vector n̂ “ pcospϕq, sinpϕqq with parameter
ϕ P r0, 2πq. For notational convenience, we rewrite 1.4 as

1 ´ sinpηqσ⃗ ¨ t̂´ cospηqσ3 “ 1 ´ v̂η ¨ σ⃗ (6.2)

where we define
v̂η “ sinpηqt̂` cospηqẑ. (6.3)

Lemma 6.1. In the above setting, for some η, η1 P r0, 2πq, we have the following
equality:

Upv̂η ¨ σ⃗qU˚ “ v̂η1 ¨ σ⃗. (6.4)

Proof. First, note that

v̂η ¨ σ⃗ “ ´ sinpηq sinpϕqσ1 ` sinpηq cospϕqσ2 ` cospηqσ3.

Additionally, we have that

U “ ei
η1´η

2
pn̂¨σ⃗q “ ei

η1´η
2

pcospϕqσ1`sinpϕqσ2q.

Because of the anti-commutation property of the Pauli matrices, we have that

Upv̂η ¨ σ⃗qU˚ “ ei
η1´η

2
pn̂¨σ⃗qp´ sinpηq sinpϕqσ1 ` sinpηq cospϕqσ2 ` cospηqσ3qe´i η

1´η
2

pn̂¨σ⃗q

“ eipη
1´ηqpn̂¨σ⃗qp´ sinpηq sinpϕqσ1 ` sinpηq cospϕqσ2 ` cospηqσ3q

“ eiη
1pn̂¨σ⃗qe´iηpcospϕqσ1`sinpϕqσ2qp´ sinpηq sinpϕqσ1 ` sinpηq cospϕqσ2 ` cospηqσ3q.

We first evaluate the inside:

e´iηpcospϕqσ1`sinpϕqσ2qp´ sinpηq sinpϕqσ1 ` sinpηq cospϕqσ2 ` cospηqσ3q

“ cosp´ηqpv̂η ¨ σ⃗q ` i sinp´ηqpv̂η ¨ σ⃗q

“ cosp´ηqpv̂η ¨ σ⃗q ` i sinp´ηqr´ sinpηq cospϕq sinpϕqI2

` i sinpηqσ3 ` sinpηq cospϕq sinpϕqI2 ´ i cospηq cospϕqσ2 ` i cospηq sinpϕqσ1s

“ cosp´ηqpv̂η ¨ σ⃗q ` sin2pηqσ3 ´ cospηq sinpηq cospϕqσ2 ` cospηq sinpηq sinpϕqσ1

“ ´ cospηq sinpηq sinpϕqσ1 ` cospηq sinpηq cospϕqσ2 ` cos2pηqσ3

` sin2pηqσ3 ´ cospηq sinpηq cospϕqσ2 ` cospηq sinpηq sinpϕqσ1

“ cos2pηqσ3 ` sin2pηqσ3

“ σ3.
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Now, evaluating the whole expression, we obtain the following:

eiη
1pn̂¨σ⃗qe´iηpn̂¨σ⃗qp´ sinpηq sinpϕqσ1 ` sinpηq cospϕqσ2 ` cospηqσ3q

“ eiη
1pcospϕqσ1`sinpϕqσ2qpσ3q

“ cospη1qσ3 ` i sinpη1qp´i cospϕqσ2 ` i sinpϕqσ1q

“ ´ sinpη1q sinpϕqσ1 ` sinpη1q cospϕqσ2 ` cospη1qσ3

“ v̂η1 ¨ σ⃗.

□

However, in the context of future work, the problem of finding the bound-state
spectrum of H which motivated this project, the current perspective of self-adjoint
extensions is not obviously computationally useful. We intend to solve a system of
partial differential equations for the spectrum of H, yet it is known that the choice
of self-adjoint extension in general affects these solutions. Thus, we need a way
of solving the system of PDEs in general and choosing a certain parameterization,
which there are infinitely many of, only after obtaining the solutions. This method
also allows for more insight into the structure of the spectrum which could have
interesting physical implications. To do so, in the rest of this paper, we look to
reformulate the extensions of H in terms of additional boundary conditions on a
more general domain encompassing all extensions.

