PATTERNS IN THE CAHN-HILLIARD EQUATION WITH
LONG-RANGE INTERACTIONS

BENJAMIN LYONS

ABSTRACT. The Cahn-Hilliard equation is a partial differential equation that governs the
behavior of a binary fluid system. In this work, we use a version of the Cahn-Hilliard
equation that contains an additional term to account for the long-range interaction of the
fluid molecules. We analyze the dynamic transitions and pattern formation of the model
as we vary a system control parameter A\. One of the main goals of this work is to deduce
necessary and sufficient conditions (on A and fixed parameters) for the equilibria to form
hexagonally packed cylinder (HPC) patterns.

1. INTRODUCTION

In this work, we consider the Cahn-Hilliard equation

% = — A% — MAu+ A(yu® + y5u®) — ou
/ w(z,t, \dz = 0
A (1)
ou  O0Au
= A 0 on 0N
u(z,0,\) = .

on a rectangular domain € := [0, L;] x [0, Ly] x [0, L3]. The Cahn-Hilliard equation describes
the behavior of a binary fluid system, where u is a function that denotes the deviation from
the average concentration of one component and A, 79, 3, and ¢ are parameters that depend
on physical properties of the system, such as temperature. This problem is analyzed in-depth
in [1]. We analyze the Cahn-Hilliard equation using dynamic transition theory (discussed
in [1], [2], [3], [4]) which studies how the equilibrium behavior of a differential equation
changes as we vary a parameter A. We assume that the following principle of exchange of
stability (PES) holds:

Principle 1.1. Suppose

du
% = L)\U + G(U, )\),
u(0) = uo,

where L) is a linear operator and G consists of higher-order terms in u. Let {5;(A) € C:i € N}
be the set of eigenvalues of L, counting multiplicities. Then
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<0, if A<,

Re(B;(N) < =0, if A=A, Vi<j<m
>0, if A> A\,

Re(B;())) <0, Vi>m+1

We now state a theorem that appears in [2] as Theorem 2.1.3:

Theorem 1.2. Let H be the codomain of u in (1), and assume that H is a Hilbert space.
Suppose that the PES holds. Then the problem 1 always undergoes a dynamic transition from
(u, A) = (0, A\.), and there is a neighborhood U C H of u = 0 such that the transition in U is

one of the following three types:

(i) Continuous (Type-1) transition: There exists an open and dense set Uy C U such that
for any ¢ € Uy, the solution uy(t,¢) of (1) with initial datum uy(0,\) satisfies

lim limsup ||ux(t, ¢)|| = 0.

A= Ae t—oo

(i) Jump (Type-1I) transition: For any A. < A < A + € with some € > 0, there is an open
and dense set Uy C U such that for any ¢ € Uy,

hmsup Hu)\@?(b)l‘ >0 > 07
t—o0

where § > 0 is independent of \.
(111) Mized (Type-III) transition: For any A\. < A < A + € with some € > 0, U can be
decomposed into two open (not necessarily connected) sets Uy and Uy :

U=UMuU}, UNU}=o
such that
lim limsup ||ux(t,¢)|| =0 V¢ € U}
t—o0

A=A

limsup [|ur(t,¢)|| > 6 >0 V¢ € Us.
t—o00

One of our main goals in this work is to determine conditions on ~s, v3, o, Ly, Lo, and

L3 under which each of the above types of dynamic transitions occur. Also, we seek to
determine the conditions under which some of the equilibria generate hexagonally packed

cylinder (HPC) patterns.

2. MAIN RESULTS

Definition 2.1. We define the set P as follows:

]{Zl’ﬂ' k’Qﬂ' ]{3371' . 3 2
= . 1< < E : .
4 {(L17L27L3) ‘ i € Ro. == i:1kz7é0

For a vector K € P, we let

ex (1, g, x3) == COS hy cos ot cos ks
K\+1,42,43) -— L1 L2 L3 .
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Observe that ex is an eigenfunction of the Laplacian with eigenvalue —|K|?.

