SELF-ADJOINT EXTENSIONS OF DIRAC OPERATORS IN
CORNER GEOMETRIES

AMELIE MARTIN!

ABSTRACT. To accurately study quantum materials such as graphene, it is im-
perative to consider the corners arising from sharp changes of boundaries along
the lattice of atoms. However, the non-smooth nature of these boundaries, which
persist even in the continuum limit, complicates the problem and is less well-
studied than the wall and smooth boundary cases. Specifically, we study the
four-component two-dimensional Dirac operator H = 03 ® (—id - V) + mo1 ® I»
on the Sobolev space H'! (9, (Cz), where the first component of the tensor product
acts on valley degrees of freedom, the last term is the valley-mixing mass, and €2
is a polygonal domain with a corner. We prove that the problem of determining
self-adjoint extensions of H is the same as the massless case. Additionally, due
to the symmetry of the operator, we show that the structure of these extensions
is determined by just one valley given sufficiently regular boundary conditions.
After formulating the extensions in terms of boundary conditions, we consider
the spectral consequences of our results.
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1. INTRODUCTION

Quantum materials called topological insulators, such as graphene, have been
of great interest recently in physics. Topological insulators act as an insulator in
the bulk of the material, yet act as a conductor on the boundary. These materials
exhibit a relationship between the properties in these two areas called the bulk-edge
correspondence. However, this mathematical relationship depends on the choice of
self-adjoint extension, motivating the problem to find all such extensions.

'"Mentor: Babak Seradjeh.
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F1GURE 1. (a) Corners in Graphene. (b) Polygonal Domain with
Boundary Condition.

A physical constraint of studying quantum materials are the corners that arise
from sharp changes of boundaries along the lattice of atoms. Unlike the wall bound-
aries that appear smooth in the continuum limit, these corners persist. Thus, it is
necessary to consider these corners when constructing self-adjoint extensions of an
unbounded symmetric operator. The non-smooth nature of these corners compli-
cates the problem of finding self-adjoint extensions and is less well-studied than the
smooth and domain wall cases.

In this paper, we consider self-adjoint extensions of a Dirac operator in the pres-
ence of corner geometries to support future work in solving for the bound-state
spectrum in these extensions. Consider the following Dirac operator.

0 7 m 0
= 0 0 m
H= m 0 0 —r* (1.1)
0O m —m O
Here, m = —i0; + 0y and m* = —i0, — 0y, and m is a real or complex-valued constant.

In this paper, D* denotes the adjoint operator, and @ denotes the complex conjugate.
The underlying geometry, €2, has a corner, w € (0,27)\{r}, and has straight edges.
We omit the domain wall w = 7 case as it is different from the other cases, has been
well-studied, and is not a corner. Figure la shows examples of convex, ie. w € (0, ),
and concave, ie. w € (m,2m), corners, while Figure 1b illustrates the corner in the
total region 2 equipped with some boundary condition.

Denote one valley of H as

0 =«* -
D=<7T O):—w-v, (1.2)
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the free massless two-component Dirac operator in R?, where & = (01, 02) with the
Pauli matrices given by

(01 (0 —i /1 0
91=\1 0) 27\i o) 9T \o -1/

Decomposing H using D, we get the following reformulation.
0 m

H:D@(—D)+<m 0

Here, Hy is the massless case, and M is the mass term, which is bounded as its
entries are constants. As in [7], we impose the infinite-mass boundary condition on
the domain of H. We will use the boundary matrix

Pf = (1 —sin(n)d - t — cos(n)o3) (1.4)

>®IQZH0+M (1.3)

where ¢,7 denote the unit tangent and normal vectors respectively. Then, the
domain of one valley, D, of H is

D(D) = {ue H'(Q,C?) : Pyu =0}, (1.5)

as in [7], where H! denotes the first Sobolev space (see [5] for more details on Sobolev
spaces), and yu denotes the trace of w.

To guarantee the regularity of domains D(D) = D(—D), we use for the domain of
—D the boundary matrix

Pn_D = (1 +sin(n)@ - t — cos(n)o3), (1.6)
giving us
D(-D) = {ve H'(Q,C?) : P, Pyv = 0}. (1.7)
In summary, the domain of H is as follows:
D(H) = {go = (Z) cu,w e HY(Q,C?), Panyu =0, P,;nyw = O} , (1.8)

or equivalently

D(H) = {<p = (;‘) cueD(D), ve D(—D)} .