Since the extensions of H are based on those of D, as we showed in 4.4 and 5.3,
we first consider D with the boundary parameterization η “ π

2 . Now, using the
definition of the adjoint operator as in 2.1, for w P DpD˚q, for all v P DpDq, we have
that

xv,D˚wy “ xDv,wy. (6.5)

Recall the formulation of the action of D and thus D˚ in polar coordinates we
computed in Section 5.

D˚ “ ´i

ˆ

0 e´iθ
`

Br ´ i
rBθ

˘

eiθ
`

Br ` i
rBθ

˘

0

˙

. (6.6)

For now, denote

v “

ˆ

v1
v2

˙

, w “

ˆ

w1

w2

˙

.

Starting from 6.5, after integration by parts over the region

Ω “ tpr, θq : 0 ă r ď a, 0 ď θ ď ωu (6.7)

where ω is the opening angle of the corner, we get the following relation.
ż a

0
e´iωv1pr, ωqw2pr, ωq ´ v1pr, 0qw2pr, 0qdr (6.8)

“

ż a

0
eiωv2pr, ωqw1pr, ωq ´ v2pr, 0qw1pr, 0qdr. (6.9)

Note that after a change of coordinates mapping, by using relevant identities from
the physics literature, 6.8 can be reduced further, yielding interesting insights into
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the structure of this relation. This formulation is explored further in this section.
For now, we continue as we originally state 6.8.

As v P DpDq, the element must satisfy the boundary condition PD
η γv “ 0 for

η “ π
2 and boundary matrix given in 1.4. After expanding and matrix multiplication,

since the boundary of Ω in this case occurs exactly when θ “ 0 or θ “ ω, this
condition is equivalent to

v2pr, ωq “ eiωv1pr, ωq,

v2pr, 0q “ v1pr, 0q. (6.10)

Thus, 6.8 becomes

0 “

ż a

0
v1pr, ωq

“

e´iωw2pr, ωq ´ w1pr, ωq
‰

dr (6.11)

´

ż a

0
v1pr, 0q rw2pr, 0q ´ w1pr, 0qs dr. (6.12)

Since w must satisfy this relation for all v P DpDq, we can take v1pr, ωq and v1pr, 0q

to be any function in DpDq, meaning that we can choose appropriate functions that
force e´iωw2pr, ωq ´w1pr, ωq “ 0 and w2pr, 0q ´w1pr, 0q “ 0. However, rearranging,
we get the same relations as in 6.10. Since w P DpD˚q was arbitrary, this means that
every function in any extension of D must satisfy the same boundary condition 1.4
as imposed on the original domain DpDq. Furthermore, as 2.7 gives an element in
any extension as being of the form in 2.9, and both u0 and u´1 satisfy the original
boundary condition 1.4, by linearity, we have that every extension satisfies 1.4.
Thus, 1.4 is the boundary condition we are looking for that exactly specifies the
extensions.

It is imperative to recall that u0, u´1 are not in the original domain DpDq. In

fact, proven in [7], u0, u´1 are not in H1. While u0 P H1{2 Ă L2, we know that

u´1 R H1{2, but still u´1 P L2. Thus, our boundary condition, depending on the
concavity of the corner and the desired Hilbert space, ie. H1, H1{2, L2, of the
extension, our new general domain is given by the same boundary condition 1.4 but
after relaxing the integrability conditions.

As mentioned earlier, here is the alternative approach to reformulating 6.8. For
all upθq P DpD˚q, we will do the following change of coordinates mapping via a
unitary matrix to simplify computations.

upθq ÞÑ

˜

e´i θ
2 0

0 ei
θ
2

¸

upθq “ Γθupθq (6.13)

Next, we recall the following relations from [12].

v1pxqw2pxq ´ v2pxqw1pxq “ ´
i

2

“

p´v2pxq ` iv1pxqqp´w2pxq ` iw1pxqq (6.14)

´ pv2pxq ` iv1pxqqpw2pxq ` iw1pxqq
‰

. (6.15)
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Using 6.13 and 6.14, we get that 6.8 yields the following two equivalent inner product
relations.
Bˆ