Proposition 2.2. For distinct K1, Ko € P, we have

/Q ex, (2)ex, (x)dz = 0,

where dx = dx1dxadxs.
Now note that in (1), Ly = —A? — MA — ol. Therefore, ex is an eigenfunction of Ly with
eigenvalue
K 4
B\ = —|K["+ N\K|? —o=|K|* (X — K +o)y
|K]?
Therefore, PES implies that

\ K|t +o
.= min ————
KeP |K|?

Definition 2.3. We define the set S as follows:

|K|'+ 0o
=<K e = \. ;.
S { P K] c

In [1], the following theorem is presented:

Theorem 2.4. Suppose Ly = 2L, Ly = .7L, and Ly = 1L for some L,0 > 0 depending

V3
on o. Assume that K¢ = (#,0,0) and K§ = (%, %,0) are such that S = {K{, K§}. Let
8IKF)P
B:=v— ————".
736 K — 90 2

(i) If vo = 0, then the phase transition of (1) at A. is Type-1. The problem bifurcates on
the side A\ > A. to an attractor Xy, which 1s homeomorphic to the one-dimensional
unit sphere S*. Y\ contains eight non-degenerate steady states, with four saddle points
vy, Vg, v3, and vy and four minimal attractors uy, us, us, and ug. Moreover, the
following approximation formulas hold:

461(/\) (TLZL‘l
) COs
3|K1| V3 L

1651 (N) nry 3nwy 1/2
Ugg = £ 9K 25 cos ( 5T ) cos 5T + o(|B1(N)] / )

U3 = =+

) +ollB0[7)

V1,234 =

4ﬁ1(>\) <nm1>
COS
15| K[> L

451()\) nrq \/gnl‘z ;
+2 mcos (E) cos ( 5T ) +0(\51()\)]1 2)’

where B1(A) = Bre(N).
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(i1) If vo # 0 and B < 0, then (1) bifurcates on both sides of A\. and the transition is
Type-1I. Moreover, there are four steady states bifurcated out on the side A < A,
including three saddle points and one unstable node. On the side X > \., the problem
bifurcates to two steady states, which are saddles.

(i5i) If v # 0 and B > 0, then the transition is Type-111. Again, there are bifurcations on
both sides of A.. On the side A < ., there are two saddles bifurcating out from the
origin. On the side A > A, the problem bifurcates to four steady states:

EAC) n 261(A) ny V3nxy
O K P cos () + KPP (52) ( ) +o(|B(V)]),

BN nry 2681(N) ny V3nzs
O K P cos () - KiPe (52) ( ) +o(|BV]),

s = /_ﬁbl(%) cos ("2 + o8N ),
= /_Bbl(%) cos (M2) +o(IBONI2),

where b(A) = 16‘K;ff§[‘|}§ﬂ2+a — 3|Iif|2"}/3. Among the four steady states, there are three

saddles and one stable node, where the node is ws if 72 > 0 and wy if v2 < 0.

We extend this result as follows:

Theorem 2.5. Suppose that the side lengths of € satisfy L1 = mlm—‘/fL?, where my, my € N.

Suppose that K¢ := (2”2—1”,0,O> and K§ = <mL—117r, mL—é’r,O) are such that S = {KY{, KS}. Then

we can derive results analogous to the previous theorem:

(i) If vo = 0, then the phase transition of (1) at A. is Type-1. The problem bifurcates on
the side X\ > M. to an attractor ¥y, which is homeomorphic to the one-dimensional
unit sphere S*. ¥y contains eight non-degenerate steady states, with four saddle points
vy, Vo, v3, and vy and four minimal attractors uy, us, us, and us. Moreover, the
following approximation formulas hold:

4131(/\)
= :l: U
U3 3| 1c|2 3COS

1651 () miTT, MoTTo 1
=4, 1\ A)[1/2
U 4 e cos I cos T, + o(|81(N)]|77)

2mimay
Ly

) Fo(lBNY)

451()\) (27711711%1)
COS
15|Kf|2’}/3 L1

451 ()\) mimIy Moo 1
+ 2 2|2
HE coS I cos + o(|B1(N)] ),

V1,2,34 = +

where B1(A) = Bre(N).
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(i1) If vo # 0 and B < 0, then (1) bifurcates on both sides of A\. and the transition is
Type-1I. Moreover, there are four steady states bifurcated out on the side A < A,
including three saddle points and one unstable node. On the side X > \., the problem
bifurcates to two steady states, which are saddles.

