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Abstract

In 1976, Uhlenbeck constructed a manifold of eigendata for a large class of symmetric differ-
ential operators: a space whose points are triples (v, A, A) with v an eigenfunction for A with
eigenvalue A. We consider the topology of this manifold for symmetric n x n matrices and find
that it is a trivial vector bundle over a sphere.

1 Introduction

1.1 Motivation

Consider the two matrices:

[—0.866 0.709 —0.252 —-0.119 -0.883 —-0.625 —-0.772 0481 0.482  0.812 ]
0.709 -0.627 -0.325 -0.657 0.122 0359 0.087 0.701  0.150  0.486
—-0.252 —-0.325 0.691 0.089  0.509 —0.354 0.427 —0.448 —-0.481 0.190
-0.119 —-0.657 0.089 —0.131 —-0.583 0.338 0969 0323 0.752 —0.805
—-0.883 0.122  0.509 —0.583 0.400 —0.104 0.418 0.887 0.666  0.066

A= —-0.625 0.359 —0.354 0.338 —0.104 -0.634 —-0.839 0.215 0926 —0.990
—-0.772 0.087 0427 0969 0418 -0.839 0415 0404 0902 —0.409

0481 0701 —0.448 0.323 0.887 0.215 0404 0.168 0.386 —0.375

0.482 0.150 —0.481 0.752 0.666 0926 0.902 0.386 —0.654 0.268
| 0.812 0.486  0.190 —0.805 0.066 —0.990 —-0.409 -0.375 0.268 —0.497]
[—0.037 —-0.324 0.833 0.728  0.521 —0.587 0.231 0.954 0.664 —0.223]
—-0.324 -0.859 -0.126 0.181 0911 0.153 0.882 —0.278 —-0.601 —0.391

0.833 —0.126 —-0.065 0.487 0.666 0.101 0396 0.042 0.578 —0.894

0.728 0.181 0.487 —-0.787 —-0.999 -0.734 0.108 —-0.736 0.021 —0.128

B_ 0.521 0911 0.666 —0.999 -0.691 0.332 0.230 0.979 —0.330 0.491

—0.587 0.153 0.101 —-0.734 0332 —-0.686 —0.949 -0.684 0.945 0.051
0.231 0882 039 0.108 0.230 —-0.949 -0.151 -0.581 -0.902 0.153
0.954 —-0.278 0.042 —-0.736 0979 —-0.684 -0.581 —-0.097 0.766  0.526
0.664 —-0.601 0578 0.021 —-0.330 0.945 -0.902 0.766 —0.181 —0.562

|—0.223 —-0.391 —-0.894 -0.128 0.491 0.051 0.153 0.526 —0.562 —0.407]




Eigenvalue Evolution Along Matrix Path A_t = tA + (1-t)B
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Figure 1: Avoidance of Crossings

Then we take the path tA + (1 — ¢)B and ask what the eigenvalues of these matrices along this
path look like (Figure: . The fact that these paths of eigenvalues never cross is reflected in the
relative size of the space of real symmetric n X n matrices with multiple eigenvalues. Regarding
this, Wigner and Von Neumann proved:

Theorem 1 ([Lax07|, [NW93]). The space of symmetric n x n matrices with multiple eigenvalues
has dimension 2 less than the dimension of the space of symmetric n X n matrices. This is also
referred to as being a codimension 2 subspace.

Remark 1. More generally, when a space has dimension n less than the space it lies in, we call the
subspace codimension n.

In particular, this space is small, and a consequence is that almost any path through Sym(n), the
space of symmetric n X n matrices, will not contain any matrices with multiple eigenvalues. For
some intuition, a codimension 2 subspace in a linear space could be understood as a point in R?,
or a line in R3.

Uhlenbeck wanted to find a similar result for a certain set of symmetric differential operators.
In particular, she found criteria for when the set of these operators with repeated eigenvalues is
residual, or large in the space of all such operators. Details are in [Uhl76].

In particular, a family of operators satisfying these criteria give rise to manifolds of eigendata: a
space where points are triples (v, A, A) where v is an eigenfunction for A with eigenvalue .