To our knowledge, the four-component two-dimensional Dirac operator on corner
geometries has only been studied in two other papers, [2], but with a boundary
condition hosting a sign flip, and [1], yet without the negative second valley and
on a sufficiently smooth domain. Both papers do not consider a mass term such
as M in 1.3. The remaining mathematical literature on self-adjoint extensions of
a Dirac operator on corner geometries is limited to the two-component and thus
single-valley case as in [4] and [7]. An algebraic geometrical approach is taken to
study the L2-index on manifolds with corners in a more general setting, using the
Atiyah-Patodi-Singer index theorem in [6], which could prove to be useful in our
future work.

The organization of this paper is as follows. In §3, we prove that the problem
of finding self-adjoint extensions of H is equivalent to the massless case. Then, in
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§4, we show that due to the anti-symmetric form of Hy = D@ (—D), the deficiency
indices of Hy are given by the sum of the deficiency indices of D. It follows that the
structure of defect elements and thus self-adjoint extensions of Hy are determined by
this one valley, D. In §5, we prove our main theorem, 5.3, the self-adjoint extensions
of H. To do so, we expand on work in [7] using computational techniques similar to
[4] and break down the problem using our results from previous sections. Finally, in
§6, we reformulate the extensions found in [7] and §5 in terms of boundary conditions
involving by a unitary map dependent on the existing extension parameters. This
change of perspective will be critical in future work solving the system of partial
differential equations to calculate the bound-state spectrum of H.

2. PRELIMINARIES
Before we begin, let us recall some important concepts from functional analysis.

Definition 2.1 (Adjoint Operator). ([3]) Let A : D(A) — H be a densely defined
linear operator in a complex Hilbert space H. The adjoint operator A* : D(A*) —
H of A is defined by its domain and action in the following way. The domain D(A*)
contains exactly all elements y € H such that there exists some y* € H that satisfies

for all z € D(A)

(Az,y) = {z,y*). (2.1)
Then, for each y € D(A*), the action of A* is defined to be
A*y = y*. (2.2)

Definition 2.2 (Symmetric Operator). (/8/) A densely defined operator A on a
Hilbert space is symmetric if for all x,y € D(A),

(Az,y) = (z, Ay). (2.3)
Now, we can introduce the concept of self-adjointness at the core of our work.

Definition 2.3 (Self-Adjoint Operator). (/8/) An operator A is self-adjoint if
A = A*, ie. if A is symmetric and D(A) = D(A*). Or, equivalently if for all
x € D(A), Az = A*x and D(A) = D(A¥).

Theorem 2.4 (Hellinger-Toeplitz). (/3]) If a linear operator A is defined on all of
a complex Hilbert space H and for all x,y € H, satisfies

<AIE7 y> = <$7 Ay>7 (24)
then A is bounded.

Note that 2.4 is also how we define the adjoint of an operator in 2.1. Taking the
contrapositive of this famous theorem, we find that an unbounded operator, such
as H in 1.1, cannot be defined on the entire Hilbert space H' or L?. Thus, the
domain-matching necessary in 2.3 is not trivial.

Let us define some notions that allow us to form self-extensions.
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Definition 2.5 (Deficiency Subspaces). (/8]) Let A be a symmetric operator as in
2.2. The deficiency subspaces of A are the eigenspaces of A with purely imaginary
etgenvalues, commonly denoted

K4 = ker(A* —i), K2 =ker(A* +1). (2.5)
In other words, for a fivred A € RT, lC_i1 is the collection of all eigenvectors, known
as defect elements, vt € D(A*) satisfying the eigenvalue equation
A*ot = +idw®. (2.6)
The pair of non-negative integers (a,b) where a = dim IC‘f and b = dim K4 are the
deficiency indices of A.

The following well-known theorem elucidates the self-adjointness of an operator
purely from the deficiency indices.

Theorem 2.6 (Von Neumann). (/9], [12]) Let A be a symmetric, densely defined,
and closed operator with deficiency indices (a,b) for a,be N u {0}.

(1) If a = b, then A is self-adjoint.
(2) If a # b, then A is not self-adjoint and admits no self-adjoint extensions.
(8) If a = b > 0, then A admits infinitely many self-adjoint extensions Ay

parameterized by a X a unitary maps U : ]C_‘ﬂ — KA. Furthermore, for each
such U, we obtain an extension

D(Ay) ={¢ + o+ +Upy 1 e D(A), 4 € KT} (2.7)
with action defined to be
Au( + o4 +Ups) = AY +idpy — iNUp,. (2.8)

Now, we will recall the following result about the single valley D from [7].