´v2pωq ` iv1pωq

v2pωq ` iv1pωq

˙

,

ˆ

´w2pωq ` iw1pωq

´w2pωq ´ iw1pωq

˙F

“

Bˆ

´v2p0q ` iv1p0q

v2p0q ` iv1p0q

˙

,

ˆ

´w2p0q ` iw1p0q

´w2p0q ´ iw1p0q

˙F

,

(6.16)

Bˆ

´v2pωq ` iv1pωq

v2p0q ` iv1p0q

˙

,

ˆ

´w2pωq ` iw1pωq

w2p0q ` iw1p0q

˙F

“

Bˆ

v2pωq ` iv1pωq

´v2p0q ` iv1p0q

˙

,

ˆ

w2pωq ` iw1pωq

´w2p0q ` iw1p0q

˙F

.

(6.17)
Let

x “

ˆ

´v2p0q ` iv1p0q

v2p0q ` iv1p0q

˙

, y “

ˆ

´w2p0q ` iw1p0q

w2p0q ` iw1p0q

˙

.

Then, equation 6.16 is specified by a map ϕ such that

ϕpxq “ ϕ

ˆ

´v2p0q ` iv1p0q

v2p0q ` iv1p0q

˙

“

ˆ

´v2pωq ` iv1pωq

v2pωq ` iv1pωq

˙

,

ϕpσ3yq “ ϕ

ˆ

´w2p0q ` iw1p0q

´w2p0q ´ iw1p0q

˙

“

ˆ

´w2pωq ` iw1pωq

´w2pωq ´ iw1pωq

˙

.

Then,
xϕx, σ3ϕyy “ xx, σ3yy ùñ

xx, pϕ˚σ3ϕqyy “ xx, σ3yy ùñ

ϕ˚σ3ϕ “ σ3. (6.18)

Thus, we must have ϕ P Up1, 1q. Alternatively, we can consider our second relation,
equation 6.17. Let

x “

ˆ

v2pωq ` iv1pωq

´v2p0q ` iv1p0q

˙

, y “

ˆ

w2pωq ` iw1pωq

´w2p0q ` iw1p0q

˙

.

Now, equation 6.17 is specified by a map φ such that

φpxq “ φ

ˆ

v2pωq ` iv1pωq

´v2p0q ` iv1p0q

˙

“

ˆ

´v2pωq ` iv1pωq

v2p0q ` iv1p0q

˙

,

φpyq “ φ

ˆ

w2pωq ` iw1pωq

´w2p0q ` iw1p0q

˙

“

ˆ

´w2pωq ` iw1pωq

w2p0q ` iw1p0q

˙

.

Then,
xφx, φyy “ xx, yy ùñ

xx, φ˚φy “ xx, yy ùñ

φ˚φ “ 1. (6.19)

Similarly, we must have then that φ P Up2q.
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Although both Up1, 1q and Up2q are realized as four-parameter unitary maps, from
equations 6.16 and 6.17, we can write restricted boundary conditions as one and two-
parameter maps. If we allow the edges at θ “ 0 and θ “ ω to have independent
boundary conditions, we obtain a two-parameter family

φ “

ˆ

eiφ1 0
0 eiφ2

˙

such that

eiφ1rv2pωq ` iv1pωqs “ ´v2pωq ` iv1pωq, eiφ2r´v2p0q ` iv1p0qs “ v2p0q ` iv1p0q.

However, if we further restrict both edges θ “ 0 and θ “ ω to obey the same
extension parameter, we get a single parameter family. This agrees with the one-
parameter family of self-adjoint extensions of D as found in [7] with a uniform
boundary condition. As we saw, relaxing the boundary conditions of Ω allow for
a larger family of extensions. In summary, these formulations give deeper insight
into the more general structure of the self-adjoint extensions of D. As we showed
in Theorem 5.3, the self-adjoint extensions of H depend on those of D. Thus, these
results on formulating and examining the extensions of D in terms of boundary
conditions will be the basis of doing the same for H, which will be our future work.
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