We are concerned with the topology of this space in the case of real symmetric n X n matrices. We
first found that the space was homotopy equivalent to a sphere via the map

(0, M, A, 1) = (’v“'t (1— 1)\, (1— t)A>

but we actually found something a little stronger: that the space is a vector bundle over a sphere
with fiber Sym(n — 1). We find this by reducing the manifold the product of R? with a vector
bundle with fibers over a point s € S”~! the space of symmetric matrices which have s in their
kernel. Then we consider an orthogonal complement bundle and show that complementary bundle
is trivial so that we may conclude that the bundle is trivial.



1.2 Vector Bundles and Smooth Manifolds Background

This section will cover some differential topology background that we used to arrive at our result.
The material here can be found in [Leel3|, [Hir76], or [Hat01].

Definition 1. A smooth manifold of dimensional n is a Hausdorff second-countable topological
space M with an open cover U with embeddings ¢; : U; — R™ such that if U; N U; # () then the
map

pi; iU Up) = (U N U;)

is smooth. We call the pair (U;, ¢;) a chart and the set {(U;, ¢;) }icr an atlas on M.

Definition 2. A map f: M — N between smooth manifolds M and NN is smooth if for each point
p € M there are charts (U, ) on M and (V,v¢) on N with f(U) C V and the map:

Vfe™h i p(U) = (V)
is smooth. We call a smooth map f whose inverse f~! is smooth a diffeomorphism.

Definition 3 (Vector Bundle). Let M be a topological space. A real vector bundle of rank k over
M is a topological space F with a surjective map 7 : E — M such that:

1. For each p € M, the fiber E, = 7~ 1(p) over p is endowed with the structure of a k-dimensional
real vector space.

2. For each p € M, there exist a neighborhood U of p in M and a homeomorphism ® : 7=1(U) —
U x R¥ (called a local trivialization of E over U) that is a linear isomorphism on each fiber
and makes the diagram:

= 1(U) 2 U x Rk

M

commute.
If M and E are smooth manifolds, 7 is smooth, and ® is a diffeomorphism, then F is called
a smooth vector bundle over M.

The important part of this definition is the second part where we state that the space E lying above
our manifold M is locally a product. In other words, if you zoom in close enough to a point of the
manifold, the corresponding part of the vector bundle is simply the Cartesian product of that set
with a vector space. There are two particularly nice examples of vector bundles

Example 4 (Trivial Bundle). If M is a manifold, we get a vector bundle from M x R"™ with
projection map 7(p,v) = p. Then 7~ 1(p) = {p} x R* = R™. And the local trivialization condition
follows trivially. We write a trivial bundle with rank ¢ as ¢ when the base space is known.

Example 5 (Tangent Bundle). Intuitively, we can consider the tangent space of a manifold M at
a point p € M to be the space of vectors tangent to p € M and we write T,M. When M = S",
then 7,,5™ = pr.

We would like to write down a basis for T}, M at each point. We will write these basis elements as:

w(p)>

0
ozt

_ 0
= d(¢™ () (W

p
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see |[Leel3| for details. The tangent bundle is then defined to be:

™ = [[ T,M
peEM

The next thing that we would like to do is understand how a vector bundle can fail to be globally
trivial. To do this, we would like to know when a bundle is globally trivial, and this has a nice
description in terms of sections of a vector bundle:

Definition 6 (Sections). Let # : E — M be a (smooth) vector bundle. A global section of
E is a continuous (smooth) map ¢ : F — M such that 7o = 1. A local section is a map
0:UCM — E|y =7 }(U). In particular, a vector field is a section of the tangent bundle.

Remark 2. A reader might notice that a section is the same as a right-inverse for the vector bundle
projection .

Example 7 (Vector Field in R™). Recall that a vector field in R™ is a vector-valued function
F :R™ — R"” that assigns to each point € R™ a vector F(z) continuously. We can take this to be
a section of TR™ = R™ x R™ by letting F’ : R" — TR" defined by F'(z) = (z, F(z)).

Definition 8 (Linearly Independent Sections). Let £ — M be a vector bundle. If U C M is an
open set, a k-tuple of local sections (o1, ...,0}) is said to be linearly independent if for all p € M,
the values (o1(p),...,ok(p)) for a linearly independent set in E,. If U = M and k = Rank(FE),
then the tuple is called a global frame.

Proposition 2 (Trivialization Criteria). A smooth vector bundle is smoothly trivial if and only if
it admits a smooth global frame.