Theorem 2.7 (Pizzichillo, Van Den Bosch). For opening angle w € (0,7), D is
self-adjoint on its initial domain 1.5. For w € (m,27w), D admits a one-parameter
family of self-adjoint extensions D, with parameter T € [0,7) having domains

D(D;) = D(D) + span {cos(T)ug + isin(T)u_1}, (2.9)
where
T\ &1 1 [ 9G53
wr) =0 (2) 1B, ) = = (e_%_;J SNCRUS

T\ _x_1 1 (e i0(55+3)
u_1(r,0) = ¢ o) 272 f4(0), f-1(0) = Voo \ et |- (2.10b)
Note that the parameterized element determining the extension in 2.10 is not a
defect element of D. For a more detailed conversation and explicit computation of
the true defect elements of D, see §5.
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3. THE MASSLESS CASE

In this section, we show that the problem of finding self-adjoint extensions of
H, an unbounded, symmetric, closed, densely defined, linear operator, is equivalent
to the massless case. Specifically, we will show in general that adding a bounded
symmetric term preserves self-adjoint extensions.

In this section, assume the following setup. Let X be a Hilbert space. Let
A: D(A) € X - Y be a densely defined, closed linear operator. Let B : X — Y
be a densely defined, closed, symmetric, bounded linear operator. Let A* denote
the adjoint of A and D(A*) the domain of the adjoint of A. Define the domain of
D(A + B) = D(A), and define the action of A+ B on u € D(A) to be (A + B)u =
Au + Bu.

Proposition 3.1. B is self-adjoint on X.

Proof. Since B is a bounded linear operator, B being symmetric, ie. Hermitian,
on all of X is a sufficient condition to show B is self-adjoint on X, in which case
D(B) =D(B*) = X. O

Proposition 3.2. D((A + B)*) = D(A*), and the action of (A + B)* on v €
D((A+ B)*) is (A+ B)*v = A*v + B*v.

Proof. First, we will show D((A + B)*) < D(A*). Let z € D((A+ B)*). Let y €
D(A+ B) := D(A). Since (A+ B)* is adjoint of A+ B, we know that ((A+ B)y,x) =
(Y, (A+ B)*z). Now, ((A+ B)y,z) = (Ay + By, x) = (Ay,x) + (By,z) = (Ay,z) +
{y, B*x). This implies that (Ay, ) = (y, (A+ B)* — B*)z). By definition (see [8]),
D(A*) is the set of all ¢ € X for which there exists some n € X with (Ay, ¢) = (P, n)
for all ¢ € D(A). Since we showed such an n = ((A+ B)* —B*)z exists and y € D(A)
was arbitrary, this means x € D(A*). Thus, D((A + B)*) < D(A*) as desired.

Now, for the reverse set inclusion, let = € D(A*). Let y € D(A) =: D(A+ B). We
already know that (Ay,z) = (y, A*z). Note that as z,y € X, (By,z) = {y, B*z).
From (Ay,x) = (y, A*x), we get (Ay,z) + (By,z) = {y, A*x) + (y, B*x), which
implies that (Ay + By, z) = (y, A*z + B*z). Then, it follows that ((A + B)y,x) =
{y, (A* + B*)x). Similarly to the first set inclusion, as (A + B)* is defined to be the
set of all ¢ € X such that there exists some 7 € X with ((A + B)y, ¢) = (¢, n) for
all ¢ € D(A + B), taking n = (A* + B*)z € X, this means z € D((A + B)*). This
gives us D(A*) < D((A + B)¥).

It follows that D(A*) = D((A+ B)*). By our previous calculations, the action of
(A+ B)* and A* + B* are the same, completing the proof. O

Proposition 3.3. Assume A is symmetric. If A is self-adjoint on D(A), then A+ B
is self-adjoint on D(A + B) := D(A).

Proof. Let D(A) be a self-adjoint extension of A. Let x,y € D(A). So, we know
that (Az,y) = (x, Ay) and D(A) = D(A*). Additionally, as B is self-adjoint on
X 2D(A), (Bz,y) = {x, By). Note that as we define D(A + B) := D(A), A+ B is
well-defined on D(A), and for u € D(A), (A+B)u = Au+ Bu. Then, ((A+B)z,y) =
(Ai+Bi,y) = (A, gy+(Ba, y) = (e, Ayy+ (e, By) = (z, Ay+By) = G, (A+ Bly).
Thus, A + B is symmetric on D(A).
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Thanks to 3.1, we already know D((A+ B)*) = D(A*). By assumption, D(A*) =
D(A) =: D(A+ B), yielding the desired result that D((A+ B)*) = D(A+ B). Thus,
A + B is self-adjoint on D(A), completing the proof. O

Next, we consider the converse statement.

Proposition 3.4. Assume A is symmetric. If A+ B is self-adjoint on D(A + B),
then A is self-adjoint on D(A) := D(A + B).