(i5i) If v # 0 and B > 0, then the transition is Type-111. Again, there are bifurcations on
both sides of A.. On the side A < ., there are two saddles bifurcating out from the
origin. On the side A > A, the problem bifurcates to four steady states:

Bi(N) <m17rx1) 261(\) (mlml) <m2m2)
w1 = cos + cos cos +o M),
| KT Ly | K§ 2o L, Lo (1BLMI)

1
= Bi(A) M 261(A) m X, Mo T
= K2 Ccos I, Ke7s cos I cos I + o(|B81(N)]),

wg = \/—il(()\);) cos (Qleiml) +o(|B (V)]
Wy = —4| —il(()\)\)) cos (2m£irxl) +o(|B(N)]M?),

2

cl4a2 c
where b(\) = 16‘Kﬂ2¥fm§ﬂ2+g — 3”?' v3. Among the four steady states, there are three

saddles and one stable node, where the node is wsz if 7o > 0 and wy if v2 < 0.

Wa

Proof. We use e; and e, as shorthand notation for ere and egg, respectively. Thus,

2mimay MTL, Mo Lo
e1 = cos €y = COS cos )
Ly ’ Ly Ly

The critical eigenspace is H. = span{ej,es}, and the stable eigenspace is the orthogonal
complement of H. in H. Since

H = span{ex : K € P},
we have
H, =span{ex : K € P\ {K{, K5}}
We can write our solution to (1) on the center manifold as
u(z, t,\) =v(z, t,\) + U(v(x,t,\),N),
where v € H,, i.e.,
v(@,t,A) = yi(t, Aer(x) + ya(t, Nea(x),

and ¥ : H. — H, is the center manifold function. Since ¥ maps to H,, we have that

D(y1e1 + 1202, ) = projy, P(yie1 + y2e2, A) (2)
d A
_ Z (D(yre1 + yaea, A), ex) ex. (3)
<6K7 6K>

KeP\{K{,KS§}
We also have

D(yre1 4 yoea, A) = (—L3) ' PiGa(yrer + yoe2) + 0(2),
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where Go(v) = 9Av? and
o(k) == O(|Bx, (M]ly[*) + o([yl").
Now note that for each K € P\ {K1, K>},
(P(yrer + yaez, A), ex) = ((—L3) 7" PuGalyier + yae2), ex) + 0(2)

= (P,Gy(y1e1 + yoe2), (—L3) tex) +o(2)

1
= _BK—()\)<G2<ylel + y2€2), ex) + 0(2).

Substituting into (2), we obtain

B <G2(y1€1 —+ y2€2)a €K> e 0
2. e e <O

We will now work to simplify the expression (Ga(y1e1 + y2€2), €x). We have
(Ga(yrer + y2e2), ex) = 72 (A ((mrer + v22)?) s exc)
=2 <(y1€1 + y2€2)?, A6K>
= —72|K|2 <(y1€1 + Z/2€2)2> €K>
= —|K|* (yi (€], ex) + 2u1y2 (e1ea, ex) + y5 (€3, ex)) -

O(yre1 + yoe2, ) =

KeP\{KT,K5}

Since

dmimx
) ) (2m171'$1> _ 1+ cos (—Lll 1)

e; = COoS
1 Ll ) )

we have (for K € P\ {K¢{, K§})

1 4 Lilala, ¢ — k6 = (422,0,0)
(el ex) = 5/Q (1 + cos < m;rxl)) exdr = { 4 ! 2

1 0, otherwise.

B 2myma, mmTL, Mo Lo d
(e1€9,€) = /Qcos ( I > cos ( I ) cos ( T, > exdx
= 1/ cos (mmm) cos (QOEQ) exdr
2 Jq Ly L,

+1/ 3minmxy MaT Lo d
— [ cos | —— | cos exdx
2 /o L, L, K

_ {L1%2L37 K=K, := <3m17r M,O)

Similarly,

L’ Lo
0, otherwise.