Example 9 (Nontrivial Bundles). Using this criteria, we can show that the tangent bundle for
even spheres is nontrivial because every section must vanish at some point, so linearly independent
sections are not possible.

In particular, we consider two different kinds of vector fields:

Definition 10 (Coordinate Vector Fields). Let (U, (%)) be any smooth chart on M, the assignment:

D :
ox* »

defines a vector field on U called the i-th coordinate vector field.
Example 11 (Coordinate Vector Fields in R™). Since there is a global chart on R™ given by

projection maps, the coordinate vector fields in R™ are given by sending a point x € R"™ to a basis

vector for T, R", which is given by a?;i

"
Proposition 3 (Pushforward of a Vector Field). Suppose F': M — N is a diffeomorphism between
manifolds with or without boundary. For every vector field X, there is a unique vector field Y on
N such that:

dFp(Xp) = Yrg)

for all p € M. And the vector field Y is given by:
¥y = dFp1(Xp-1q)
and we call this vector field F, X.



Finally, we need to understand some more constructions involving vector bundles:

Definition 12 (Subbundles). Let 7 : E — M be a vector bundle. A subbundle of E is another
vector bundle mp : D — M such that for each p € M, D N E, is a linear subspace of E, and we

have a commutative diagram:
D - E
7& A
M

Proposition 4 (Local Frame Criteria). Let 7 : E — M be a smooth vector bundle, and suppose
that for each p € M we are given an m-dimensional linear subspace D, C E,,. Then D = UpeM D,
is a smooth subbundle of E if and only if each point p € M has a neighborhood U on which there
exists local sections giving a basis for D, for each q € U.

Definition 13 (Whitney Sum). Let M be a smooth manifold and E’, E” smooth vector bundles
of rank k', k" respectively. Then the Whitney sum E’ & E” of E' and E” is defined by:

/ 1/ / /"
(E'® E"), = E, @ E!

and the total space:
/ " / 1"
EoE =1]] E,eE,
peEM
Definition 14 (Orthogonal Structure). Let # : E — M be a vector bundle. An orthogonal

structure on F is a family o = {oy}penr, where each oy is an inner product on E, such that the
map (p, v, w) — ay,(v,w) is smooth.

Definition 15 (Orthogonal Complement Bundle). Let (E, ) be a vector bundle with an orthogonal
structure. Let E’ < E be a subbundle. The orthogonal complement E'- < E is the subbundle
defined fiberwise by:

(B )p = (Bp)™

Proposition 5 (Whitney Sum of an orthogonal complement with the original bundle). If E — M
is a vector bundle with an orthogonal structure and E' is a vector subbundle, then E'" is a vector
subbundle of E and E' ® E'* = E.

We have one more result involving the homotopy classification of vector bundles, but the only
important definition will be that of a contractible space. Informally, this means a space that can
be continuously compressed to a point. For example, R™ is contractible for all n.

Proposition 6 (Bundles Over Contractible Space). If E — M is a vector bundle and M is
contractible, then E is trivial.

2 Results

We define a topological subspace H = {(s, A) € S"~ 1 x Sym(n)|As =0} C S ! x Sym(n). This
has a natural projection onto S"~! by forgetting the matrix. And we write Q for the Uhlenbeck
manifold.



Proposition 7. The space H is a codimension n smooth vector subbundle over S"~1 of the trivial

bundle S"~1 x Sym(n).

Proof. Using {4] we need only check that each fiber H), is a linear subspace of Sym(n) and that
there are smooth local sections o; giving a basis for H,, at each point p. For linearity, note that if
As =0 and Bs =0 and ¢ € R, then

(cA+ B)s=cAs+ Bs =10

and A = 0 is in H|, for all s. For finding local sections, let s € S~ 1\ {S} note that we have a
vector bundle 7.S"~! — §™~1 restricting to a vector bundle 75"~} |gn-1\{s3 = Sn=1\ {S}. But this
vector bundle is trivial because S"~1\ {S} =2 R"~! is contractible. And we can write a global frame
down by pushing forward and then normalizing the coordinate vector fields on R”~!. But pushing
forward the coordinate vector fields amounts to picking columns of the Jacobian of stereographic
projection. And after normalizing we find:

1+Sn—812 1=7,7<n
—58;5; 1£j,7<n
—si(l+s,) j=n

1

i(s); = |sn + 1]