Proof. Let D(A + B) be a self-adjoint extension of A + B. Note that as we define
D(A+ B) to be the domain D(A), we have that D(A+ B) = D(A), but it remains to
show that A is indeed self-adjoint on D(A). Specifically, we will show A is symmetric
on D(A) and then that D(A*) = D(A). Let z,y € D(A+ B) = D(A). As A+ B
is self-adjoint on D(A + B), we know that ((A + B)z,y) = (x,(A + B)y) and that
D((A+ B)*) = D(A + B). Additionally, as B is self-adjoint on X, we know that
(Bz,y) = {x,By). Then, (Az,y) = (Az + Bx — Bzx,y) = {((A+ B)x — Bzx,y) =
((A+ B)z,y) + (~Bz,y) = {(A + B)z,y) — (Bz,y) = {z,(A + B)y) — {z,By) =
(x,Ay + By) + {x,—By) = {x,Ay + By — By) = {(x, Ay). Thus, we have that
(Az,y) = (x,Ay) for all z,y € D(A + B) = D(A). This means that A is indeed
symmetric on D(A + B).

Now, we will show that D(A*) = D(A). Once again, thanks to 3.1, we already
have that D(A*) = D((A+ B)*). By assumption, D((A+ B)*) = D(A+B) = D(A).
This gives us the desired result that D(A*) = D(A), meaning that A is self-adjoint
on D(A + B). O

Lemma 3.5. Assume A is symmetric. The indexed set of self-adjoint extensions of
A+ B is exactly the same as the indexed set of self-adjoint extensions of A.

Proof. For an appropriate operator V', let S(V') denote the indexed set of self-adjoint
extensions of V. We will show S(A + B) = S(A). First, let T € S(A). By 3.3,
T € S(A + B), giving us that S(A) < S(A+ B). Now, let Q € S(A+ B). By 3.4,
Q € S(A), giving us that S(A) 2 S(A + B). Thus, we have the desired result that
S(A) = S(A + B), meaning that the indexed set of self-adjoint extensions of A + B
is exactly the same as the indexed set of self-adjoint extensions of A. O

3.5 tells us that for our problem, it suffices to consider the self-adjoint extensions
of Hy, the massless case. Note that a similar statement for a related case was used
without proof in [4] to disregard a mass term. However, the statements in §3 were
formulated and proven independently before we knew of [4].

4. SUMMING DEFICIENCY INDICES

Thanks to 3.5, for the rest of this paper, in finding self-adjoint extensions of
H, we will consider Hj, the massless operator as in 1.3. This choice will simplify
computations significantly. Note that in future work computing the bound-state
spectrum of H, it will be necessary to add back the mass term to the system of
PDEs, but the boundary conditions we find in §6 for Hy suffice.
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In this section, generalizing the work done in [2], we exhibit the relationship
between the deficiency spaces and indices of D and Hy = D@ (—D). In this section,
let D be a symmetric, closed, densely defined linear operator in a Hilbert space H.
To guarantee sufficient regularity, we require that D(D) = D(—D).

Proposition 4.1. Under the above conditions, we have the following equality of
domains: D(D*) = D(—D¥).

Proof. As complex conjugation and taking the transpose are linear transformations,
taking the adjoint is linear. This means that the action of (—D)* = —D*.

Then, by definition, D(D*) = {y € H : {(Dzx,y) = {(xz,D*y) for all x € D(D)}.
We define the domain of —D* similarly as D(—D*) = {z € H : (—Dx,z) =
(x,—D*z) for all x € D(—D)}. However, we can rewrite the condition (—Dzx, z) =
{x,—D*z) as —(Dx,z) = —(x,D*z) and then again as (Dx,z) = {(x, D*z). This
is the same condition as for elements in D(D*) because by assumption, D(D) =
D(—D). It then follows that D(—D*) = D(D*), as desired. O

Now, we show the equality of the deficiency subspaces IC? and lC;D , a fact behind
the following results in this section.

Lemma 4.2. Let lCli) denote ker(D* F i) respectively. Then, we have the reversal
of equalities IC_D = ICJIFD.

Proof. As complex conjugation and taking the transpose are linear transformations,
taking the adjoint is linear. Together with 4.1, this means that (—D)* = —D*.
Thus, 7P = ker((—D)* — i) = ker(—D* — i) = {x € D(D*) : (—-D* — i)z =
0} = {zx € D(D*) : (D* +i)x = 0} = ker(D* +14) = K?. Similarly, we have that
K=P = ker((—D)* + i) = ker(—D* + i) = ker(D* — i) = KP. This gives us the
desired reversal of equalities. ]

Lemma 4.3. Let D have deficiency indices (a,b) for some a,b € Z, a,b > 0. Then,
the operator —D has deficiency indices (b,a).

