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Mentor: Larry Moss
Title: Natural Logic

Project description: For the last ten years or so, researchers have been investigating systems of
logic where one does formal reasoning, but instead of using a standard system of logic, one
reasons in natural language, or something close to it. This work predated neural networks and
language models. One big difference is that when a list of assumptions imply a conclusion, the
logic-based work gives reasoning that is provably correct; when the list doesn't imply the
conclusion, the system typically gives a counterexample. The main point is that all of this can be
done on a computer. Language models typically work better, but their outputs are sometimes
wrong.

These days, there are a few projects in the natural logic' community which implement or extend
logics that have been studied already, and also projects connecting to language models in some
way. This area has a lot of spinoffs that could be REU projects. For this program, the specific
projects would depend on discussions held at the start of our program, or over zoom some days
or weeks before the program.

Prerequisites: Everything would build on a knowledge of logic, and an understanding of
completeness theorems (say for propositional logic) is the most important background. Other
good background skills would be Python programming, experience with math proofs in Lean,
semantics in the setting of linguistics or computer science, combinatorics, or abstract

algebra. One for sure does not need experience in al/ of these topics. But having a working
ability with one or more of them would be a plus.

Mentor: Babak Seradjeh
Title: Fiber bundles and quantum geometry of many-body quantum systems

Project description: The mathematical framework of differential geometry and fiber bundles was
recognized at the beginning of the 20th century as a building block for fundamental theories of
physics, including the general theory of relativity and the standard model of particles and fields.
More recently, this framework has been applied to quantum many-body systems in condensed
matter physics. Here, the natural base manifold is the Brillouin zone, a compact manifold
describing the momentum of excitations in the crystal, and the fiber is the vector space of their
quantum states. Geometric properties of this fiber bundle describe certain aspects of the
physical response of the excitations to external perturbation. In this project, we explore the
relations between fiber bundles and the quantum geometry of many-body excitations, such as



parallel transport, holonomy, and the induced metric of the Brillouin zone, on the one hand, and
the physical properties of the system, on the other.

Prerequisites: The project will combine analytical and numerical approaches as well as ideas
from differential geometry to address the physics of many-body quantum systems. Prior
knowledge of these subjects is not necessary; however, a working knowledge of linear algebra
and differential equations, as well as experience with mathematical modeling, is preferred.

Mentor: Shukun Wu

Title: Quantitative distribution for sequences of numbers

Project description: Given a real number c, let {c} denote its fractional part. We will investigate
the quantitative distribution of several sequences. For example, it is known that the sequence {
{en}:n =1, ..., N} is quantitatively uniformly distributed in [0, 1] when c is the square root of 2;
that is, each interval of length 1/N contains O(1) points of the sequence, independent of N. In
contrast, much less is known about the quadratic sequence { {cn"2}:n=1, ..., N}.

The goal of this program is to explore the distributional properties of various sequences that arise
in different contexts. Numerical experiments are expected.

Prerequisites: No particular advanced skills are required. Previous exposure to Real Analysis and
elementary Number Theory would potentially be helpful.

Mentor: Shukun Wu
Title: Triple sumset for sequences on the truncated parabola
Project description: For a finite set of numbers A, define its sumset A + A as

A+A={a+b:a,bareelements of A}.
A similar definition applies when A is a finite set of points in higher dimensions. The study of the
size of sumsets is central in additive combinatorics. For example, it is conjectured that for a
convex sequence, the sumset A + A has almost full expansion; in other words, the cardinality of
A+ Ais close to |A["2.
In this program, we investigate the three-fold sumset

A+A+A={a+b+c:a,b,and c are elements of A}

when A is a finite subset of the truncated parabola {(t, t*2) : |t| < 1}. The goal is to show that the
three-fold sumset A + A + A has almost full expansion, meaning that its cardinality is close to
|A"3.

Prerequisites: College-level calculus, linear algebra. Familiarity with Fourier analysis would be
beneficial, but it is not required.

Mentor: Saul Antonio Blanco Rodriguez



Title: Sorting permutations with 3 prefix reversals.

Project description: Sorting is one of the most basic questions in combinatorics and computer
science.

Given a permutation in one-line notation $\pi_1 \pi_2 \cdots \pi_n$, the $i$th prefix reversal is
defined as

\[

r_i(\pi_1\pi_2 \cdots \pi_n)

=\pi_1\pi_{i-1} \cdots \pi_1\pi_{i+1} \cdots \pi_n.

\]

It is easy to see that one can sort any permutation utilizing only prefix reversals.

It is, however, not true that any permutation can be sorted if one is only allowed to use three
prefix reversals.

However, certain triples of prefix reversals that can sort any permutation do exist.

The project is to understand the Cayley graphs of $S_n$, the group of all permutations, with
respect to generating sets of triples of prefix reversals.

In particular, can we bound their diameter by algorithmic means? Can we prove they are
Hamiltonian?

Prerequisites: Basic knowledge of group theory and coding experience.

Note: This supervision will be mostly done via Zoom.

Mentor: Elijah Bodish

Title: Quantum Octonions

Project description: In 1843, William Rowan Hamilton discovered the quaternions, a four
dimensional analog of the complex number plane. The Octonions, an eight dimensional analog,
were discovered soon after by Hamilton’s friend John T. Graves.