Finally,

mimary ™oT X9
<eg,eK> = / cos? ( 7 ) cos? ( 7 exdx
Q 1 2

1 2 2
_1_1/9 (1+cos( m;lrxl)) (1+cos< m;;r@))ede
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bilala, K — Ky = (0, 222,0)
S PO
0, otherwise.
Since L, = mlm—\/fLZ, we calculate
dmin?
c|2 c|2 2
|KT]" = |K5]7 = K
16m3m? .
‘Kl‘z = |K4|2 = 3—[,22 = 4|K1‘2
2
4min? .
16 = |2 = 2 = 3|
2
Therefore,
4
G A ,
D(yre1 + yae2, A) = — Z (Galpner + vae A) 6K1>6K,-

ﬁKi ()‘> <€K¢7 eKi>

4
_ Z 1l Kil? (yf (el ex,) + 2y192 (erea, ex,) + 43 (€3, ex,))
([ KG[* = A K2 + o) (e, ex,)
IR () (e
- cos
(16| K¢|* — AN K§|? + o) (fkels)
372 K7 [*2y192 (%) (Smlmcl) (mgwxg)
— cos cos
OIRT = A + ) (BEE)
o BwlKiP (BRE) (mm)
OIRT = ARG + o) (B55)
472’K1C|2y% (%) 2mimay 2moT e
o cl4 c|2 LiLoLs C COs
(16] K|+ — 4N Kf[? + o) (F52)

eK;

270 | K§Py;

T 16K — NKPR o ¢

32| K§1Pyye

dmymay
0s
Ly

T O|KEE = 3NKP + 0

370 K5 1%y5

o8 3mmTy cos MaT Lo
Ly Lo

4K = 3K + o)

Yol K173

2”12F$2
(O]
Ly

T I6|KP - ANEP + o

We now let

2ﬂlrﬁ$1 2n12ﬂx2
OS COS

27| K§?

T 16K — ANKR + o
3| K

TR - 3NKP + o

7
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o 3| K

A (9Kt = BA[K] + o)
o Yol K52

C 16| K¢ —4ANKS2 + o

so that

dmymx
O(yre1 + yoe2, ) = —Al(A)y% cos ( : 1)

We now take the Cahn-Hilliard Equation (1) and take the inner product of both sides with
e1. Since u = y1e1 + yoeo + P(y1e1 + yoea, A), we have

d 1 .
% = BK%O\)yl + m /Q A (”ygu2 + ’}/3’&5) erdzx (4)
2
= O+ g7 /Q (you® + v3u®) Aerda (5)
2| K¢ 2
= Brs(MNy1 — L1’L21|Lg /Q (y2u® + v3u®) erda (6)

We evaluate this integral using Maple (calculations included in the appendix). We obtain,
up to third-order terms,

dyl = c|2 2 2
o — s~ 2K | () o
3 AN
3vs  As(A
+ & _ 2( )72 ylyg +0(3)
8 4
We define
A
B(\) = —2|K[? (31 ) mxm)
8 2
As (A
C(\) == —2|K¢|? <% A )72)
8 4
so that
d Kc 2
% = Bre (N — —72|4 i y2 + B2 + C(Nyiy2 + o(3)

In a very similar manner, we obtain

dy c
= Brs N2 = 2l K5 Pyye + DOy + E(V)yiye + of3).
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where

D(N) = —4| K[ (% A+ AM))%)

64 8
E()\) — —4|Kﬂ2 % _ M )
8 4
Thus, the system of interest is (up to third-order terms)
dy Yl KE I
d_tl = Bre(Ny1 — %yg + B\)y; + C(Nyiys 7)
dy c
d_252 = Bre(N)y2 — Yol K¢ Py1y2 + DN ys + E(N)yiys.

Note that the v, = 0 case simplifies (7) to a case already discussed in the paper with a
different value of |K¢|2. However, the same method still applies. Also, because the quadratic
terms are also identical to the case discussed in [1], the analysis provided for this case also
applies here. In particular, we have that when y, = 2y,

W Brs My — I KiPyd + BOYE + 400y

b - 2Bke (N — 27| K§12y7 + 8D(N)yi + 2E(N)y}

(8)

As is the case in [1], we have that
B(A)4+4C(\) 1

8D(\) +2E(\) 2
Therefore, (8) simplifies to % as well, so the analysis for the 75 % 0 case in the paper is
also valid here. O

We now provide a proposition that provides a more detailed classification of when & =
{K¢, K§}, where K¢ and K are as defined in the previous theorem.