Proof. Since D has deficiency indices (a, b), we know that dim ICE = g and dim P =
b. Thanks to 4.2, as ICE = K-P and £P = ICID, this means that dim ICJ_FD = b and
dim =P = a. Thus, the deficiency indices of —D are (b, a). O

Now, we can state and prove the main theorem of this section.
Theorem 4.4. Let D be a symmetric, closed, densely defined operator in a Hilbert
space H.

(i) If D has deficiency indices (a,b), as in 4.3, then Hy := D @ (—D) has
deficiency indices (a + b,a + b).
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(ii) If {vE} are the respective defect elements of D, then the defect elements of
Hy:=D®(—D) are

oo (D)o () (o (D) o
(3 ()]

Proof. As in 2.5, let U and v, for 1 <j<aand1l<k<bbe a basis for ICE and
KCP respectively. These are the defect elements of D.

By 4.3, —D has deficiency indices (b, a). By 4.2, we have that IC? = K%D. Thus,
the set of U;_ form a basis for K~ and similarly, the set of v, form a basis for ICJ_FD .

Now, we switch our attention to Hy. As we did for —D, taking the complex
conjugate of D@ (—D), we get the following: H¥ = (D®(—D))* = (D® (-D))" =
Do-D)T =D @-D') = (D*® —D*).

Consider ker(Hj —1i) = ICfO. Let u = (z,y) " € ker(H¥ —i). Then, (Hf —i)u =0
implies that Hju = aiu for some o € RT. Substituting, we get (D* ® —D*) (z) -

*

Nz . D*z \  (aix . .
ol <y> After distributing, we get <—D*y> = (az’y)’ meaning that D*x = aiz

and —D*y = aiy. Thus, we have that x € K and y € ICJ_FD =KP. Asu = (z,y)"
was arbitrary, we can represent leO as the cartesian product ICE x KP. Note that
as ICE and P are distinct eigenspaces, they are orthogonal, meaning that their

intersection is trivial. We then have that dim ICfO = dim(K? x KP) = a+b. In
other words, the first deficiency index of Hy is a + b.
Hence, the following combination of defect elements of D form a basis for ICfO:

() (5)- () ()}

The KHo case is identical, just with the signs flipped. It follows that dim KcHo =
dim(KP x KP) = b+a = a+b. So, the second deficiency index of Hy is also a + b.
And, the following combination of defect elements of D form a basis for JcHo.

) () () (8))

In conclusion, the deficiency indices of Hy := D @ (—D) are (a + b,a + b).

5. SELF-ADJOINT EXTENSIONS

As we showed in §4, the defect element structure in regards to Hy = D@ (—D) is
fully determined by the defect elements of D. In [7], it was shown that for concave
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corners with straight edges, D, equipped with boundary condition 1.4, admits a
one-parameter family of self-adjoint extensions as detailed in 2.9.

However, the construction of these extensions omitted the use of defect elements.
Furthermore, through algebraic computations, we find that no such linear combi-

nation vy of ug,u—_1 with an arbitrary cut-off function ¢ (%) satisfies the following

defect element equation:
D*v, =idvg, e R\{0}. (5.1)
So, we find the two defect elements ourselves using similar techniques to [4].

Proposition 5.1. Let vy (r,0) = (v1,v2)" satisfy (5.3). Then, vy satisfies the fol-
lowing system of partial differential equations:

Or9 — %091)2 = —)\eiavl, (5.2a)

Orvy + ;69111 = —Xe Wy, (5.2b)

Proof. First, we convert D into polar coordinates.

o ; o 0 e Oy + a 0
D; = —id - 7#(0r + ;0'360) =1 (6i9 0 > < 0 Or — i69>

0 A *19(& — *59 >

%\s

Now, we plug in v,.

. . 0 e ?(0
et ) )
_ ( 00z — 891)2))
B e (0,v1 + 691}1)
Setting this equal to i\v, and moving the et terms to the other side, we get the

desired equations. ]

Lemma 5.2. Let vy = 5 — % Then, the following functions are solutions to 5.2

and thus are the defect elements of D:

vi = Ky (1) fo(0) + Koo 41(r) f-1(6), (5.32)
— = Ky (1) fo(0) = Kuo41(r) f-1(6), (5.3b)

where K, is a modified Bessel function of the second kind with parameter v and
fo, f-1 are as in 2.10.

Proof. The proof follows from the following well-known modified Bessel function of
the second kind recurrence relations and f relations, where fo(0) = (fo,1(8), fo2(6))"

and f_1 = (f-11(0), f-1200)T
0K, (r)
or

- K, 1(r) — ;Kl,(r),
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Ky-1(r) = 2%[(1/(74) + Ky (1),

€ f01(0) = f_1.2(0),

e f11(0) = fo(0).