So we get an orthogonal matrix:
Us = [01(8)y ..., 0n—-1(5), 5]

Now let s) = N and note that Ussg = s. Now let A; be any basis for Sym(n) and define local
sections o; : S\ {S} — ™71 x Sym(n) by:

oi(s) = <s, U, [’g 8} UZ)

Then these sections are smooth because the matrices Uy are matrices of smooth maps. The sections
are also well-defined:

0 0 0 0

So it remains to show that they are all linearly independent and give a basis for H, for all s €

U, [Ai O] Ul's = U, [Ai 0} Ul'Us =U,0=0

0
invertible matrix is a change of basis. We can see that any matrix of this block diagonal form will
send sg,to 0 so it remains to show that these are the only matrices that can send sy to 0. Suppose
B is a symmetric matrix such that Bsy = 0. Then:

S7=1\ {S}. But this just follows from [AZ 0] being a basis for Hy, because conjugating by an

bl,n

b2,n

BSO = . =0
bn,n

so B must be have a row and column of zeroes on the last row and column, and a symmetric matrix
elsewhere.

If s = S, we consider the neighborhood S" 1\ {/N} and use a similar argument to get local sections
on this neighborhood. O



Lemma 8. Q as a submanifold of R™ with the standard smooth structure is diffeomorphic to R?>x H.
With H having the smooth structure induced by the local sections abowve.

Remark 3. We could use this as an alternative proof that @) is a manifold because it is homeomorphic
to a manifold.

Proof. The map is given by f: Q@ — R? x H via:

f@uA,A>=:(k%|vLA,f1,A-—AI>
v
with | - | denoting the norm of the vector v. And this has inverse:

S p,s,B) = (e"s, pu, B+ pul)

We now check that these maps are smooth. We can extend f to be defined on all of R™\ {0} x R x
Sym(n), and we will call the extension f. Then if we let ¢ be the diffeomorphism

R™\ {0} — S"~! x R given by ¢(v) = (” log ]v|> and £ : R x Sym(n) — R x Sym(n) be the

mv

diffeomorphism ¢(\, A) = (A, A — AI). Then:

f(vv A, A) = (SO(U)7€()‘7 A))

and the restriction of f to @ has image exactly R? x H. To show this, let (z,\, s, A) € R? x H.
Then:

fle®s, A+ ) = (x,\,8,A)
and (es, A\, A+ \I) € @ because:

(A4 A)e®s = e"(As + As) = \e”s.
Conversely, if (v, A, A) € @, then:

fme—Q%MAfﬁA—M)

[l

and
v _1

(A—XI) (Av — Av) = 0.

ol o]

So we conclude that f is a diffeomorphism. O

Theorem 9. H is a trivial vector bundle over S"~! for alln. So Q =2 S" ! x R? x Sym(n —1).

The proof uses the following result from Husemoller:

Theorem 10 (|[Hus94|). Let M be an n-dimensional manifold and &1,& two rank k real vector
bundles over M and m =n+1. Then if m < k and & ® e’ and & @ €’ are isomorphic for some {
with € denoting a rank ¢ trivial bundle, then & and & are isomorphic.



Figure 2: Nonvanishing section of H on the circle

Proof. The result in Husemoller implies that in particular, if we find a trivial bundle H’ such that
H @ H' = ¢, then this would be enough to show H is trivial. So we find an orthogonal complement
bundle H+ in S"~! x Sym(n) that is trivial. Using the inner product given by:

<Aa B>tr = TI‘(ATB)
on Sym(n), details can be found in [Hall5| for why this is an inner product, we consider H —

S"=1 x Sym(n) as a subbundle. Then we claim that the maps ¢; : S"~! — H* given by:

vi(s) = (s, seZT + eisT).

give linearly independent global sections for H+. For the sections landing in H', we compute for
any A € H; and z € R™:

(A, sz + xsT) g = Tr(AszT) + Tr(AzsT) = Tr(sT Az) =0

because As = 0 and thus s” A = 0. For smoothness, we again check that the n x n matrix seiT+el-5T

is a matrix of smooth maps:

281' ] =k=1
Sk J=1
(seiT + eisT)Lk = .
s;j k=1
0 otherwise

So this works. Now suppose:
sel +zsT =0

with s € S" ! and € R®. Then z = —sz”'s. So using the Euclidean dot product:
0< <£L’,$> = —<$,£L‘>2 <0