Proposition 2.6. Suppose that L, = mlm—‘/fLQ, where my,me € N. In addition, suppose

that |K¢|? = |KS2 = /o, and suppose that T > \/o. Then S = {K¢, K} if and only if
1 2 L 1 2
3
ged(my, ma) is not divisible by any primes congruent to 1 modulo 3.
Proof. Suppose there exists K§ = (’“Ll—f,kf—;r,kf—:) such that |K¢|? = |KS§|* = |K§|?. Since

Z—g > /o, k3 = 0. Therefore, since |K§|* = |K§|?,

2.2 2.2 2.2 2.2
kym ksm mimTe  msT

Ly L3 L L3

Since L, = mlm—‘/fh, we can recast this equation as

k¥ 3k2

—L+=2=4
UL L

We are therefore interested in determining the integer solutions to
22 3y

2 2

2

— 4. 9)
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We can parameterize the solution curve using a line through the solution at (2m4,0) of
slope t. When we do so, we obtain
_2my(3t°mi — m3)
o 32mE +m3
_ —4tmym3
C3t2mE +m3

)

Y

Since we have centered our parameterization at a rational solution to (9), we can only
obtain rational solutions when ¢ is itself rational. We let ¢ = 372, where ged(a,b) = 1. We
obtain

2my (3a® — b?)

o 3a2 02

—4msab
© 3a2 4 b2

Note that we can obtain all rational solutions up to symmetry across the x-axis by taking
a and b to be nonnegative. Note that (a,b) = (0, 1) produces the solution (x,y) = (—2my,0).
(a,b) = (1,0) produces the solution (z,y) = (2m4,0). (a,b) = (1,1) produces the solution
(x,y) = (my,—ma). (a,b) = (1,3) produces the solution (x,y) = (—my, —msz). These
solutions (and their reflections across the z-axis) are already accounted for by K¢ and K§. So
in order for K to be different from Ky and KY, it is both necessary and sufficient to prove
the existence of a,b € N with ged(a,b) = 1 such that (a,b) ¢ {(0,1),(1,0),(1,1),(1,3)},
3a?+b? | 2my (3a® — b?), and 3a® +b? | 4moab. The remainder of this proof is in the appendix
that follows. O

Y

3. APPENDIX A: NUMBER THEORETIC DETAILS IN THE PROOF OF PROPOSITION 2.6

In the proof of Proposition 2.6, we showed that there exists K§ € P\ { KT, K5} satisfying
|K¢|? = |KS|? = |K§|? if and only if there exist coprime nonnegative integers a and b with
((l, b) ¢ {<07 1)7 (17 0)7 (17 ]-)7 (17 3)} such that

3a® + 0% | 2my (3a® — V),  3a® +b” | 4maab. (10)

We now show that such a and b exist if and only if there exists a prime p = 1 mod 3 such
that p | ged(my, mz). To do so, we first must prove some preliminary results:

Lemma 3.1. If ged(a,b) = 1, then ged (3a? + b2, 3a® — b?) = ged (3a® + b2, 6).

Proof. We let d; := ged(3a® + b2, 3a® — b?) and dy := ged(3a? + b?,6). Then d; divides any
integer linear combination of 3a® + b* and 3a? — b?, meaning d; | (3a® + b%) + (3a* — b*) = 6a*
and d; | (3a® 4+ b?) — (3a* — b?) = 20 | 6b%. So d; | ged(6a?,6b*) = 6 ged(a?,b?) = 6. Since
di | 3a® + b, we get that d; | do. Now note that since dy | 6, we have that dy = 1, dy = 2,
dy =3, or dy = 6. If dy = 1, then dy | dy trivially. If dy = 2, then 2 | 3a% + b%, meaning a
and b must both be odd. But then 2 | 3a* — b* as well, meaning 2 | dy, so do | dy. If dy = 3,
then in order to have 3 | 3a® + b*, we must have 3 | b. This means that 3 | 3a* — b? as well.
Thus, 3 | di, so dy | dy. Finally, if d; = 6, then a and b must both be odd so that 2 | 3a* + 2,
and 3 | b so that 3 | 3a® + b%. As in the previous two cases, we deduce that 2 | 3a® — b* and
3| 3a® — b?. Therefore, 6 | 3a*> — b?, meaning 6 | di, i. e. dy | d;. In all cases, we get that
dy | dy. Since d; | dy as well, this proves that dy = ds. O
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Lemma 3.2. If ged(a,b) = 1, then ged (3a® + b%, ab) = ged (3a® + b, 3).