These computations find that vy are solutions to 5.2 for A = 1. Through what
can be viewed as a scaling mapping, changing r — Ar in the argument of the Bessel
functions, we eliminate the A\ dependency. So, our defect elements v+ become valid
for any fixed value of A € R, A # 0. Since any such value of X is valid and such
a scaling does not fundamentally change the solutions, we can choose A = 1 for
simplicity. We thus denote Ar as r to underscore the immateriality of the scaling on

the solutions.
O

Note that the defect elements we found can be written in terms of the harmonic
functions ug(r,0), u—_1(r,0) from [7] as written in 2.10 in the following way, but
crucially with two different cut-off functions ¢:

vy = up(r,0) £ u_q1(r,0),

T r
o0 () = 01 () = e

With these defect elements, we can now formulate the self-adjoint extensions of
Hy using Theorem 2.6 and thus H using our previous results.
This allows us to state one of our main results.

Theorem 5.3. Let H be as in 1.1 with domain as specified in 1.8, where € is a
corner with straight edges and opening angle w € (0,27)\{7}.
(i) If w € (0,7), ie. Q has a convex corner, then H is already self-adjoint on
D(H).

(ii) If w € (m,2m), ie. Q has a concave corner, then H admits the following
four-parameter self-adjoint extensions with domain

D(H') = D(H) + span { (”5) +U (”J) : (f_) +U (f_) } (5.4)

and action

e () () () ()
—Hp+i (“g) iU (”J) +i (f_) il (UO_) (5.5)

where ¢ € D(H), vy are the defect element of D, as given in 5.3, and U is
a four-parameter unitary map in the unitary group U(2).
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Proof. For the case of a convex corner, by Theorem 2.7, D is self-adjoint on 1.5. In
other words, in this setting, D is essentially self-adjoint. Thus, the deficiency indices
of D are (0,0). By Theorem 4.4, Hy has deficiency indices (0,0), making Hy also
essentially self-adjoint in this case. By Lemma 3.5, H is essentially self-adjoint, as
desired.

Now, assume w is a concave corner. First, by Lemma 5.2, the defect elements
of D are v, and v_ respectively as given in 5.3. Thanks to [7], as written in 2.7,
we know that D admits a one-parameter of self-adjoint extensions. So, by 2.6, the
deficiency indices of D are (1,1), and the two defect elements vy we found truly
form a basis for ICQ .

Let us shift our focus to Hy := D@ (—D). It is well-known that D, and thus —D
and Hy, is a symmetric, closed, densely defined linear operator on the Hilbert spaces
H(Q,C?) and L?(2,C?). Note that through our choice of boundary conditions in
1.7, we guarantee that D(D) = D(—D) in our setting. Thus, by Theorem 4.4, we
have that the deficiency subspaces of Hy have a basis of

I = span { <U0+> ’ <v0> } ’
KHo = span { (”o > ’ (0> } '

Importantly, 4.4 also tells us that Hy has deficiency indices (2, 2). From 2.6, we know
that Hp admits infinitely many self-adjoint extensions Hy; parameterized by 2 x 2,
ie. four-parameter unitary maps U : ICfO — KHo. Furthermore, these extensions
are of them form in 5.4 with action given in 5.5.

Finally, we consider the full operator H = Hy + M as defined in 1.3. Recall that

0 m
M:<m O>®I2

where m € C. As m,m are constants, M can be defined on the whole Hilbert
space. Since M is also symmetric, by 2.4, M must be bounded. Note that Hy is
also symmetric as D is symmetric. Thus, by Lemma 3.5, the family of self-adjoint
extensions of H = Hy + M is exactly the same as those of Hy which we already

found. This completes the proof.
O

Corollary 5.3.1. In the above setting, if ) is a bounded, simply connected curvilin-
ear polygon of class C? as defined in [7] with finitely many strictly convex corners,
then H is already self-adjoint on D(H).

Proof. By [7], each time a corner is added to €2, which can have up to finitely
many corners, we must add the suitable harmonic function to the extension of D.
However, since every corner is convex, there are no harmonic functions to add since
the deficiency indices of D are always (0,0) in this case. As in the proof of 5.3 for
a convex corner, this means H is essentially self-adjoint.

O
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6. BOUNDARY CONDITIONS

In this section, we provide a number of useful relations between boundary condi-
tions in the context of our self-adjoint extensions.