The algebra automorphisms of the octonions are the group $G_28$. The algebra isotopies are the
group $Spin_8S$. In 1999, by using the Drinfeld-Jimbo quantum group for $Spin_8$, Benkart and
Perez-Izquierdo constructed a quantum Octonion algebra (https://arxiv.org/abs/math/9801141).
This project will instead use the Drinfeld-Jimbo quantum group for $G_2$ to construct a
quantum Octonion algebra.

Both versions of the quantum Octonion algebra can be studied using diagrammatic algebra
(inspired by knot theory). This project will also develop a diagrammatic algebra approach to the
quantum Octonions by generalizing Kuperberg’s $G 2§ spider
(https://arxiv.org/abs/math/9201302).

Prerequisities: Linear Algebra, some Group Theory, and an open mind.


https://nam12.safelinks.protection.outlook.com/?url=https%3A%2F%2Farxiv.org%2Fabs%2Fmath%2F9801141&data=05%7C02%7Ccldcolli%40iu.edu%7Ca4aa16d15d88448abd2008de3c14e986%7C1113be34aed14d00ab4bcdd02510be91%7C1%7C0%7C639014257671105735%7CUnknown%7CTWFpbGZsb3d8eyJFbXB0eU1hcGkiOnRydWUsIlYiOiIwLjAuMDAwMCIsIlAiOiJXaW4zMiIsIkFOIjoiTWFpbCIsIldUIjoyfQ%3D%3D%7C0%7C%7C%7C&sdata=9lNiPjHosraNodpZCQ9pbTZyXfF%2BAHKbyDrH9KGHrF8%3D&reserved=0
https://nam12.safelinks.protection.outlook.com/?url=https%3A%2F%2Farxiv.org%2Fabs%2Fmath%2F9201302&data=05%7C02%7Ccldcolli%40iu.edu%7Ca4aa16d15d88448abd2008de3c14e986%7C1113be34aed14d00ab4bcdd02510be91%7C1%7C0%7C639014257671133215%7CUnknown%7CTWFpbGZsb3d8eyJFbXB0eU1hcGkiOnRydWUsIlYiOiIwLjAuMDAwMCIsIlAiOiJXaW4zMiIsIkFOIjoiTWFpbCIsIldUIjoyfQ%3D%3D%7C0%7C%7C%7C&sdata=Gew9F7OgJXN0jkXxoF1LG%2Fl6IsTeH2DE2RnZWsJF9vc%3D&reserved=0

Mentor: Donggeun Ryou
Title: Fourier decay of a manifold with codimension larger than 1

Project Description: In this project, we will study how the Fourier transform of a function
behaves when this function is defined on a surface or a manifold. In particular, we focus on how
fast the Fourier transform decays in the frequency space. This is an important topic in harmonic
analysis and has connections to other areas, such as dispersive PDE:s.

We will start with the basics of Fourier transforms and review classical results, mainly about
surfaces and curves. Then, we will explore some simple examples of manifolds with higher
codimension, where much less is known.

Prerequisites: Background in multivariable calculus and linear algebra is expected. Previous
exposure to real analysis and the Fourier transform would be very helpful, though not required.



Computations in Equivariant Ehrhart Theory

Sanjana Agarwal Ben Spitz

Description

Let P be a 2-dimensional lattice polytope, i.e. a polygon in R? whose vertices
have integer coordinates.

Pick’s theorem states that the area of P is equal to

b

1+ 5 1,
where ¢ denotes the number of interior lattice points in P and b denotes the
number of boundary lattice points in P. In the illustration above, the green point
is the unique interior lattice point, the blue points are the defining vertices of
the polygon P, and the red points are the boundary lattice points which are
not vertices. Thus, we find that the area of P here is 1 + % —1= % Note that
Pick’s theorem tells us in particular that every 2-dimensional lattice polytope
has integer or half-integer area!

Ehrhart theory is a generalization of Pick’s theorem (and related results)

to higher dimensional lattice polytopes. In general, for a d-dimensional lattice
polytope P, one can compute its Ehrhart polynomial

hp(t)

which encodes a lot of interesting geometric and combinatorial information
about the polytope.

In 2011, Stapledon introduced Equivariant Ehrhart Theory [3, 4], where one
studies lattice polytopes with a prescribed G-action for G' some finite group.



The equivariant Ehrhart series 1} () now encodes information about the poly-
tope P as well as its fixed subpolytopes P¥ (for H a subgroup of ). However,
I (t) has been computed in very few cases! See [1] and [2] for some examples.

The aim of this project is to compute the equivariant Ehrhart series of cer-
tain G-polytopes of interest (e.g. associahedra with cyclic or dihedral action).
Besides contributing directly to the collection of known examples, this will pro-
vide additional evidence (or perhaps a counterexample) to Stapledon’s Effec-
tiveness Conjecture.

Prerequisites

Compulsory:

* Proficiency in linear algebra and a first course in abstract algebra (in par-
ticular groups and group actions).

Preferred:
* Basic representation theory (what is a character).

¢ Coding experience (ideally in Macaulay2 and/or Python).
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