Proof. We let d; := ged (3a® + b%,ab) and dy := ged (3a® + 1?%,3). We let ¢ # 3 be a prime
such that ¢ | 3a® + b?. Since a and b cannot have ¢ as a common factor, we must have
ged(a, q) = ged(b, ) = 1. But then ¢ cannot divide ab. Also note that if 9 | 3a* + b?, then we
must have 3 | b so that 3 | 3a® + b?. But then we would need 3 | a to guarantee the divisibility
by 9, which is impossible since ged(a,b) = 1. This means that the only possible common
divisors of 3a? + b? and ab are 1 and 3, which means that d; | 3. Thus, d; | ds. Now note
that since ds | 3, we must have dy = 1 or dy = 3. If dy = 1, then dy | d; trivially. If dy = 3,
then 3 | 3a® + b, meaning 3 | b. Thus, 3 | ab as well, which implies that d, | d;. Therefore,
dl = dg. |:|

Lemma 3.3. Suppose that ged(a,b) = 1. Then 3a® + b | 2my (3a® — b?) if and only if
3a? + b | 12m;.

Proof. To prove the forward direction, we assume that 3a® + b* | 2m4(3a® — b?). By Lemma
3.1, this means that

3a® + b* | ged (3a® + %, 2my (3a® — b7))
| ged (3a® + b, 2my ) ged (3a® 4 %, 3a® — )
= ged (3a2 + b7, 2m1) ged (3@2 + b7, 6)
| 2m1(6)
= 12m;.

To prove the reverse direction, we assume that 3a® + b | 12m;. By Lemma 3.1, this means
that

3a® + b* | ged (3a® 4 0%, 12my)
| ged (3a® + b, 2m;) ged (3a® + b7, 6)
= ged (3(12 + b, 2m1) ged (3@2 + b%,3a% — b2)
| 2my(3a® — b?).

U
Lemma 3.4. Suppose that ged(a,b) = 1. Then 3a®+b? | 4mqab if and only if 3a*>+0? | 12ms,.

Proof. To prove the forward direction, we assume that 3a® + b* | 4msab. By Lemma 3.2, this
means that

3a® + b* | ged (3a® 4 b7, 4maab)
| ged (3a® + b7, 4ms) ged (3a® + b7, ab)
= ged (3@2 + b 4m2) ged (3a2 + b, 3)
| 4my(3)
= 12mso.

To prove the reverse direction, we assume that 3a? + b? | 12my. By Lemma 3.2, this means
that

3a® +b* | ged (3a® + %, 12my)
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| ged (3a® + b%, 4ms) ged (3a® 4 b, 3)
= ged (3@2 + b2 4m2) ged (3@2 + b, ab)
| 4moab. O

The previous two results imply that (10) is equivalent to
3a® +b* | 12 ged(my, my).

We now provide some results on which positive integers cannot be expressed as 3a? + b?
for a,b € Z with ged(a,b) = 1.

Lemma 3.5. Suppose n = 0 mod 8. Then n cannot be expressed as 3a* + b for a,b € Z with
ged(a,b) = 1.

Proof. Suppose towards contradiction that there exist a,b € Z with ged(a,b) = 1 such that
n = 3a® + b%. Note that a and b cannot both be even since they are coprime, so a and b
must both be odd because n is even. But then a? = b? = 1 mod 8, meaning n = 4 mod 8, a
contradiction. O

Lemma 3.6. Suppose n = 2 mod 4. Then n cannot be expressed as 3a> + b for a,b € Z with
ged(a,b) = 1.

Proof. Suppose towards contradiction that there exist a,b € Z with ged(a,b) = 1 such that
n = 3a? + b?. Since n is even, we must have that @ = b = 1 mod 2 by the same reasoning
as in the proof of the previous result. Therefore, a? = b*> = 1 mod 4, which implies that
n = 0 mod 4. This is a contradiction. U

Lemma 3.7. Suppose n = 0 mod 9. Then n cannot be expressed as 3a> + b for a,b € Z with
ged(a, b) = 1.