First, we provide an explicit way of translating between the boundary conditions
on the initial domain of D as in 1.5 via a unitary transformation. Recall the bound-
ary conditions given by 1.4, parameterized by n € (0, 7). Our unitary transformation
is the following:

U = "5 0), (6.1)
Additionally, we implement the common parameterizations of the unit tangent vec-
tor t = (—sin(¢), cos(¢)) and unit normal vector 1 = (cos(¢), sin(¢)) with parameter
¢ € [0,2m). For notational convenience, we rewrite 1.4 as

1 —sin(n)d -t —cos(n)os =1 — 1, - & (6.2)
where we define A
Uy = sin(n)t + cos(n)z. (6.3)

Lemma 6.1. In the above setting, for some n,n' € [0,27), we have the following
equality:
Uty - G)U" =0y - 5. (6.4)
Proof. First, note that
Uy - 0 = —sin(n) sin(¢p)oy + sin(n) cos(¢)oz + cos(n)os.
Additionally, we have that

U = ein’;n (7)) _ ei"/T*n(cos(qﬁ)alJ,-sin(qb)gﬁ

Because of the anti-commutation property of the Pauli matrices, we have that

n'—n n'—n s =

U, - 3)U* = et 2 @9 (—sin(n) sin(p)oy + sin(n) cos(p)o + cos(n)az)e ™ 2 (@0)
= /=) (—sin(n) sin(p)o1 + sin(n) cos(¢)oz + cos(n)os)
= ' (W) g=in(eos(@)or+sin()o2) (_ gin () sin(¢) oy + sin(n) cos(dp)og + cos(n)as).
We first evaluate the inside:
¢~ inleos(@)ar+sin()a2) (_ gin(n) sin(¢)oy + sin(n) cos(¢)og + cos(n)os3)
( (@n +0)
(O - &) + isin(—n)[—sin(n) cos(¢) sin(¢)I2
+ isin(n)os + sin(n) cos(¢) sin(¢)Ia — i cos(n) cos(¢p)oa + i cos(n) sin(¢p)o ]
= cos(—n) (b, - &) + sin®(n)oz — cos(n) sin(n) cos(d)aa + cos(n) sin(n) sin(¢)oy
— — cos(n) sin(n) sin(¢)oy + cos(n) sin(n) cos(p)oy + cos?(n)os
+ sin?(n)og — cos(n) sin(n) cos(p)or + cos(n) sin(n) sin(p)o;

= cos?(n)as + sin?(n)o3

Uy - &) + isin(—n)
n

= 03.
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Now, evaluating the whole expression, we obtain the following;:
einl(ﬁ"?)e_i”(ﬁﬁ)(— sin(n) sin(¢)oq + sin(n) cos(¢p)oy + cos(n)os)
_ ein/(cos(gb)o‘l +sin(p)o2) (0_3)

= cos(n')os + isin(n’)(—icos(¢)o2 + isin(¢)oq)
= —sin(n’) sin(¢)oy1 + sin(n’) cos(¢)oa + cos(n’)os
=Dy - 0.
g

However, in the context of future work, the problem of finding the bound-state
spectrum of H which motivated this project, the current perspective of self-adjoint
extensions is not obviously computationally useful. We intend to solve a system of
partial differential equations for the spectrum of H, yet it is known that the choice
of self-adjoint extension in general affects these solutions. Thus, we need a way
of solving the system of PDEs in general and choosing a certain parameterization,
which there are infinitely many of, only after obtaining the solutions. This method
also allows for more insight into the structure of the spectrum which could have
interesting physical implications. To do so, in the rest of this paper, we look to
reformulate the extensions of H in terms of additional boundary conditions on a
more general domain encompassing all extensions.

Since the extensions of H are based on those of D, as we showed in 4.4 and 5.3,
we first consider D with the boundary parameterization n = 5. Now, using the
definition of the adjoint operator as in 2.1, for w € D(D*), for all v € D(D), we have
that

(v, D*w) = {(Dv,w). (6.5)
Recall the formulation of the action of D and thus D* in polar coordinates we
computed in Section 5.

. 0 e (3, — 10p)
D* = — (ew (00 + i09) ) . (6.6)

v = ,W = .
V2 w2
Starting from 6.5, after integration by parts over the region

Q={(rd):0<r<a0<0<w} (6.7)

where w is the opening angle of the corner, we get the following relation.

For now, denote

Joa ey (1, w)wa (r, w) — v1(r, 0)ws(r, 0)dr (6.8)
= La g (1, w)wy (1, w) — va(r, 0)wy (1, 0)dr. (6.9)

Note that after a change of coordinates mapping, by using relevant identities from
the physics literature, 6.8 can be reduced further, yielding interesting insights into
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the structure of this relation. This formulation is explored further in this section.
For now, we continue as we originally state 6.8.