But then |z|2 = 0. So the sections are linearly independent and a dimension count then implies
that these sections give a basis at every point. In fact, for any n we have:

n(n+1) n(n—1)
2

Hoe">2HpH ~¢ e 2 "



n(n—1)
2

But then using our result from Husemoller, we can conclude that whenever n < ,or 3 <n,

n(n—1)

H=¢72 . So H is trivial.
It remains to check the case when n = 2. But in this case we get a nonvanishing global section

(Figure [2]) from:
2
. S5 —S8152
©=(s| - 37)

Remark 4. A bundle £ such that there is a trivial bundle € such that £ ® ¢ is trivial is called stably
trivial. And this result from Husemoller gives a criteria for when stably trivial vector bundles are
themselves trivial.

O]

3 Further Exploration

Going back to the avoiding crossings problem, we could consider the space:
S = {(A, A)|\ is an eigenvalue for A}

but this space has singularities arising from the crossings. So we could consider this space through
the projection map 7 : @ — S by w(v, A, A) = (A, 4). One approach to this using the Uhlenbeck
manifold will be to understand the composition:

R2 x §*~1 x Sym(n—1) —2— Q

Ty
with ® a diffeomorphism that we have shown exists. So this leads us to the problem:

Question 1. Can we construct explicit global sections of H when it does not sit over a parallelizable
sphere?

We now go over how we may use an explicit trivialization to study the topology of the space without
the eigenvector.

Example 16 (Incomplete n = 2 case). We can consider a subspace Q" C @) consisting of only unit
eigenvectors. Then Q" = S' x R x R via the map

P:S'xRxR— Q"

2
sy + A —ps182
(S,)\,,U,) = <37>‘7 |:—M8182 HS% 4 A:|>

And S!' x R x R = R?\ {0} x R by (s,7,t) — (e"s,t). So we know that Q" is R? with a vertical
line through the origin removed. We can then consider the path:

= (e 2)



3 /720
z 0‘% 7
‘& 710
” e, J/
"0 T 7%y
-10
P 7'-10
X : 7f
10 7
.

20 7 7%
Figure 3: Paths Through R?\ {0} x R

with ¢ € [~1, 1] through S and then take the preimage in Q" and find that it is given by S! when
t = 0 along with the paths:

(L] %)

—t

(L]l 2])

—t

And taking ®~! of each of these paths and applying the earlier diffeomorphism will yield a path
through R? take away a line. We find that ®~! is given by

O (s, N A) = (5, M, N = \)

with X the other eigenvalue for A. Then applying the other diffeomorphism we get the paths
through R3 take away a line (Figure [3)):

Now note that the composition 7® is a quotient map because it is closed and surjective.
and:

So
S = S xR xR/ ~ for an equivalence relation ~ given by (s, A, 1) ~ (s', X, i/) if and only if A = X

2 112
HSo = [ S
AN
US182 = 4 S189

2 _ 1.2
P81 = ST
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and using this we find that the projection map in this case identifies (s, A, u) with (s, A, i’) for every
A eigenvalue for s.
Consider the map I? — Sym/(2) of matrices:

t s

s —t
with eigenvalues ++/s% 4+ t2. Then if we plot the eigenvalues as a function of (s,t), we get a cone.
As with the case of the path through Sym(2), we may ask:

Question 2. What does the preimage of this map in the Uhlenbeck space look like?

In particular, these forgetful maps would help us understand the Uhlenbeck manifold restricted to
matrices with multiple eigenvalues. Recall that the space of matrices with repeat eigenvalues is a
codimension 2 subspace on Sym(n) in some sense. So, we may be interested in seeing if there is
a similar codimension 2 result for this subspace in the manifold. Future work could also explore
questions like whether this subspace is a submanifold of the Uhlenbeck manifold, and determine its
topology.

A flat torus is determined by a lattice A C R?, and each lattice has a Laplacian associated to
it by pulling back via a diffeomorphism ¢ : Z2 — A. We then can then see if we can study this
space of operators by first asking:

Question 3. Is the map

C?(R?/Z%) x R x M — C*(R?/7?)
(v, \,A) = Apv — Ao

a smooth map with 0 as a reqular value.

and then examine the topology. Then we could also consider a corresponding result for the Laplacian
on a hyperbolic surface.
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