Proof. Suppose towards contradiction that there exist a,b € Z with ged(a,b) = 1 such that
n = 3a? +b*. If n = 0mod 9, then n = 0 mod 3 as well, which means that b = 0 mod 3.
But since n = 0 mod 9, we must have ¢ = 0 mod 3. This is a contradiction because a and b
cannot have 3 as a common divisor. 0

Lemma 3.8. Let p > 5 be prime. Then —3 is a quadratic residue modulo 3 if and only if
p =1mod 3.

Proof. Using Legendre symbols, we have

(- G)Q)- o= -0 §-6)

Now note that since 1 is a quadratic residue modulo 3 and 2 is not, (‘73> =1if p =1 mod 3,
and (’73) = —1if p = 2 mod 3. This proves the claim. O

Lemma 3.9. Suppose n = 0 mod p, where p > 5 is a prime satisfying p = 2 mod 3. Then n
cannot be expressed as 3a* + b? for a,b € Z with ged(a,b) = 1.

Proof. Suppose towards contradiction that there exist a,b € Z with ged(a,b) = 1 such that
n = 3a?® + b*>. Thus, 3a® +b*> = 0 mod p. Note that if a = 0 mod p, then b = 0 mod p as
well, which is impossible since ged(a,b) = 1. Thus, a # 0 mod p, which means a has a
multiplicative inverse modulo p. Therefore, we have that —3 = (a’lb)2 mod p. Therefore, —3
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is a quadratic residue modulo p. So by the previous lemma, p = 1 mod 3, which contradicts
our assumption that p = 2 mod 3. 0

Our next lemma is a theorem of Fermat, which is proven in the exercises in [5].

Lemma 3.10. Let p =1 mod 3 be prime. Then there exist a,b € Z with ged(a,b) = 1 such
that p = 3a* + b?.

With these tools, we can now complete the proof of Proposition 2.6. We know that
there exists K§ € P\ {K¢, KS} satisfying |K{|? = |K§|* = |K$|? if and only if there exist
coprime nonnegative integers a and b with (a,b) ¢ {(0,1),(1,0),(1,1),(1,3)} such that
3a® + b? | 12ged(my, mo). We first prove the reverse direction by supposing there exists
a prime p = 1 mod 3 such that p | ged(mi,ms). Then by Lemma 3.10, p = 3a* + b?
for some a,b € Z with ged(a,b) = 1. By extension, 3a® + b* | 12ged(my, my). Also,
(a,b) ¢ {(0,1),(1,0),(1,1),(1,3)} since 3a®+b* does not equal a prime congruent to 1 modulo
3 in any of these cases. Thus, there exists K§ € P\ {K¢, K5} satisfying |K{]* = |KS|* = |K§|?
in this case. Conversely, if no such p exists, then 12 ged(mq, my) factors into a product of
2s, 3s, and odd primes congruent to 2 modulo 3. But then Lemma 3.5, Lemma 3.6, Lemma
3.7, and Lemma 3.9 imply that the only divisors of 12 ged(mq, ms) that can be expressed
as 3a® + b? for a,b € Z with ged(a,b) =1 are 1, 3, 4 and 12. However, these correspond to
(a,b) € {(0,1),(1,0),(1,1),(1,3)}. Thus, there does not exist K5 € P\ {K¢{, K5} satisfying
|K¢|? = | K§|? = | K§|? in this case. This proves the claim.

4. APPENDIX B: MAPLE CALCULATIONS

On the following pages, we include Maple calculations for the integral in (4).



| > restart,

S of i— 2-ml-Pi-xI P ml-Pi-xI _ m2-Pi-x2 \
el = cos —L] , ez = COoS —L] CcosS —LZ )
/= cos 2mlnxl
“ Ll
milmxl m2mx2
el = cos( 11 ] cos( Iz ) (0}
(> U= vl-el + y2-e2 + Phi
2mlmnxl mlmxl m2 mx2
u-—cos(T)yl—f-cos(TjCOS(T)yZ—i-CI) 2)

(> localD; B = 0;D :=0
Warning, A new binding for the name "D° has been created. The

global instance of this name is still accessible using the :-
prefix, :—"D°., See ?protect for details.