As v € D(D), the element must satisfy the boundary condition Pf yv = 0 for
n = % and boundary matrix given in 1.4. After expanding and matrix multiplication,
since the boundary of € in this case occurs exactly when § = 0 or § = w, this
condition is equivalent to

UQ(T)W) = eiwvl(rvw)v

va(r,0) = v1(r,0). (6.10)
Thus, 6.8 becomes
0= Ja vy (1, w) [efiwwg(r,w) — w1 (r,w)] dr (6.11)
0
- L v1(r, 0) [wa(r,0) — wi(r,0)] dr. (6.12)

Since w must satisfy this relation for all v € D(D), we can take v (r,w) and vy (7, 0)
to be any function in D(D), meaning that we can choose appropriate functions that
force e~ wy(r,w) — wi(r,w) = 0 and ws(r,0) — w1 (r,0) = 0. However, rearranging,
we get the same relations as in 6.10. Since w € D(D*) was arbitrary, this means that
every function in any extension of D must satisfy the same boundary condition 1.4
as imposed on the original domain D(D). Furthermore, as 2.7 gives an element in
any extension as being of the form in 2.9, and both uy and u_1 satisfy the original
boundary condition 1.4, by linearity, we have that every extension satisfies 1.4.
Thus, 1.4 is the boundary condition we are looking for that exactly specifies the
extensions.

It is imperative to recall that ug, u—; are not in the original domain D(D). In
fact, proven in [7], ug, u_; are not in H'. While ug € H'? < L?, we know that
u_1 ¢ HY2, but still u_; € L2. Thus, our boundary condition, depending on the
concavity of the corner and the desired Hilbert space, ie. H', H 1212 of the
extension, our new general domain is given by the same boundary condition 1.4 but
after relaxing the integrability conditions.

As mentioned earlier, here is the alternative approach to reformulating 6.8. For
all u(0) € D(D*), we will do the following change of coordinates mapping via a
unitary matrix to simplify computations.

u(®) — <€_(; 6?3) u(8) = Tou(h) (6.13)

Next, we recall the following relations from [12].

vi(x)wa(x) — vo(z)wy(x) = — %[(—’UQ(LL‘) +iv1(x))(—wa(x) + 1w (x)) (6.14)

— (va(z) + w1 (@) (w2 (x) + iwy (2))]. (6.15)
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Using 6.13 and 6.14, we get that 6.8 yields the following two equivalent inner product
relations.

(Gt Gy i) = Coaron) - (o W%ﬁ 0))

(6.1
(o) Cot i) ) = (i o) (& (<§>++Z%UJ1(<)>)>‘
Let

v (—’UQ(O) + iv1 (0)) _ (—wg(O) + dw1(0)
1}2(0) + 11 (0) ’ wg(O) + 1wy (0) )

Then, equation 6.16 is specified by a map ¢ such that

[ —v2(0) + iv1(0) —va(w) + v
o) =9 ( v 2(O) + ivll(()) ) < . )+ wll >

_ [ —w2(0) + iw1(0) wa(w) + iwy (w)
oo =0 (220 i) = (S S
Then,

(pz,030y) = (z,03y) =
(z, (¢ o30)y) = (x,03y) =
¢ o3¢ = o3. (6.18)

Thus, we must have ¢ € U(1,1). Alternatively, we can consider our second relation,
equation 6.17. Let

[ va(w) +ivi(w) [ wa(w) 4w (w)
e <—312(0) +2'1111(0)>’ v= (—5}2(0) +¢u1)1(0))'
Now, equation 6.17 is specified by a map ¢ such that
B va(w) +ivi(w) \  [—v2(w) + vy (w)
plw) = (-iQ(O) +¢§1(0)> = ( 05(0) + i1 (0) >
B wa(w) +iw(w) \ _ [—wa(w) + iw (w)
o = (Lo imi) = ooy oty )
(o, py) = (o,y) =
<$, 90*(/7> = <x7y> =

=1 (6.19)
Similarly, we must have then that ¢ € U(2).

Then,
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Although both U(1, 1) and U(2) are realized as four-parameter unitary maps, from
equations 6.16 and 6.17, we can write restricted boundary conditions as one and two-
parameter maps. If we allow the edges at 6 = 0 and § = w to have independent
boundary conditions, we obtain a two-parameter family

e 0
v= 0 e
such that

€1 v (w) + iv1(w)] = —vo(w) + v (w), €2 [—v9(0) + iv1(0)] = v2(0) + 3v1(0).

However, if we further restrict both edges § = 0 and § = w to obey the same
extension parameter, we get a single parameter family. This agrees with the one-
parameter family of self-adjoint extensions of D as found in [7] with a uniform
boundary condition. As we saw, relaxing the boundary conditions of 2 allow for
a larger family of extensions. In summary, these formulations give deeper insight
into the more general structure of the self-adjoint extensions of D. As we showed
in Theorem 5.3, the self-adjoint extensions of H depend on those of D. Thus, these
results on formulating and examining the extensions of D in terms of boundary
conditions will be the basis of doing the same for H, which will be our future work.
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