D:=0 3)

i 4-ml-Pi-xI ml-Pi-xl m2-Pi-x2
> Phi :=-A-pI*-cos| —————— | — B-yl-y2-cos| ————— | -cos| ————— | — C-ypI-y2
1 y cos( I ) vl-y cos( 11 jcos( 1% j Cyl-y

3-mi-Pi-xl m2-Pi-x2 5 2-ml-Pi-xl
cos( I ) cos( 15 ) D-y2 cos( i1 ) Ey22

.COS( 2-m2-Pi-x2 ) —F~y22~cos( 2-ml-Pi-xl ).COS( 2-m2-Pi-x2 )
L2 L L2

4mlmxl j ol 2cos( 3mlnxl )COS( m2mx2 j
L ity L L2

2m2mx2 ) 2milmxl 2m2mnx2
— Ey2? — | = Fy2 —_— —_—
y cos( 15 J y cos( 71 jcos[ i3 j

O :=-4 y]2 cos( )

> fi= (gammaZ-u2 + gammaS-u3) el; g = (gammaZ-u2 + gamma3-u3) e2

. 2mlmnxl mlmxl m2mx2 B 2 4mlnxl
= [73 (COS(—LJ ]yl-l—cos[—L] jcos(—L2 )yZ Ayl cos[—LJ )

3mlmnxl m2mx2 2 2m2mx2
Cy]yZCos( i jcos( % ) Ey2 cos( 5 J

3
2mlnxl 2m2nx2 2mlnxl
—Fychos(mL—]nchos(mL—anj) +j/2(cos(mL—1nxjy1

+ cos[

3milnxl m2mx2 ) 2m2mx2
Cy]yZCos( 71 jcos( iI5 ) Ey2 cos( 2 J

mlmxl j ( m2mx2

4dmlmxl
Ll L2

2
2 — Ayl
)y v cos( I,




2
— F12 cos 2mlmxl cos 2m2Tx2 cos 2mlnxl
r Ll L2 Ll

2mlmnxl Imxl 2nx2 4dmlnxl
g = (3/3 (cos(m—nxjyl—l—cos(m X )cos(m nx ij—Aylzcos(m—mj )]

LI Ll 12 1]
—Cyly2 cos(%j cos( mZLZXZ ) — Ey? COS( Zmi;cxz j
— Fy2? cos(—2 m[]J]nxj ] cos(—2 mz;xz j)3 +92 (cos(—z mlljxj jyl
+ cos( m1L1;x] ) cos( mZLT;xZ JyZ —Ay]2 cos(—4 milfcx] )
—Cyly2 cos(%j cos( mZLT;XZ ) — Ey? Cos( 2mizrcx2 J

o[ 2mI Tl 2m2mx2 )\ mimxl m2 2
Yy< COS 1] COS 13 CoS 11 COS 12
int(f,x1=0..L1,x2=0.L2,x3=0..L3)
LI-L2-L3

> rhsl = collect(simpliﬁ/(

), (v, y2] ) assuming m/

:: integer, m2 . integer

2 5 2 4 52 2
348yl 34C Bylty2 3C(A+C) By [ 38 AR
rhsl == 4 T + 2 + 2 5 vl (6)
(-12AEF—3C*F) 8y2*  3A+2C)By2") »
+ - vl
16 16
((6E4+3F)C+ 12E4+9F) By2* cy 39
+ F | -5+ 252yl
16 4 8
2
(3E-3F)B  FER\ a4, 232
+ T + v+
[ B _(int(g.xI=0.L1,x2=0.L2 x3=0.L3) .
> rhs2 = collect(szmphﬁ/( 111213 ), [y2,y]])assum1ngm]
.l integer, m2 .. integer
1
3CF(E+—)y3y] 3(E2+5F2+EF)73
2:: 25
F F AF
3|E4+ = |capyr’ 3 3C gy B e AE B yI*
) 2 N 4 2 2
8 8
3C F
3(———E—F)y3 2(—E——)
8 CFp 9 2
+ £ vl + B + y2

8 8 64 4
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